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a b s t r a c t

Data imputation is a common practice encountered when dealing with incomplete data. Irrespectively of
the existing spectrum of techniques, the results of imputation are commonly numeric meaning that once
the data have been imputed they are not distinguishable from the original data being initially available
prior to imputation. In this study, the crux of the proposed approach is to develop a way of representing
imputed (missing) entries as information granules and in this manner quantify the quality of the impu-
tation process and the quality of the ensuing data. We establish a two-stage imputation mechanism in
which we start with any method of numeric imputation and then form a granular representative of miss-
ing value. In this sense, the approach could be regarded as an enhancement of the existing imputation
techniques.

Proceeding with the detailed imputation schemes, we discuss two ways of imputation. In the first
one, imputation is realized for individual variables of data sets and afterwards enhanced by the buildup
of information granules. In the second approach, we are concerned with the use of fuzzy clustering,
Fuzzy C-Means (FCM), which helps establish a structure in the data and then use this information in the

imputation process.

The design of information granules invokes the fundamentals of Granular Computing, namely a princi-
ple of justifiable granularity and an allocation of information granularity. Numeric experiments concerned
with a suite of publicly available data sets offer detailed insights into the main facets of the overall design
process and deliver a parametric analysis of the methods.

© 2016 Elsevier B.V. All rights reserved.
. Introductory notes

Imputation of data [4,12,22,26,28,29,31] is one of the impor-
ant activities associated with enhancing data quality. It is often
egarded as a prerequisite for any further processing (classifica-
ion, prediction) in which the data are going to be used [13]. Missing
tems have to be prudently imputed, otherwise biased results may
ause poor performance of the ensuing constructs [24]. The litera-
ure on this subject is very diversified, and the proposed methods
f imputation vary in terms of their assumptions, sophistication

nd reported nature of the results [6,11,20,21,25,32]. These meth-
ds realize single imputation and multiple imputation [26]. Some of
he methods falling under the first group include mean imputation,

∗ Corresponding author at: School of Electro-Mechanical Engineering, Xidian Uni-
ersity, Xi′an 710071, PR China.

E-mail addresses: cfuzhong@gmail.com (C. Zhong), wpedrycz@ualberta.ca
W. Pedrycz), zhwli@xidian.edu.cn (Z. Li).

ttp://dx.doi.org/10.1016/j.asoc.2016.05.006
568-4946/© 2016 Elsevier B.V. All rights reserved.
regression imputation [23], and hot deck imputation [1]. Multiple
imputation techniques are reported in Refs. [24,25]. It is quite an
agreeable position that there are no ideal methods and in many
cases, as reported in the literature [7], some simple methods may
perform equally well as more advanced techniques. The difficulty in
the assessment of the efficiency of a specific imputation algorithm
and reported results may vary from case to case.

Interestingly, there is a striking similarity among all the meth-
ods: once the imputation has been completed, the imputed data
cannot be told apart from the original data, which have not been
affected through the imputation process. Intuitively, it could have
been expected that the imputed data should manifest in a differ-
ent way than the originally available numeric data. In the sequel,
the follow-up essential question is about a way of representing
imputed results.
In this study, to address this timely and burning question,
we propose a novel direction of study in data imputation where
the results of imputation are formalized in the language of

dx.doi.org/10.1016/j.asoc.2016.05.006
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asoc.2016.05.006&domain=pdf
mailto:cfuzhong@gmail.com
mailto:wpedrycz@ualberta.ca
mailto:zhwli@xidian.edu.cn
dx.doi.org/10.1016/j.asoc.2016.05.006
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Now let us consider the ordered data (x , w ), k = 1, . . .,  N,
Fig. 1. A two-stage granular imputation process.

nformation granules [14] while the pertinent processing is built
pon the principles of Granular Computing [30]. Imputed results
ome in the form of information granules (say, intervals) and a
evel of information granularity serves as a tangible indicator of
he quality of the imputation process.

The main objective of this study is to introduce and motivate the
sage of information granularity as a vehicle to effectively capture

mputed data in the form of information granules and bring a notion
f information granularity as an important asset to describe (char-
cterize) imputed data. To the best of our knowledge, this study
ffers an original direction of investigations in data imputation,
hich has not been discussed in the past. The proposed algorithms

f designing information granules using the fundamentals of Gran-
lar Computing are also original. The role of information granularity
nd ensuing information granules in the context of the study of
mputation of data is two-fold. First, we augment the concept of
mputed result by stressing that it is of different quality than the
riginally existing numeric data. This inherently different nature
f the imputed result vis-à-vis the original numeric data becomes
agged by its granular character. Second, the produced granular
esult effectively quantifies the quality of the imputation mecha-
ism being used. This is done by looking at the information granule
erving as the imputed data and quantifying its level of granularity.
n general, the larger (less specific) the obtained information gran-
le, the lower the quality of the imputed result. In other words, the
ranular nature of the imputed results delivers a flagging effect of
he quality of the imputation process and its effectiveness in the
resence of available data.

To visualize a nature of the process of granular imputation, we
efer to Fig. 1. It becomes apparent that the proposed approach
ealizes a certain follow-up process by building up on any existing
umerically inclined imputation technique.

It is worth emphasizing that the proposed approach real-
zes a two-stage process as displayed in Fig. 1. In this sense, it
an be sought as an essential augmentation (enrichment) of any
mputation mechanism available in the literature by invoking the
rinciples of Granular Computing. Furthermore we directly exploit
he usage of information granules. Two main methods are investi-
ated. In the first one, the imputation mechanism is realized for the
ndividual variables by engaging the principle of justifiable gran-
larity. The second one invokes the methods of fuzzy clustering,
specially Fuzzy C-Means (FCM) by making the imputation method
elying on all variables when imputing missing entries.

In the sequel, the granular results of imputation can be used in
he construction of ensuing constructs such as classifiers, predictors
nd alike however by making provisions for coping of granular data
giving rise to granular classifiers, granular predictors, etc.).

The study is structured as follows. We  start with some neces-
ary prerequisites to make the material self-contained and provide
ll required material on Granular Computing and the principle
f justifiable granularity, in particular (Section 2). In Section 3, a
wo-phase development of granular results of imputation is dis-

ussed. A characterization of the quality of granular imputation is
iscussed in Section 4 where we present the notions of coverage
nd specificity of produced information granules along with a syn-
puting 46 (2016) 307–316

thetic view being expressed through an area of the curve (AUC)
and shown in the coverage-specificity coordinates. Granular impu-
tation realized with the aid of fuzzy clustering and an allocation
of information granularity is outlined in Section 5. Experimental
studies are reported in Section 6. Design aspects of granular mod-
els arising in the realm of imputed data are discussed in Section
7.

Throughout the study, we  adhere to a standard notation. The
data points in the collection of N data defined in the n-dimensional
space of real numbers are denoted by vectors x1, x2, . . .,  xk, . . .,
xN , where xk ∈ Rn, k = 1, 2, . . .,  N. As the data are incomplete, we
introduce a Boolean matrix B = [bkj], k = 1, 2, . . .,  N; j = 1, 2, . . .,  n, to
capture information about the missing data. In this matrix the kj-
th entry is set to zero, i.e., bkj = 0 if the j-th variable of the k-th data
point is missing otherwise for the available data the corresponding
entry of the matrix is set to 1.

2. Information granules and their design—the principle of
justifiable granularity

Information granules are collections of entities brought together
because of some similarity, resemblance or closeness of such
entities. Information granules arise as a vehicle to facilitate a
description of phenomena and organizing knowledge about exter-
nal world. Information granules support abstraction mechanisms.
Granular Computing is about forming information granules, sup-
porting their processing, and delivering sound interpretation
vehicles [14]. There are different formal frameworks in which
information granules can be described and processed, say inter-
vals, fuzzy sets, rough sets, shadowed sets, probabilities, random
sets, etc., each of them coming with their formal apparatus. Gran-
ular Computing builds a coherent setting whose principles are
made general enough to apply equally well to the specific for-
malizations of information granules. The principle of justifiable
granularity [19] delivers a conceptual and algorithmic vehicle to
design an information granule on a basis of some experimental
evidence (experimental data). In essence, the principle states that
any information granule is formed on a basis of available existing
experimental evidence where we  strive that this information gran-
ule “covers” (represents) as many pieces of evidence as possible
(so it is legitimized in this way) while at the same time we make
it as specific (detailed) as possible while making it semantically
meaningful.

In what follows, we discuss a certain specific version of the
weighted version of the principle, which is of immediate relevance
to this study. Let us consider that some experimental data come
in the form of pairs Z = {(z1, w1), (z2, w2) . . . (zN , wN)} where the
weights w1, w2, . . .,  wN assuming values in the unit interval express
levels of relevance (credibility) of the corresponding numeric data
z1, z2, . . .,  zN in the construction of a certain information granule.
We start by forming a numeric representative of these data. Here
a weighted median comes as a sound alternative given the robust-
ness character of the median. The weighted median med is obtained
by minimizing the following expression

Q (med) =
M∑

k=1

wk|xk − med| (1)

The minimization is realized by determining the value of the
above sum by sweeping through the data points, namely med  = z1,
med  = z2, . . .,  med  = zM and choosing the one which leads to the
minimum of Q.
k k

being a subset of the above weighted data coming in the form
med  < x1 < x2 < . . . < xN . Here we  assume that the weights wk are pos-
itive (if some data point comes with a zero weight, it is not included
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ere. If there are some identical data, say zi = zj , we  record it once
ith the cumulative weight equal to wj + wi).

The principle of justifiable granularity completed for interval-
ike information granule [a, b] where a < med  < b is realized by
orming a sound tradeoff between the requirements of experimen-
al evidence and the specificity. Let us look at the optimization of
he upper bound of the interval (b)—a construction of the lower
ound is realized in an analogous manner.

The optimization criterion used in the principle is expressed as
ollows

(b) =  (
∑

k:med<xk≤b

wk)exp (−˛|med  − b|) (2)

The first term of the above expression quantifies the experimen-
al evidence supporting the interval. The second term expresses the
equirement of specificity. Note that by increasing the values of b,
he first term increases however the second one becomes smaller.
n virtue of the form assumed by V, the optimal value of b can be
etermined by choosing the value of b as one of the data points
1, x2, . . .,  xN , namely V(x1), V(x2), . . .,  V(xN) for which V attains its
aximal value. The non-negative parameter  ̨ augments the prin-

iple with some flexibility by facilitating a way  of articulating the
mportance of the specificity requirement. For  ̨ = 0 the specificity
equirement becomes irrelevant. The increasing values of  ̨ empha-
ize the importance of the specificity. With this regard, it becomes
eneficial to determine a range of feasible values that this param-
ter can assume. Obviously, the range depends upon the values of
he data. Let us proceed with the determination of the upper bound
f ˛, ˛max. Here we require determining such a value of  ̨ such that
he following system of inequalities is satisfied

w1exp(−˛|med − x1|) > (w1 + w2)exp(−˛|med − x2|)
w1exp(−˛|med − x1|) > (w1 + w2 + w3)exp(−˛|med  − x3|)
. . .

w1exp(−˛|med − x1|) > (w1 + w2 + . . . + wN)exp(−˛|med − xN |)

(

The lower bound of ˛, ˛min, is as a solution to the following set
f inequalities

(w1+w2+. . .+wN )exp(−˛|med − xN |) > (w1+w2+. . .+wN−1)exp(−˛|med  − xN−1|)

(w1 + w2 + . . .+wN )exp(−˛|med − xN |) > (w1+w2+. . .+wN−2)exp(−˛|med  − xN−2|)

.  . .

(w1 + w2 + . . . + wN )exp(−˛|med − xN |) > (w1)exp(−˛|med  − x1|)
(4

As a result, we produce the range [˛min, ˛max], which through
 linear transformation is converted into the unit interval, that is

 ̨ − ˛min)/(˛max − ˛min).
For the determination of the optimal lower bound of the inter-

al (a), we realize a similar construct. Here we start with a set of
ata (yk, wk), k = 1, . . .,  P, being a subset of the above weighted
ata which satisfies the following property yP < . . . < y2 <y1 < med.
s before we assume that the weights are positive and for identi-
al data we determine the cumulative weight. By adhering to the
ame line of thought as discussed above we end up with the optimal
ower bound (a) and the range of admissible values of ˛.

All in all, as a result we can generate a series of intervals [a, b]
ndexed by a positioned in [0, 1]. Note that for  ̨ = 1, we  have an
nterval [y1, x1] (which can be sought as a core of the fuzzy set built
n a basis of a series of ˛-cuts).
As noted above, it is worth stressing that the principle is not
onfined to the formation of information granules in the form of
ntervals but applies equally well to other information granules
uch as fuzzy sets (as a matter of fact, by varying the values of ˛,
puting 46 (2016) 307–316 309

we build the corresponding ˛-cuts of a certain fuzzy set so that the
fuzzy set is effectively formed through the use of the representa-
tion theorem [9]). Furthermore the experimental evidence needs
not to be numeric and we can envision here information granules
themselves.

3. Granular data imputation—a two-phase development
process

The two-phase process of data imputation consists of two  main
phases, namely, (i) invoking a method of imputing numeric data,
and (ii) building information granules for the numeric imputations
realized during the first phase. We  elaborate on the details by con-
sidering a simple imputation method dealing separately with each
column (variable). In what follows we determine two statistics for
the individual variables computed on a basis of the available data,
namely

ml =

N∑
k=1

xlbkl

N∑
k=1

bkl

(5)

�2
l =

N∑
k=1

(xl − ml)
2bkl

N∑
k=1

bkl

(6)

where l = 1, 2, . . .,  n. Then the average (Eq. (5)) is sought as an
imputed value for the missing values in the l-th column. Let us
proceed with the second phase of granular imputation, by build-
ing information granules around the numeric imputed values. It
is worth stressing that the method used in the first phase takes
into account only a single variable and all possible relationships
among other variables are not considered at all. When moving with
the second phase, we  introduce some improvement of the generic
imputation method by looking at possible dependencies between
the data x for which we  do imputation and any other data vector,
say z. We determine the distance between these two vectors as
follows

� (x, z) =
n∑

l=1

(xl − zl)
2

�2
l

(7)

where �l is a standard deviation of the l-th variable. Obviously, the
calculations above are realized for the coordinates of the vectors
for which the values of both entries (xl and zl) are available.

We  normalize the values of these distances across all data for a
given x thus arriving at the following expression

�′ (x, zk) = �(x, zk) − minl�(x, zl)
maxl�(x, zl) − minl�(x, zl)

(8)

where x /= zk, k = 1, 2, . . .,  N. Subsequently we  construct the weight
associated with x expressing an extent to which x can be associated
with z or in other words we can use z to determine eventual missing
coordinates of x.

w(x, z) = 1 − �′(x,  z) (9)

The higher the value of this weight, the more visible the associ-

ation between x and z becomes.

Having all these prerequisites in place, we outline an overall
procedure of data imputation leading to a granular result of this
imputation. We  consider the j-th variable for which a numeric
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mputed value is mj (this could be a median, mean or any sound
umeric representative). Around this numeric mj we form a granu-

ar imputed value by invoking the principle of justifiable granularity
s presented above. The data used for the formation of the infor-
ation granule come in the form of the pairs (data, weight) with

he weights determined using (Eq. (9)), namely

1j, w(x,  x1), x2j, w(x, x2), . . .,  xNj, w(x, xN) (10)

here x is a data vector for which the j-th variable is subject to
mputation. The bounds of the imputed interval are obtained by

aximizing Q; the process is realized for the lower and upper
ound, respectively.

. Characterization of quality of granular imputation

The results of imputation are information granules and in this
ase the quality of imputation can be assessed from two points of
iew (a) the relevance of the imputed information granules, and (b)
uality of the information granules. The first aspect is quantified by
ounting how many times information granules “cover” the missing
alues. Considering that p of N × n entries of data are missing, the
atio expressed in the form

overage = r

pNn
(11)

here r is the number of cases where the imputed interval covers
he missing value. The quality of the imputed intervals is quantified
y defining specificity of these intervals,

pecificity = 1 − 1
pNn

pNn∑
i=1

norm lengthi (12)

here the normalized length, norm lengthi, is a ratio of the length
f the imputed interval normalized by the range of the variable for
hich the imputation has been realized. The shorter the intervals,

he higher the specificity of the resulting information granule.
While the above indicators are of a global nature (where there

s no distinction among individual variables), we can look at the
ssessment of imputation realized for the individual variable. Con-
idering the j-th variable where there are “t” missing values, the
bove measures are modified to read as follows coverage = r/t and

pecificityj = 1 − 1

t

t∑
i=1

norm lengthi

(13)

Notably, both the coverage and specificity are functions of ˛.
he first one is a non-increasing function of  ̨ whereas the sec-
nd descriptor, specificity, is a non-decreasing function of ˛. A
ompromise between these two characteristics can be achieved
y selecting a suitable value of ˛. A global scalar quantification of
he quality is formed by computing the area under curve (AUC)
btained in the coverage-specificity coordinates and indexed by
uccessive values of ˛.

. Imputation with the use of fuzzy clustering and its
ranular augmentation

Fuzzy clustering, say Fuzzy C-Means [3,15] is a generic vehicle
o reveal a structure in data. In light of this observation, once the
lustering has been completed for all available complete data, we
an impute the missing values. Fuzzy clustering is regarded as a

undamental way  of forming information granules on a basis of
xperimental data and in this way reveals the underlying structure
resent in the data. In the context of data imputation, there are
ome benefits: (i) all variables and relationships among them are
puting 46 (2016) 307–316

taken into account when building representatives (prototypes) of
the data so that (or and hence) these prototypes can be effectively
used in the imputation method, (ii) clustering builds some general
dependencies and we are not confined to the detailed functional
relationships (that might be difficult to verify), which are behind
some sophisticated imputation techniques. Some studies on fuzzy
clustering and imputation are reported in Refs. [2,5,8,10,27].

In what follows, we briefly review the method as it is considered
in the setting of incomplete data. The objective function shown
below and guiding a process of formation of clusters is expressed
as a sum of distances between data and prototypes where v1, v2, . . .,
vc are the prototypes of the clusters and U = [uik] is a partition matrix
while m,  m > 1, is a fuzzification coefficient impacting a geometry
of the membership functions (entries of the partition matrix).

Q =
c∑

i=1

N∑
k=1

um
ik ||xk − vi||2B (14)

The distance ||.|| standing in Eq. (14) is a weighted Euclidean
distance function expressed as

||xk − vi||2B =
n∑
j

(xkj − vij)
2

�2
j

bkj (15)

where �j is a standard deviation of the j-th variable. Note that the
Boolean matrix B used in the above calculations emphasizes that
only available data are involved in the computations.

The FCM method returns a collection of prototypes and the par-
tition matrix, which are determined in an iterative fashion using
the following formulas

uik = 1
c∑

j=1

((||xk − vi||B) /
(
||xk − vj||B

)
)
2/(m−1)

vij =

N∑
k=1

um
ik

xkjbkj

N∑
k=1

um
ik

bkj

(16)

where i = 1, 2, . . .,  c; j = 1, 2, . . .,  n; k = 1, 2, . . .,  N.
Note that these are modified expressions used originally in the

FCM; here in the computations we eliminate the missing entries
(using the Boolean values of B).

Now a certain input x whose some values are missing becomes
reconstructed viz. the missing values are imputed. Let us associate
with x a Boolean vector b whose values set to 0 indicate that the
corresponding entry (variable) is missing. The missing values are
imputed as a result of a two-phase process:

(i) determination of membership grades computed on a basis of
the prototypes and using only available inputs of x

ũi = 1
c∑

((||xk − vi||B) /
(
||xk − vj||B

)
)
2/(m−1)

(17)
j=1

(ii) computing the missing entries of x coming as a result of a recon-
struction process [16]
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Table 1
Data sets used in experimental studies.

Data set Number of data Dimensionality

Housing 506 14
Climate model simulation crashes 540 18
Blood transfusion service center 748 5
Airfoil self-noise 1503 6

Table 2
AUC values produced for selected values of p.

Data set p

0.05 0.10 0.20 0.30 0.40 0.45

Housing 0.4436 0.4569 0.4548 0.4604 0.4620 0.4617
C. Zhong et al. / Applied Sof

˜j =

c∑
i=1

ũm
i

vij

c∑
i=1

ũm
i

(18)

here the indexes “j” are those for which the entries of b are equal
o 0.

The quality of the imputation process realized with the use of
uzzy clustering is expressed by means of the following sum

 = 1
number of missing data

∑
k, i :

bik = 0

(xkj − x̂kj)
2

�2
j

(19)

hat can be referred to as an imputation error. Note that this error
s determined with respect to all missing data. Along with Eq. (19)

e can compute the following expression

 = 1
number of available data

∑
k, i :

bik = 1

(xkj − x̂kj)
2

�2
j

(20)

here the above sum is taken over all entries of the data that
ere originally available. Obviously, in this case x̃j is computed for

ndexes for which the entries of b are equal to 1. This is referred
o as a reconstruction error that is inherently associated with the
rocess of granulation–degranulation (or encoding–decoding) as
iscussed in Ref. [16].

To make the numeric results of imputation granular, we  con-
ider a mechanism of allocation of information granularity, viz. a
ay of forming intervals around the imputation results [17,18]. Just

o note that we do not apply the principle of justifiable granular-
ty as the number of clusters (prototypes) is quite low, therefore
orming an information granule in the presence of a few data points

ight not be well justified. The intervals constructed symmetrically
round each numeric imputed result come in the form

ˆkj = [x̂kj − ε

2
rangej, x̂kj + ε

2
rangej] (21)

here ε is a parameter controlling a level of allocated information
ranularity, ε ∈ [0, 1] while rangej is the range of values assumed by
he j-th variable. The higher the value of ε, the broader the obtained
nterval and the lower its specificity.

The above construction of granular results can be made more
exible by admitting an asymmetric distribution of the interval
round the imputed value. Here we have

ˆkj = [x̂kj − ε�rangej, x̂kj + ε(1 − �)rangej] (22)

here � ∈ [0, 1] is an index of asymmetry. Obviously the previously
ormed intervals (Eq. (21)) are special cases of those formed by
sing Eq. (22) when � = 1/2.

As before the quality of granular imputation is expressed by
eans of the coverage and specificity criteria.

. Experimental studies

In the following series of experiments, we  quantify the per-
ormance of the proposed imputation methods and offer a
horough comparative analysis. As the results come in the form
f interval-valued information granules, the evaluation of the

ethod is carried out by inspecting coverage-specificity character-

stics (whose visualization offers an insight into possible tradeoffs
etween these two descriptors) and reporting the global character-

zation of the method in the form of the AUC values. Furthermore
Climate 0.4770 0.4834 0.4828 0.4812 0.4797 0.4811
Blood 0.3929 0.4019 0.3844 0.3887 0.3763 0.3784
Airfoil 0.3408 0.3386 0.3447 0.3370 0.3411 0.3353

we report results of parametric analysis by investigating an impact
of the key parameters (such as p, m,  and c) on the performance of
the method. Along with the evaluation completed for the granular
outcomes of the imputation (which is unique one and as such not
comparable with the numeric results delivered by other imputation
techniques known in the literature), the experiments are com-
pleted for some numeric-outcome generating imputation methods
such as average-based and FCM-based imputation.

We consider a collection of data coming from the Machine
Learning repository http://archive.ics.uci.edu/ml/datasets.html,
see Table 1.

We remove p of all inputs of the data that is pNn randomly and
for such incomplete data set we  carry out the imputation procedure.
The corresponding values of p are set as 5, 10, 15, . . .,  45%.

6.1. Granular imputation based on mean of individual variables

We show the results in terms of the coverage treated as a func-
tion of  ̨ and the specificity–coverage characteristics; refer to Fig. 2.

Not surprising, the coverage is a decreasing function of ˛. The
character of this relationship is interesting and it varies from data
to data. In several cases we observe some plateau regions, as e.g., in
Housing, Blood, and Airfoil whereas for some other, namely climate
there is a rapid drop in the coverage values. These regions point
at some suitable values of  ̨ one can select. For instance, in the
Housing data, the coverage drops at  ̨ = 0.1 and stabilizes further
meaning that one can make the intervals quite specific by pushing
the value of  ̨ up to 0.9 and making the intervals more specific.
These characteristics offer an interesting insight into the abilities
of the granular imputed results to represent the data. Noticeably
the coverage does not depend visibly upon the values of p as the
curves overlap.

The overall characterization of the quality of granular imputa-
tion expressed in terms of the AUC values is provided in Table 2.
Again the characteristics look different for different data sets and
the shapes of the curves are different. Furthermore the curves help
identify a “knee” points pointing at preferred value of ˛. This hap-
pens for the Housing (  ̨ = 0.7), Blood and Airfoil. In some cases
several knee points are observed. The AUC values could offer a gen-
eral view at the performance of this imputation method on the data
set; here the best performance is reported for the two first data sets
(0.4436 and 0.4770) while lower performance is reported for the
two other data sets with the weakest result obtained for the Airfoil.
6.2. Granular imputation based on fuzzy clustering

All experiments were carried out in the same manner as before.
The number of clusters (c) and the fuzzification coefficient (m)  are

http://archive.ics.uci.edu/ml/datasets.html
http://archive.ics.uci.edu/ml/datasets.html
http://archive.ics.uci.edu/ml/datasets.html
http://archive.ics.uci.edu/ml/datasets.html
http://archive.ics.uci.edu/ml/datasets.html
http://archive.ics.uci.edu/ml/datasets.html
http://archive.ics.uci.edu/ml/datasets.html
http://archive.ics.uci.edu/ml/datasets.html
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Fig. 2. Specificity–coverage characteristics for Machine Learning data sets for p = 5%, 25, and 45%; (a) Housing, (b) Climate, (c) Blood, and (d) Airfoil.
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Fig. 3. Plots of reconstruction error (G) and imputation error (F) regarded as a function of m for selected number of clusters: c = 2 (a), c = 5 (b), c = 9 (c), and c = 13 (d). The level
of  missing data (p) is 0.20; thick line—reconstruction error, line—imputation error.

F tion o
l rror.

t
p
l

ig. 4. Plots of reconstruction error (G) and imputation error (F) regarded as a func
evel  of missing data (p) is 0.45; thick line—reconstruction error, line—imputation e
he two essential adjustable parameters whose values impact the
erformance of the imputation results. We  also consider several

evels of missing data, say p = 0.05, 0.10, 0.20, 0.30, and 0.40.
f “m” for selected number of clusters: c = 2 (a), c = 5 (b), c = 9 (c), and c = 13 (d). The
Housing data Considering a certain level of missing data, fuzzy
clustering has been carried out for selected number of information
granules, namely c = 2, 5, 9, and 13. These numbers were selected in
a way so that the performance of the imputation mechanism can be
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Fig. 5. Coverage–specificity characteristics of the imputation process; the results
shown for the optimal values of m, c and p = 0.40.

Table 3
Imputation error F for the granular imputation (FCM-based) and based on the
averages—Housing.

p FCM-based imputation Average-based imputation

0.05 0.441 0.965
0.10 0.394 0.959
0.20 0.453 0.979
0.30 0.577 1.082
0.40 0.542 1.017
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For the meet operation, we consider that Yk and Targetk are not
0.45 0.591 1.048

bserved for a broad range of the number of information granules.
or comparative reasons, we also look at the reconstruction error
nd compare it with the produced imputation error. In the series
f plots, Figs. 3 and 4, these two errors are reported as function of
he fuzzification coefficient. The two quite different values of p help
ontrast the behavior of the method in terms of the reconstruction
nd imputation capabilities.

The plots of the characterization of the granular realizations
f the imputed values provide an insight into the dependency
etween the coverage of the data and the specificity of the pro-
uced results. For the optimal values of m and c, the corresponding
overage–specificity dependencies are shown in Fig. 5.

For the optimal values of m and c, we display the AUC for sym-
etric and asymmetric allocation of information granularity for

everal values of p (Fig. 6).
The AUC values are lower when p increases. For instance, if c = 13,

he AUC for p = 0.20 is 0.82 while for p = 0.45 we have AUC of 0.79.
or comparison, we also report the imputation error in case the
issing data are replaced by the averages standing in the corre-

ponding columns of the data set, see Table 3.
The results obtained for the remaining data sets are summa-

ized in terms of the imputation error obtained for the optimal
alues of m and c, the corresponding values of the AUC index for
he symmetric and asymmetric intervals, see Table 4. For refer-
nce, provided are the values of the imputation error in case the
mputation realized in terms of the mean for each variable.

Based on the results shown in this table, the imputation error
xhibits an increasing tendency for higher values of p. The decreas-
ng tendency is observed for the AUC values. The improvement
ffered by the asymmetric intervals over the results formed for the
ymmetric ones is present but the differences are quite limited. The
mprovement of the FCM-based imputation over the plain mean-
ased imputation done for the individual variables is highly visible,

or several data sets (Housing and Blood) reducing the imputation
rror more around two times.
puting 46 (2016) 307–316

7. Granular imputation and a construction of fuzzy models

Imputed data are granular and as such they have to be treated
when constructed fuzzy models or any models. Depending on the
location of the imputed data, we  discuss four alternatives, which
are to be treated in the development (estimation of parameters) of
the ensuing models. The performance index has to be modified to
cope with granular data. In what follows, we  use capital letters to
denote the imputed data. Denote the model by M,  so for any input
x, the model returns y = M(x).

Distinguished are four alternatives depending on the nature of
the imputed data:

1 (xk, targetk)—no imputation; there are original numeric data and
subsequently there is no change to the typical performance index
used in the construction of numeric models. It could be a com-
monly encountered RMSE index, say

RMSE =

√√√√ 1
M1

M1∑
k=1

(M(xk) − targetk)2 (23)

where M1 is the number of data for which no imputation was
applied.

2 (Xk, targetk) imputation of the input data (concerning one or sev-
eral input variables). The granular input Xk implies that the result
of the model is granular as well, Yk = M(Xk). In this regard, one
evaluates an extent to which target is included (contained) in Yk,
say incl(targetk, Yk). The measure of inclusion can be specialized
depending upon the nature of information granule of the imputed
data. In case of sets (intervals), the concept is binary and relates
to the inclusion predicate

incl (targetk, Yk) =
{

1 if targetk ∈ Yk

0 otherwise
(24)

In case of fuzzy sets (Yk being described by some membership
function), the inclusion predicate returns a degree of membership
of targetk in Yk, viz. Yk(targetk).

3 (xk, Targetk) imputation realized for the output data. The output
of the model is numeric, yk = M(xk) and we compare it with the
granular target, Targetk. As before we use the same way of eval-
uation of the quality of the model as discussed in the previous
scenario.

4 (Xk, Targetk) imputation involves both the input and output vari-
ables. The output of the model is granular Yk , which has to be
compared with Targetk. Here a measure of comparing (matching)
two  information granules is required.

With regard to this situation, let us start with Yk and Targetk

being two intervals, namely [yk
−, yk

+] and [targetk
−, targetk

+]. For
them we  introduce two operations, join and meet, expressed as
follows

join Yk ⊕ Targetk =
[
min(y−

k
, target−

k
), max(y+

k
, target+

k
)
]

meet Yk ⊕ Targetk =
[
max(y−

k
, target−

k
), min(y+

k
, target+

k
)
] (25)
disjoint; otherwise the meet is empty. The meaning of these two
operations is clarified in Fig. 7.
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Fig. 6. AUC values—symmetric (grey color bar) and asymmetric allocation of information granularity for c = 2, 5, 9, and 13 (bars from left to right) for selected values of p: (a)
p  = 0.20, (b) p = 0.30, and (c) p = 0.45.

Table 4
Results of imputation process obtained for several Machine Leaning data sets; shown are the optimal parameters of the clustering method, obtained imputation error, the
AUC  values, and the mean-based imputation.

Climate
p copt mopt Imputation error AUC-symmetr AUC-asymmetr Mean-based imputation error

0.05 10 1.2 1.2885 0.893 0.903 1.472
0.10  11 1.2 1.0689 0.905 0.914 1.148
0.20  4 1.2 1.2762 0.899 0.909 1.312
0.30  2 1.5 1.3249 0.904 0.913 1.337
0.40  2 1.6 1.3246 0.904 0.904 1.338
0.45  2 1.6 1.1934 0.904 0.913 1.206

Blood
p  copt mopt Imputation error AUC-symmetr AUC-asymmetr Mean-based imputation error

0.05 11 2.1 0.3970 0.851 0.864 0.728
0.10  13 1.8 0.4672 0.845 0.851 0.925
0.20  13 2.0 0.4875 0.831 0.837 0.892
0.30  13 2.0 0.5560 0.824 0.829 0.904

Airfoil
p  copt mopt Imputation error AUC-symmetr AUC-asymmetr Mean-based imputation error

0.05 12 1.9 0.5591 0.699 0.709 0.873
0.10  11 2.0 0.6092 0.6
0.20  11 2.0 0.6221 0.6
0.30  13 2.1 0.7406 0.6

m
�

�

|
b
T
c

t
o
�∫
˛

o

)

)

Fig. 7. Join and meet of interval information granules.

To quantify an extent to which these intervals Yk and Targetk

atch, we propose the following definition of a degree of matching,
(Yk, Targetk), which assumes a form of the following ratio

(A, B) = |Yk ⊗ Targetk|
|Yk ⊕ Targetk|

(26)

The crux of this definition is to regard a length of the meet,
Yk⊕Targetk| as a measure of overlap of the intervals and cali-
rate this measure by taking the length of the join, |Yk⊕Targetk|.
he essence of the above expression associates with the Jaccard’s
oefficient being used to quantify similarity.

If the above information granules are fuzzy sets Yk and Targetk,
he above construct can be easily used by considering their ˛-cuts
f fuzzy sets, determining the value of the degree of matching
(. . .)  and aggregating the results over all values of ˛, namely
1

�(Yk˛, Targetk˛)d  ̨ where Yk˛ and Targetk˛ are the corresponding
0
-cuts of the fuzzy sets.

Overall, the performance index comprises two components: the
ne, which is computed on a basis of numeric results produced by
86 0.694 0.961
71 0.679 0.960
52 0.658 0.997

the model (scenario 1) and another one which involves inclusion or
matching two information granules (scenarios 2–4). More formally,
we can structure the global performance index as follows

Q =

√√√√ 1
M1

M1∑
k=1

(M(xk) − targetk)2 + ˇ{ 1
M2

M2∑
k=1

(1 − incl(targetk, Yk)

+ 1
M3

M3∑
k=1

(1 − �(Targetk, Yk))} (27

where  ̌ is a certain weight factor, which helps striking a sound
balance between the two components of the performance index
involving original data and those being subject to imputation. M2
denotes the number of data concerning the second and the third
scenario while M3 is the number of cases dealing with the fourth
scenario. The parameters of the model are optimized such that the
performance index Q becomes minimized.

8. Conclusions

In this study, we discussed the problem of data imputation for-
mulated in the new framework of Granular Computing. We  showed
that this two-phase approach enhances the existing techniques of
imputation by making the results granular—this evidently helps tell

apart the original numeric data from those being the result of impu-
tation. Furthermore the approach becomes essential to quantify
the quality of the imputed data by stressing their granular nature.
The measure of specificity is crucial with this regard while the
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overage index characterizes the quality of the imputation process.
he plots of the coverage–specificity relationships provide a gen-
ral view at the nature and the quality of the process and can be
ought as a certain high-level synthetic signature of the imputa-
ion process and the nature of the data. It is worth stressing that
he developed concepts of granular imputation can be viewed as

 follow-up process following any imputation technique, which
peaks to its general nature and visible applicability of the intro-
uced methodology. The value of the AUC measure computed on a
asis of the coverage–specificity plot serves as a high-end indicator
f the quality of the originally used imputation procedure.

The two principles of Granular Computing, namely the principle
f justifiable granularity and the allocation of information gran-
larity being regarded as a design asset serve as the underlying
onceptual and algorithmic environment.

The study could be sought as an initial point of investigations in
his area with several possible and potentially promising pursuits.
irst, the detailed investigations reported here exploit intervals as
nformation granules. While we did this on purpose to better illus-
rate the key concepts, it would be interesting to look at other
ormalisms of information granules, especially fuzzy sets and rough
ets. Given the general framework of Granular Computing, this line
f study could be completed naturally as the discussed principles
re independent from the formal granular setting being adopted in
he procedures of granular imputation.

Interestingly, the granular nature of imputed results can be
ncountered when dealing with incomplete linguistic data, viz.
he data whose values are information granules (say, fuzzy sets)
nd some of the entries are missing (expressed by fuzzy sets such
s unknown). Following the principle outlined in the study, the
mputed results are information of higher type than the granular
ata one originally started with (say, fuzzy sets of type-2). The role
f granular data resulting from the imputation process can be used
nd exploited in the ensuing granular models (such as classifiers
r predictors). The results of the models are now granular and this
ay effectively quantify the performance of the model by making

t more in rapport with reality and reflecting the fact that it has
een constructed in presence of incomplete (and then imputed)
ata implying a varying level of information granularity of the clas-
ification and prediction results depending upon the region of the
eature space and the quality of data present there. These issues
ill be investigated in the future studies.
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