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a b s t r a c t

In this study, we present a nearest neighbour cuckoo search algorithm with probabilistic mutation, called
NNCS. In the proposed approach, the nearest neighbour strategy is utilized to select guides to search for
new solutions by using the nearest neighbour solutions instead of the best solution obtained so far. In the
proposed strategy, we respectively employ a solution-based and a fitness-based similar metrics to select
the nearest neighbour solutions for implementation. Furthermore, the probabilistic mutation strategy
eywords:
uckoo search algorithm
earest neighbour
olution-based similar metric
itness-based similar metric
robabilistic mutation

is used to control the new solutions learn from the nearest neighbour ones in partial dimensions only.
In addition, the nearest neighbour strategy helps the best solution participate in searching too. Exten-
sive experiments, which are carried on 20 benchmark functions with different properties, demonstrate
the improvement in effectiveness and efficiency of the nearest neighbour strategy and the probabilistic
mutation strategy.

© 2016 Elsevier B.V. All rights reserved.
. Introduction

Optimization has played an important role on decision science
nd on the analysis of physical system. Optimization problems
an be mathematically formulated as the minimization or max-
mization of objective functions subject to constraints on their
ariables. Without loss of generality, a (continuous) optimization
roblem can be written as follow:

minimize f (�x), �x = (x1, x2, . . ., xn) ∈ Rn

subject to gi(�x) ≤ 0, i ∈ ε

hj(�x) = 0, j ∈ �

(1)

here f (�x) is the objective function to be minimized over the vector
� representing the decision variables of the problem, gi(�x) is the ith
nequality constraints, and hj(�x) is the jth equality constraints; �
nd ε are sets of indices for equality and inequality constraints,
espectively.
Since nature-inspired meta-heuristic algorithms have shown
ome promising results in solving tough optimization prob-
ems, like the design of fuzzy control systems [1], performance

∗ Corresponding author at: School of Computer Science and Technology, Shandong
niversity, Jinan 250101, PR China.

E-mail address: ylyin@sdu.edu.cn (Y. Yin).

ttp://dx.doi.org/10.1016/j.asoc.2016.08.021
568-4946/© 2016 Elsevier B.V. All rights reserved.
optimization of electrical drives [2] and bi-level programming
problem [3], they have received much attention and huge popular-
ity recently. These approaches include genetic algorithm (GA) [4],
differential evolution (DE) [5], ant colony optimization (ACO) [6],
particle swarm optimization (PSO) [7,8], artificial bee colony (ABC)
[9], social emotion optimization algorithm (SEOA) [10,11], bat
algorithm (BA) [12], firefly algorithm (FA) [13], harmony search
(HS) [14], biogeography-based optimization (BBO) [15], group
search optimizer (GSO) [16], and their hybridizations, such as
DE/BBO [17], FPSO + FGA [18], and so on.

Cuckoo search (CS) [19,20] is another nature-inspired meta-
heuristic algorithm based on the obligate brood parasitic behavior
of some cuckoo species in combination with the Lévy flights behav-
ior of some birds and fruit files. CS is a simple yet very promising
optimization technique. At each iteration process, CS firstly uses
Lévy flights random walk (LFRW) to search for new solutions.
Secondly, CS continues to generate new solutions in terms of
biased/selective random walk (BSRW) which employs a crossover
operator. After each random walk, a greedy strategy is used to select
a better solution from the current and new generated solutions
according to their fitness.

Due to simple concepts, easy to implement and few parameters,

CS has been successfully applied in a wide variety of problems from
diverse fields. Some works have focused on random walk step-
size for function optimization problems [21–24]. Some attempts
have applied some other evolution algorithms to improve the

dx.doi.org/10.1016/j.asoc.2016.08.021
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asoc.2016.08.021&domain=pdf
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erformance of CS for complex optimization problems [25–34].
thers have been proposed to deal with combinatorial optimiza-

ion problems [35–38], and multi-object optimization problems
39,40].

Nevertheless, there is no specific algorithm to achieve the best
olution for all optimization problems [41]. Some may  provide bet-
er solutions and faster convergence for particular optimization
roblems than others. Therefore, it seems necessary to propose
ew improved or enhanced algorithms to improve the quality of
olutions and convergence speed. On the other hand, in LFRW, CS
earches for new solutions based on the best solution obtained so
ar. In this case, the solutions may  easily be attracted to the best
olution region because these solutions learn from the best one,
nd the convergence speed may  be fast. However, if the current best
olution is far away from the global optimum, and if the search envi-
onment is complex with numerous local optima, the solutions may
et trapped in a local optimum. Moreover, according to the imple-
entation of conventional CS, the best solution cannot achieve a

ew solution because the step size is zero. In this paper, we propose
NCS, a nearest neighbour cuckoo search algorithm with proba-
ilistic mutation, to accelerate convergence speed and improve the
olutions quality for continuous function optimization problems.
NCS introduces the nearest neighbour strategy and the probabilis-

ic mutation strategy to remedy this weakness of LFRW. The nearest
eighbour strategy makes the new generated solutions be around
heir nearest neighbour ones instead of the best solution obtained
o far. In the proposed strategy, we employ a solution-based and a
tness-based similar metrics to select the nearest neighbour solu-
ions for implementation, respectively. The probabilistic mutation
trategy lets the solutions learn from the nearest neighbour solu-
ions in partial dimensions only. In addition, the nearest neighbour
trategy can help the best solution participate in searching instead
f doing nothing in the implementation of the conventional CS. Sim-
lations and comparisons are carried on 20 benchmark functions
ith uni-modal, multi-modal, rotated and shifted properties. The

esults indicate the improvement in effectiveness and efficiency of
he nearest neighbour strategy and the probability mutation strat-
gy, and show the proposed algorithm is competitive for dealing
ith optimization problems compared with other algorithms.

The remainder of this paper is organized as follows. Section 2
escribes the standard cuckoo search algorithm. Section 3 presents
he NNCS algorithm. Section 4 reports the experimental results.
ection 5 concludes this paper.

. Cuckoo search algorithm

CS, developed recently by Yang and Deb [19,20], is a simple yet
ery promising population-based stochastic search technique. For
he sake of simplicity, we consider that CS is used to solve an uncon-
trained optimization problem by minimizing f(X) with the solution
pace [xj,min, xj,max], j = 1, 2, . . .,  D. In CS, a nest represents a candi-
ate solution X = (x1,. . .,xD), and the pseudo-code of CS is shown in
lgorithm 1.

lgorithm 1. CS

: G ← 1;
: XG = (Xi,G , . . .,  XNP,G)←Initialize solutions;
: Fitness←Evaluate XG;
: FES ← NP;
:  BestX←Obtain the best solution so far;
: while stop condition does not meet do
: for i ← 1 to NP do
: Ui,G←Search for a new solution using LFRW;

:  Perform the boundary-handling method;
0: Xi,G←Greedily select a better solution from Ui,G and Xi,G according

their fitness;
1: FES ← FES+1;
2: end for
uting 49 (2016) 498–509 499

13: for i ← 1 to NP do
14: Ui,G← Search for a new solution using BSRW;
15: Perform the boundary-handling method;
16: Xi,G+1←Greedily select a better solution from Ui,G and Xi,G

according their fitness;
17: FES ← FES+1;
18: end for
19: BestX←Obtain the best solution so far;
20: G ← G+1;
21: end while
22: Output the best solution.

In the initialization phase, CS initializes solutions that are ran-
domly sampled from solution space by

xi,j,0 = xi,j,min + r(xi,j,max − xi,j,min), i = 1, 2, . . .,  NP (2)

where r represents a uniformly distributed random variable with
the range [0,1], and NP is the population size.

After initialization, CS goes into an iterative phase where two
random walks, LFRW and BSRW, are employed to search for new
solutions.

LFRW is a random walk whose step size is drawn from a Lévy
distribution. At generation G(G > 0), LFRW can be formulated as
follows:

Ui,G = Xi,G +  ̨⊕ Lé vy(ˇ) (3)

where  ̨ > 0 is a step size, which should be related to the scales
of the problem of interest [20], the product ⊕ means entry-wise
multiplications, Ui,G is the new solution of Xi,G, and Lévy(ˇ) can be
written in terms of a simple power-law formula

Lé vy(ˇ)∼t−1−ˇ, 0 <  ̌ ≤ 2 (4)

where t is a random variable, and  ̌ is a stability index. It is worthy of
noting that the well-known Gaussian and Cauchy distribution are
its special cases when its stability index  ̌ is 2 and 1, respectively.

In implementation, Lévy(ˇ) can be calculated as follow [20]:

Lé vy(ˇ)∼� × �

|�|1/ˇ
(5)

� =

⎡
⎣ � (1 + ˇ) × sin( �×ˇ

2 )

�
(

1+ˇ
2

)
×  ̌ × 2

ˇ−1
2

⎤
⎦

1/ˇ

(6)

where  ̌ is suggested as 1.5 in [20], � and � are random numbers
drawn from a normal distribution with mean of 0 and standard
deviation of 1, and 	 is gamma function.

In CS, LFRW searches for new solutions around the best solution
obtained so far, and Eq. (3) can be reformulated as

Ui,G = Xi,G + ˛0
� × �

|�|1/ˇ
(Xi,G − Xbest) (7)

where ˛0 is a scaling factor (generally, ˛0=0.01), and Xbest repre-
sents the best solution obtained so far.

In LFRW, for the solution Xi,G, CS searches for a new solution
Ui,G around the best solution obtained so far. After LFRW, CS uses
a greedy strategy to select the better solution as the solution Xi,G
from Xi,G and Ui,G according to their fitness. In the case of the greedy
strategy, CS can be easy trapped into a local optimum, therefore,
BSRW is used to discover new solutions far enough away from the
current best solution region by far field randomization [19]. Firstly,
a trial solution Vi,G is built with a mutation of the solution Xi,G as base
vector and two randomly selected solutions as perturbed vectors,
as seen in Eq. (8)
Vi,G = Xi,G + r × (Xm,G − Xn,G) (8)

where, m and n are random indexes, r is a scaling factor with the
range [0,1], and pa is a fraction probability. Secondly, a new solution
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i,G is generated by a crossover operator from Xi,G and the trial
olution Vi,G, as follows:

i,j,G =
{

vi,j,G, rand > pa

xi,j,G, otherwise
(9)

After BSRW, by using the greedy strategy, the next generation
olution Xi,G+1 is selected from Xi,G and Ui,G according to their fitness.
t the end of each iteration process, the best solution obtained so

ar is updated.
Note that CS utilizes a boundary-handling method to ensure

he generated new solutions by using LFRW or BSRW not to be
ut of solution space. In this paper, to make a fair comparison, we
se the same yet simple boundary-handling method for all men-
ioned algorithms. The detailed description will be given in Eq. Eq.
15). It is worth pointing out that CS can also be utilized to solve
onstrained optimization problems by using constraint-handling
echniques. The literature [42] proposed an effective hybrid cuckoo
earch algorithm for constrained optimization that relies on Aug-
ented Lagrangian method for constraint-handling.

. Nearest neighbour cuckoo search algorithm with
robabilistic mutation

In LFRW, CS searches for new solutions based on the best solu-
ion obtained so far. In this case, all solutions interact with the best
olution. In fact, Ballerini et al., have discovered that the interac-
ion among individuals depends on the neighbour distance with a
xed number of neighbours [43]. It suggests that not all individuals

nteract with the best one, but with their nearest neighbour ones.
his motivates us to make solutions to interact with their nearest
eighbour solutions.

Accordingly, we combine the nearest neighbour strategy with
S. The nearest neighbour strategy is used to select nearest
eighbour solutions instead of the best solution for the solutions

nteracting in LFRW. The nearest neighbour strategy is a variant
cheme of the nearest neighbour search algorithm which is an
ptimization problem for finding closest (or most similar) points.
athematically, the nearest neighbour search problem is defined

s follows: [44].

nearest = arg min{d(x, y)}, x ∈ S, y ∈ M (10)

here, M is a metric space, S is a set of points in M,  y is a query
oint, Xnearest is the closest point in S to y, and d(x, y) presents the
imilar metric. In this case, we rewrite Eq. (7) as follows:

i,G = Xi,G + r
� × �

|�|1/ˇ
(Xi,G − Xi,G,nearest) (11)

here r presents a varied scaling factor drawn a uniformly distribu-
ion in the interval of [0,1], and Xi,G,nearest is the nearest neighbour
olution in swam of Xi,G.

In NNCS, we employ a solution-based and a fitness-based similar
etrics d(x, y) for implementation, resulting in two NNCS algo-

ithms, NNCS-S and NNCS-F, respectively.
The solution-based similar metric can be measured using the

uclidean distance, Manhattan distance, or other distance metric.
n this paper, the default distance metric is Euclidean distance,

hich between any two D-dimensional vectors Xi and Xj is given
s follows:
(Xi, Yi) =

√√√√ D∑
d=1

(Xi,d − Yi,d)2 (12)
puting 49 (2016) 498–509

In addition, the fitness-based similar metric between any two
D-dimensional vectors Xi and Xj can be given as follows:

d(Xi, Yi) = ‖f (Xi) − f (Yi)‖2 (13)

where f(X) is an objective function, and ‖·‖ 2 represents the 2-norm.
According to Eq. (11), all solutions learn from their nearest

neighbour ones with all dimensions. However, the nearest neigh-
bour solutions are not the global optimum, which may  have good
values on some dimensions and bad values on others. This will
results in that some dimensions of new solutions may  have bad
values that are deteriorated by bad values of the nearest neigh-
bour solutions. Therefore, the probabilistic mutation strategy is
employed to control that the solutions learn from the nearest neigh-
bour ones in partial dimensions only. The probabilistic mutation
strategy can be defined as follows:

ui,j,G =

⎧⎨
⎩ xi,j,G + r

� × �

|�|1/ˇ
(xi,j,G − xi,j,G,nearest), rand < p

xi,j,G, otherwise
(14)

where, rand is a random number drawn a uniformly distribution
in the interval of [0,1], and p is a constant. In addition, a simple
boundary-handing method, as similar done in [45], works as fol-
lows: if the jth element ui,j,G is out of the solution space [xj,min, xj,max],
then ui,j,G is reset as follows:

ui,j,G =
{

min{xj,max, 2xj,min −ui,j,G
}, ui,j,G < xj,min

max{xj,min, 2xj,max −ui,j,G
}, ui,j,G > xj,max

(15)

According to the above descriptions, we  summarize them and
present the pseudo-code of NNCS as shown in Algorithm 2.

Algorithm 2. NNCS

G ← 1;
2  XG = (Xi,G , . . .,  XNP,G)←Initialize solutions;

Fitness ←Evaluate XG;
4 FES ← NP;

BestX←Obtain the best solution so far;
6  while stop condition does not meet do

for i ← 1 to NP do
8 Xi,G,nearest←Search the nearest neighbour using Eq. (10),

Eq. (12) or Eq. (13);
Ui,G←Search for a new solution using Eq. (14);

10  Perform the boundary-handling method using Eq. (15);
Xi,G←Greedily select a better solution from Ui,G and Xi,G

according to their fitness;
12 FES ← FES+1;

end for
14 for i ← 1 to NP do

Ui,G← Search for a new solution using BSRW;
16  Perform the boundary-handling method using Eq. (15);

Xi,G+1←Greedily select a better solution from Ui,G and
Xi,G according to their fitness;

18  FES ← FES+1;
end for

20 BestX←Obtain the best solution so far;
G←G+1;

22 end while
Output the best solution.

It is worthy of pointing out that the nearest neighbour strategy is
overall different from the similar strategies applied in PSO commu-
nity [46,47]. The neighbourhood topology of LFRW in CS is a wheel
topology that is similar in [46,47], as seen in Fig. 1(a), while that of
LFRW in NNCS is a non-wheel topology overall, as shown in Fig. 1(b).
Observed from Fig. 1(b), solution “A” and solution “B” respectively
search for new solutions based on their nearest solutions “B” and

“C” instead of the best one, resulting in improving the population
diversity. Moreover, the best solution takes part in the exploration
by learning from “A”. In addition, except for the best solution, if
the nearest neighbour solution of each individual is different, the
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Fig. 1. Neighbourhood topo

eighbourhood topology of LFRW in NNCS can be regarded as a
articularly similar ring topology, as seen in Fig. 1 (c). Note that
he probabilistic mutation strategy in NNCS is different from the

utation strategy in CMA-ES [48]. The former is randomized and
on-adaptive, while the latter is derandomized and self-adaptive.

. Experimental verifications

In this section, in order to validate the performance of NNCS,
e carry out different experiments on a suite of 20 uncon-

trained single-objective benchmark functions which are described
n Appendix A. These functions are chosen from the literatures
49,50], including unimodal functions Fsph, and Fros, multimodal
unctions Fack, Fgrw, Fras, Fsch, Fsal, Fwht, Fpn1 and Fpn2, and rotated
nd/or shifted functions F1–F10. More detailed description of them
an be found in the literatures [49,50].

For NNCS, there are three control parameters, namely, the
opulation size NP,  the fraction probability pa, and the mutation
robability p. For all experiments, unless a change is mentioned,
he population size NP is D which is the dimension of problem,
s similar done in [50], the fraction probability pa is 0.25 which
s suggested in [19], and the mutation probability p is 0.25. More
iscussions about the settings of p can be found in Section 4.5.
oreover, in our experiments, each algorithm is used to optimize

ach benchmark function over 50 independent runs. The maximum
umber of function evaluations (MaxFEs) is 10,000×D.

In our experimental studies, we select four performance crite-
ia from the literatures [49,50] to evaluate the performance of the
lgorithms.

Error: Error is the function error value defined as (f(x) − f(x *)),
here x* is the known global optimum of the function, and x is

he best solution obtained by the algorithm in a run. The minimum
unction error value that each algorithm can find is recorded in dif-
erent runs, and the average and the standard deviation of the error
alue are calculated. The notation AVGEr± SDEr is used in different
ables.

Number of function evaluations (FES): The number of function
valuations is also recorded in different runs when each algorithm
chieves the value to reach (VTR) suggested in [50] within MaxFEs.
he average and standard deviation of FES, denoted AVGEv± SDEv is
sed different tables.

Number of successful runs (SR): The number of successful runs
s recorded when the VTR is reached within MaxFEs.

Convergence graphs: The convergence graphs show the aver-
ge function error value performance of the total runs in respective
xperiments.

Additionally, the Wilcoxon signed-rank test at the 5% significant

evel is used to show significance between two  algorithms [51].
he “‡” symbol shows the null hypothesis is rejected, and the first
lgorithm outperforms the second one. The “†” symbol means the
ull hypothesis is rejected, and the first algorithm is inferior to the
f LFRW in CS and in NNCS.

second one. The “=” symbol reveals the null hypothesis is accepted,
and the first algorithm ties the second one. The total number
of each symbol is summarized at the bottom of different table.
Meanwhile, the Friedman test, as similar done in [52], is employed
to show the competitiveness of the compared algorithms.

4.1. Solution accuracy study

To show how NNCS can improve solution accuracy, we carry out
experiments on the 20 benchmark functions at D = 30. The solutions
accuracy obtained by NNCS is compared with the ones obtained by
CS, shown in Table 1. Compared to the solutions accuracy obtained
by CS, the higher accurate solutions gained by NNCS are marked
in boldface. Moreover, the results of the Wilcoxon signed-rank test
between CS and NNCS-S, and NNCS-F, are also given, respectively.

From Table 1, we  can see that in terms of solutions accuracy,
NNCS-F and NNCS-S outperform CS on the unimodal functions, and
the proposed strategies bring solutions with much higher accuracy
to the problems. For example, for very simple unimodal function
Fsph, NNCS-F and NNCS-S provide solutions with higher quality than
those provided by CS. Moreover, NNCS-F and NNCS-S are much
better on more complex Fros. It can be also seen that NNCS-F and
NNCS-S surpass CS on all 8 multimodal functions according to solu-
tions accuracy. NNCS-F and NNCS-S obtain the global optimum
on the function Fgrw, while CS doesn’t. Furthermore, NNCS-F and
NNCS-S bring solutions with much higher accuracy on other multi-
modal functions, especially on the functions Fpn1 and Fpn2. Table 1
also indicates that NNCS-F and NNCS-S do better than CS on the
rotated and/or shifted functions expect F3 with the help of solu-
tions accuracy. NNCS-F and NNCS-S not only achieve the global
optimum on the function F1, but also improve the solutions with
higher accuracy to other functions. In all, according to the total
number of “‡/=/†”,  NNCS-F and NNCS-S are significantly better than
CS on 18 and 17 out of 20 functions, equal to CS on 1 and 2 out
of 20 functions, and worse than CS on 1 and 1 out of 20 functions,
respectively. This is because NNCS-F and NNCS-S utilize the neigh-
bour information by learning from the nearest neighbour one in
probabilistically selected dimensions, and avoid being trapped into
a local optimum and a premature convergence, resulting in improv-
ing the search ability. As for the function F3, we can observe that
NNCS-F and NNCS-S do not show advantage perhaps because the
effect of the nearest neighbour strategy and the probability muta-
tion strategy are largely cancelled out by the orthogonal matrix. In
addition, we can see that NNCS-F and NNCS-S are good at differ-
ent functions respectively perhaps because of the similar metric to
select the nearest neighbour solution.
4.2. Convergence speed study

To show how NNCS can accelerate convergence speed, Table 2
lists FES and SR obtained by CS and NNCS, where “−” means the
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Table 1
Solution accuracy (mean and standard deviation) obtained by CS and NNCS at D = 30.

Fun CS NNCS-F NNCS-S

AVGEr±SDEr AVGEr±SDEr AVGEr±SDEr

Fsph 1.46e−30±2.83e−30 ‡  1.47e−56±2.46e−56 ‡  1.00e−53±1.46e−53
Fros 1.38e+01±1.44e+01 ‡  6.80e+00±1.01e+01 ‡  3.80e+00±5.16e+00
Fack 1.10e−01±3.38e−01 ‡  8.24e−15±2.43e−15 ‡  9.02e−15±2.89e−15
Fgrw 1.59e−15±1.12e−14 = 0.00e+00±0.00e+00 = 0.00e+00±0.00e+00
Fras 2.46e+01±4.39e+00 ‡  1.72e+00±1.56e+00 ‡  3.20e+00±1.89e+00
Fsch 1.56e+03±2.39e+02 ‡  7.11e+00±3.71e+01 ‡  2.38e+00±1.68e+01
Fsal 3.72e−01±7.01e−02 ‡  2.84e−01±4.68e−02 ‡  2.96e−01±4.50e−02
Fwht 3.56e+02±7.62e+01 ‡  8.65e+01±4.66e+01 ‡  9.72e+01±4.77e+01
Fpn1 2.07e−03±1.47e−02 ‡  1.57e−32±5.53e−48 ‡  1.57e−32±5.53e−48
Fpn2 1.54e−26±8.53e−26 ‡  1.35e−32±1.11e−47 ‡  1.35e−32±1.11e−47
F1 5.52e−30±1.37e−29 ‡  0.00e+00±0.00e+00 ‡  0.00e+00±0.00e+00
F2 6.31e−03±6.20e−03 ‡  2.12e−03±1.28e−03 ‡  2.89e−03±1.76e−03
F3 2.15e+06±5.13e+05 †  3.09e+06±8.96e+05 †  3.03e+06±7.84e+05
F4 1.44e+03±9.05e+02 ‡  6.44e+02±6.18e+02 ‡  6.92e+02±4.80e+02
F5 3.17e+03±6.76e+02 ‡  2.56e+03±6.58e+02 ‡  2.79e+03±5.06e+02
F6 2.70e+01±2.56e+01 ‡  1.38e+01±1.84e+01 = 2.05e+01±2.44e+01
F7 1.06e−03±2.47e−03 ‡  6.98e−04±2.07e−03 ‡  5.27e−04±1.68e−03
F8 2.093e+01±5.80e−02 ‡  2.089e+1±16.05e−02 ‡  2.090e+01±5.72e−02

1.32e
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F9 2.94e+01±5.21e+00 ‡  

F10 1.73e+02±3.19e+01 ‡  

‡/=/†  18/1/1 

lgorithm can not reach to VTR. Compared to FES and SR obtained
y CS, the smaller FES or the larger SR gained by NNCS are marked

n boldface.
From Table 2, we can see that CS, NNCS-F and NNCS-S share

he same SR performance on the functions Fsph, Fgrw, Fpn2, F1, and
7. However, NNCS-F and NNCS-S show faster convergence speed
han CS in terms of FES. Moreover, NNCS-F and NNCS-S outperform
S on Fack and Fpn1 in terms of both FES and SR. This means that
NCS-F and NNCS-S converge faster and more stable than CS. In
ddition, NNCS-F and NNCS-S can obtain FES with a certain SR per-
ormance, but CS does not. Furthermore, we can observe NNCS-F
verall converges faster and more stable than NNCS-S.

To further study the convergence speed of NNCS, we  select sev-
ral benchmark functions to plot the evolution progress of the
verage and standard deviation of function error value within the
aximum number of function evaluations during 50 independent

uns, seen in Fig. 2. It can be observed from Fig. 2 that NNCS-F and
NCS-S converge significantly faster than CS in terms of conver-
ence curves. Fig. 2 also reveals that NNCS-F and NNCS-S overall
ave smaller standard deviations of average function error. This
uggests that NNCS-F and NNCS-S have steadier convergence per-
ormance.
.3. Scalability study

In order to study the performance of NNCS affected by the
roblem dimensionality, a scalability study is conducted. We  carry

able 2
ES and SR obtained by CS and NNCS at D = 30.

Fun CS 

AVGEV ± SDEV(SR) AVG

Fsph 88719.6±2370.7(50) 512
Fack 167510.7±20034.9(45) 792
Fgrw 125872.8±21651.2(50) 661
Fras – 274
Fsch – 202
Fwht – 110
Fpn1 158251.8±22648.3(49) 548
Fpn2 106992.0±9375.0(50) 533
F1 93198.0±2791.5(50) 527
F6 – 222
F7 157591.2±31064.1(50) 138
F9 – 271
+00±1.52e+00 ‡  2.52e+00±1.59e+00
+01±1.70e+01 ‡  1.12e+02±1.98e+01

17/2/1

on experiments on the benchmark functions on D = 10 and D = 50
since some functions are defined up to D = 50 [49]. All other con-
trol parameters are unchanged from their values above mentioned
except that the population size NP is 30 at D = 10. Solutions accuracy
obtained by CS, NNCS-F and NNCS-S are listed in Table 3. Com-
pared to the solutions accuracy obtained by CS, the higher accurate
solutions gained by NNCS are marked in boldface.

According to Table 3, it suggests that the advantage of NNCS over
CS is overall stable when the dimensionality of problem increases.
In the case of D = 10, NNCS-F and NNCS-S outperform CS in terms of
solution accuracy expect F3. Also, according to the “‡/=/†” in Table 3,
NNCS-F and NNCS-S are significantly better than CS on 19 out 20
functions, and worse than CS on 1 out 20 functions. When D = 50,
NNCS-F and NNCS-S perform better than CS on all functions except
F2 and F3 in terms of solutions accuracy, respectively. Statistically,
NNCS-F and NNCS-S show better performance than CS on 18 and
17 out of 20 functions, and worse performance than CS on 2 out of
20 functions, respectively.

4.4. Influence of different solution-based similar metric

In our proposed NNCS approach, the solution-based similar met-
ric, one of similar metric in implementation, is measured using the

Euclidean distance as default. In this section, in order to investigate
the influence of different distance metric on the performance of
NNCS, a set of experiments are carried on. The results are listed
in Table 4, where NNCS-S-SEU, NNCS-S-HAM, NNCS-S-COS, and

NNCS-F NNCS-S

EV ± SDEV(SR) AVGEV ± SDEV(SR)

70.0±1212.4(50) 53947.2±979.0(50)
70.8±1686.8(50) 85087.2±2007.9(50)
72.8±7208.6(50) 67159.2±4912.6(50)
728.0±9273.8(5) –
227.5±18115.8(48) 278665.3±13350.2(38)
400.0±0.0(1) 186580.0±29727.6(3)
80.8±3140.1(50) 62006.4±3895.8(50)
70.0±1815.0(50) 58099.2±2472.0(50)
90.4±1265.1(50) 55866.0±1394.0(50)
420.0±71700.6(2) –
723.6±51558.3(50) 115134.0±24692.6(50)
610.0±22196.7(18) 283920.0±7636.8(2)
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Table 3
Solution accuracy (mean and standard deviation) by CS and NNCS at D = 10 and D = 50.

Fun D = 10 D = 50

CS NNCS-F NNCS-S CS NNCS-F NNCS-S
AVGEr±SDEr AVGEr±SDEr AVGEr±SDEr AVGEr±SDEr AVGEr±SDEr AVGEr±SDEr

Fsph 2.97e−26±3.10e−26 ‡  1.33e−43±1.91e−43 ‡  2.07e−39±3.17e−39 4.72e−17±3.99e−17 ‡  2.49e−31±1.64e−31 ‡  3.66e−30±2.38e−30
Fros 6.85e−01±8.62e−01 ‡  1.39e−01±2.66e−01 ‡  2.10e−01±6.05e−01 4.21e+01±1.78e+01 ‡  3.21e+01±1.25e+01 ‡  3.11e+01±7.41e+00
Fack 3.92e−11±5.38e−11 ‡  3.55e−15±0.00e+00 ‡  3.55e−15±0.00e+00 2.87e−02±1.28e−01 ‡  1.92e−14±2.69e−15 ‡  2.41e−14±3.07e−15
Fgrw 3.62e−02±1.36e−02 ‡  8.92e−03±6.93e−03 ‡  1.18e−02±9.59e−03 9.05e−12±5.17e−11 ‡  0.00e+00±0.00e+00 ‡  0.00e+00±0.00e+00
Fras 3.15e+00±8.25e−01 ‡  1.44e−11±9.35e−11 ‡  6.18e−02±2.22e−01 8.69e+01±1.02e+01 ‡  3.79e+01±9.22e+00 ‡  3.56e+01±5.76e+00
Fsch 6.79e+01±6.48e+01 ‡  3.64e−14±1.80e−13 ‡  2.00e−09±7.70e−09 4.93e+03±2.91e+02 ‡  6.26e+02±4.34e+02 ‡  1.03e+03±2.75e+02
Fsal 1.06e−01±2.40e−02 ‡  9.99e−02±3.11e−11 ‡  9.99e−02±3.47e−09 6.99e−01±7.84e−02 ‡  4.44e−01±5.40e−02 ‡  4.96e−01±4.93e−02
Fwht 2.28e+01±6.81e+00 ‡  2.28e+00±2.09e+00 ‡  3.19e+00±3.64e+00 1.39e+03±1.02e+02 ‡  5.68e+02±1.31e+02 ‡  5.03e+02±8.42e+01
Fpn1 4.00e−18±2.24e−17 ‡  4.71e−32±1.66e−47 ‡  4.71e−32±1.66e−47 8.67e−03±4.23e−02 ‡  2.86e−30±3.21e−30 ‡  2.94e−28±4.53e−28
Fpn2 3.82e−23±7.02e−23 ‡  1.35e−32±1.11e−47 ‡  1.35e−32±1.11e−47 2.93e−14±5.74e−14 ‡  1.53e−30±1.13e−30 ‡  2.98e−29±2.08e−29
F1 4.67e−26±4.61e−26 ‡  0.00e+00±0.00e+00 ‡  0.00e+00±0.00e+00 1.95e−16±1.38e−16 ‡  0.00e+00±0.00e+00 ‡  9.04e−31±2.09e−30
F2 1.04e−13±1.09e−13 ‡  3.76e−16±3.61e−16 ‡  9.23e−16±6.96e−16 2.41e+02±7.97e+01 †  4.52e+02±1.35e+02 †  4.57e+02±1.26e+02
F3 2.08e+02±1.27e+02 †  5.49e+02±4.04e+02 †  3.81e+02±2.80e+02 8.71e+06±1.35e+06 †  1.64e+07±3.28e+06 †  1.59e+07±3.01e+06
F4 9.59e−06±9.20e−06 ‡  1.00e−07±1.06e−07 ‡  2.46e−07±2.29e−07 2.83e+04±5.07e+03 ‡  2.09e+04±4.23e+03 ‡  2.21e+04±3.92e+03
F5 1.06e−04±7.72e−05 ‡  3.60e−08±2.96e−08 ‡  5.60e−07±4.93e−07 1.08e+04±1.41e+03 ‡  7.30e+03±9.76e+02 ‡  7.92e+03±1.01e+03
F6 1.49e+00±1.80e+00 ‡  3.84e−01±5.48e−01 ‡  4.57e−01±9.63e−01 6.19e+01±3.20e+01 ‡  4.36e+01±2.21e+01 = 5.22e+01±2.48e+01
F7 5.28e−02±1.89e−02 ‡  3.38e−02±1.29e−02 ‡  2.95e−02±1.45e−02 1.07e−03±1.53e−03 ‡  1.18e−03±3.26e−03 ‡  1.10e−04±2.31e−04
F8 2.04e+01±7.11e−02 ‡  2.03e+01±6.97e−02 ‡  2.02e+01±5.99e−02 2.11e+01±3.11e−02 ‡  2.11e+01±3.59e−02 ‡  2.11e+01±3.81e−02
F9 2.78e+00±1.03e+00 ‡  9.69e−13±6.06e−12 ‡  5.60e−04±3.79e−03 1.25e+02±1.24e+01 ‡  3.47e+01±8.05e+00 ‡  3.49e+01±5.20e+00
F10 1.96e+01±5.96e+00 ‡  1.45e+01±4.43e+00 ‡  1.53e+01±5.26e+00 4.00e+02±4.75e+01 ‡  2.33e+02±2.92e+01 ‡  2.50e+02±3.14e+01
‡/=/†  19/0/1 19/0/1 18/0/2 17/1/2
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Fig. 2. Convergence graphs of CS and NNCS for selected functions.

Table 4
Solution accuracy (mean and standard deviation) obtained by NNCS using different distance metric at D = 30.

*Fun NNCS-S-SEU NNCS-S-HAM NNCS-S-MAN NNCS-S-COS NNCS-S

AVGEr ± SDEr AVGEr ± SDEr AVGEr ± SDEr AVGEr ± SDEr AVGEr ± SDEr

Fsph 7.18e−54 ± 8.11e−54 3.37e−51 ± 9.30e−51 5.33e−54 ± 6.18e−54 4.10e−52 ± 7.57e−52 1.00e−53 ± 1.46e−53
Fros 4.69e+00 ± 5.83e+00 5.68e+00 ± 6.12e+00 5.70e+00 ± 1.06e+01 4.78e+00 ± 9.53e+00 3.80e+00 ± 5.16e+00
Fack 8.31e−15 ± 2.34e−15 8.46e−15 ± 2.58e−15 8.38e−15 ± 2.56e−15 8.74e−15 ± 2.89e−15 9.02e−15 ± 2.89e−15
Fgrw 0.00e+00 ± 0.00e+00 0.00e+00 ± 0.00e+00 0.00e+00 ± 0.00e+00 0.00e+00 ± 0.00e+00 0.00e+00 ± 0.00e+00
Fras 2.51e+00 ± 1.91e+00 7.55e+00 ± 3.24e+00 2.41e+00 ± 1.77e+00 3.85e+00 ± 2.03e+00 3.20e+00 ± 1.89e+00
Fsch 1.32e−04 ± 7.78e−04 1.78e+01 ± 6.90e+01 2.37e+00 ± 1.67e+01 1.82e−05 ± 9.06e−05 2.38e+00 ± 1.68e+01
Fsal 3.08e−01 ± 5.66e−02 2.84e−01 ± 4.22e−02 3.06e−01 ± 5.12e−02 2.98e−01 ± 4.73e−02 2.96e−01 ± 4.50e−02
Fwht 9.69e+01 ± 4.56e+01 1.33e+02 ± 4.52e+01 9.25e+01 ± 3.68e+01 1.02e+02 ± 5.01e+01 9.72e+01 ± 4.77e+01
Fpn1 1.57e−32 ± 5.53e−48 1.57e−32 ± 5.53e−48 1.57e−32 ± 5.53e−48 1.57e−32 ± 5.53e−48 1.57e−32 ± 5.53e−48
Fpn2 1.35e−32 ± 1.11e−47 1.35e−32 ± 1.11e−47 1.35e−32 ± 1.74e−34 1.35e−32 ± 1.11e−47 1.35e−32 ± 1.11e−47
F1 0.00e+00 ± 0.00e+00 0.00e+00 ± 0.00e+00 0.00e+00 ± 0.00e+00 0.00e+00 ± 0.00e+00 0.00e+00 ± 0.00e+00
F2 2.63e−03 ± 1.76e−03 4.68e−03 ± 3.40e−03 2.45e−03 ± 1.66e−03 2.58e−03 ± 1.37e−03 2.89e−03 ± 1.76e−03
F3 2.97e+06 ± 8.63e+05 3.09e+06 ± 9.33e+05 2.92e+06 ± 9.57e+05 3.15e+06 ± 9.45e+05 3.03e+06 ± 7.84e+05
F4 6.35e+02 ± 3.88e+02 5.81e+02 ± 4.12e+02 6.67e+02 ± 3.72e+02 9.18e+02 ± 6.56e+02 6.92e+02 ± 4.80e+02
F5 2.73e+03 ± 6.54e+02 2.35e+03 ± 5.57e+02 2.75e+03 ± 6.86e+02 2.62e+03 ± 5.67e+02 2.79e+03 ± 5.06e+02
F6 1.63e+01 ± 1.90e+01 1.21e+01 ± 1.46e+01 2.10e+01 ± 2.34e+01 1.96e+01 ± 1.96e+01 2.05e+01 ± 2.44e+01
F7 6.73e−04 ± 2.02e−03 1.06e−03 ± 2.41e−03 2.97e−04 ± 1.46e−03 3.78e−04 ± 1.50e−03 5.27e−04 ± 1.68e−03
F8 2.089e+01 ± 5.50e−02 2.089e+01 ± 5.08e−02 2.089e+01 ± 5.67e−02 2.090e+01 ± 4.83e−02 2.090e+01 ± 5.72e−02
F9 2.24e+00 ± 1.45e+00 6.41e+00 ± 2.78e+00 2.20e+00 ± 1.81e+00 2.60e+00 ± 1.78e+00 2.52e+00 ± 1.59e+00
F10 1.12e+02 ± 2.13e+01 1.04e+02 ± 1.57e+01 1.11e+02 ± 2.38e+01 1.08e+02 ± 1.92e+01 1.12e+02 ± 1.98e+01

Table 5
Average ranking of five NNCS using different distance metric by the Friedman test for 20 functions at D = 30.

Algorithm NNCS-S-SEU NNCS-S-HAM NNCS-S-MAN NNCS-S-COS NNCS-S

Ranking 2.88 3.08 2.82 3.16 3.06

The significance of bold is to show the smallest average ranking.
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Table  6
Solution accuracy (mean) obtained by NNCS-F using different mutation probability at D = 30.

Fun NNCS-0.1 NNCS-0.2 NNCS-0.25 NNCS-0.3 NNCS-0.4 NNCS-0.5 NNCS-0.6 NNCS-0.7 NNCS-0.8 NNCS-0.9

Fsph 4.69E−47 2.98E−55 1.47E−56 2.61E−57 1.67E−57 6.53E−57 9.74E−56 1.90E−54 3.54E−53 5.72E−52
Fros 8.93E+00 7.05E+00 6.80E+00 5.31E+00 2.49E+00 2.46E+00 4.22E+00 4.30E+00 3.45E+00 4.59E+00
Fack 9.24E−15 8.03E−15 8.24E−15 8.17E−15 7.11E−15 7.18E−15 7.39E−15 7.25E−15 7.25E−15 7.03E−15
Fgrw 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 1.48E−04 0.00E+00 0.00E+00 0.00E+00 0.00E+00
Fras 8.13E−02 1.03E+00 1.72E+00 3.34E+00 4.80E+00 6.89E+00 9.36E+00 1.18E+01 1.28E+01 1.43E+01
Fsch 5.46E−13 2.37E+00 7.11E+00 2.37E+00 3.55E+01 7.00E+01 1.33E+02 2.44E+02 3.35E+02 3.62E+02
Fsal 3.36E−01 2.92E−01 2.84E−01 2.86E−01 2.48E−01 2.40E−01 2.16E−01 2.28E−01 2.22E−01 2.20E−01
Fwht 3.37E+01 7.69E+01 8.65E+01 1.12E+02 1.40E+02 1.60E+02 2.00E+02 2.01E+02 2.16E+02 2.21E+02
Fpn1 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32
Fpn2 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32
F1 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
F2 7.32E−03 2.96E−03 2.12E−03 2.74E−03 3.19E−03 3.70E−03 4.43E−03 7.25E−03 6.83E−03 9.93E−03
F3 2.88E+06 3.10E+06 3.09E+06 3.08E+06 3.21E+06 3.21E+06 3.17E+06 3.10E+06 3.29E+06 3.42E+06
F4 1.08E+03 6.65E+02 6.44E+02 5.59E+02 4.23E+02 3.84E+02 4.73E+02 3.48E+02 4.55E+02 3.42E+02
F5 2.86E+03 2.70E+03 2.56E+03 2.42E+03 2.29E+03 2.22E+03 2.09E+03 2.14E+03 2.09E+03 1.74E+03
F6 1.63E+01 1.93E+01 1.38E+01 1.57E+01 1.27E+01 1.11E+01 9.30E+00 1.16E+01 1.93E+01 1.14E+01
F7 5.75E−04 7.10E−04 6.98E−04 1.10E−03 1.48E−03 3.04E−03 3.48E−03 2.38E−03 1.97E−03 2.40E−03
F8 2.08E+01 2.09E+01 2.09E+01 2.09E+01 2.09E+01 2.09E+01 2.09E+01 2.09E+01 2.09E+01 2.09E+01
F9 4.00E−02 7.24E−01 1.32E+00 2.78E+00 4.04E+00 6.98E+00 8.28E+00 1.17E+01 1.26E+01 1.61E+01
F10 1.16E+02 1.04E+02 9.81E+01 9.52E+01 9.38E+01 8.84E+01 8.76E+01 8.92E+01 8.97E+01 8.85E+01

Table 7
Solution accuracy (mean) obtained by NNCS-S using different mutation probability at D = 30.

Fun NNCS-0.1 NNCS-0.2 NNCS-0.25 NNCS-0.3 NNCS-0.4 NNCS-0.5 NNCS-0.6 NNCS-0.7 NNCS-0.8 NNCS-0.9

Fsph 1.89E−44 3.79E−52 1.00E−53 1.25E−54 2.06E−55 4.68E−55 4.82E−54 3.45E−53 2.92E−52 4.91E−51
Fros 7.09E+00 4.40E+00 3.80E+00 5.93E+00 3.48E+00 5.85E+00 2.54E+00 4.00E+00 3.67E+00 3.97E+00
Fack 1.00E−14 8.10E−15 9.02E−15 7.89E−15 7.89E−15 7.96E−15 7.82E−15 7.39E−15 7.39E−15 7.32E−15
Fgrw 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
Fras 2.66E+00 2.67E+00 3.20E+00 3.97E+00 4.97E+00 7.44E+00 9.70E+00 1.13E+01 1.31E+01 1.31E+01
Fsch 1.29E+01 2.37E+00 2.38E+00 3.88E−02 4.75E+00 2.70E+01 8.93E+01 7.64E+01 1.74E+02 2.47E+02
Fsal 3.44E−01 3.08E−01 2.96E−01 2.92E−01 2.82E−01 2.64E−01 2.60E−01 2.42E−01 2.60E−01 2.48E−01
Fwht 6.58E+01 8.29E+01 9.72E+01 1.02E+02 1.26E+02 1.40E+02 1.53E+02 1.64E+02 1.92E+02 1.92E+02
Fpn1 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32 1.57E−32
Fpn2 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32 1.35E−32
F1 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
F2 5.88E−03 3.20E−03 2.89E−03 2.49E−03 3.04E−03 3.84E−03 4.02E−03 4.21E−03 7.62E−03 7.26E−03
F3 2.67E+06 2.89E+06 3.03E+06 3.03E+06 3.28E+06 2.97E+06 3.03E+06 3.20E+06 3.26E+06 3.33E+06
F4 1.25E+03 7.81E+02 6.92E+02 6.02E+02 4.99E+02 5.27E+02 4.61E+02 4.14E+02 4.35E+02 5.06E+02
F5 2.77E+03 2.82E+03 2.79E+03 2.57E+03 2.46E+03 2.30E+03 2.37E+03 2.25E+03 2.05E+03 2.17E+03
F6 2.66E+01 1.87E+01 2.05E+01 2.11E+01 2.45E+01 1.94E+01 1.56E+01 2.06E+01 2.41E+01 1.68E+01
F7 6.22E−04 3.91E−04 5.27E−04 8.62E−05 7.16E−04 5.39E−04 5.50E−04 5.42E−04 7.59E−04 2.11E−03
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F8 2.07E+01 2.08E+01 2.09E+01 2.09E+01 2.09E
F9 3.09E+00 1.85E+00 2.52E+00 3.15E+00 4.99E
F10 1.29E+02 1.15E+02 1.12E+02 1.09E+02 1.03E

NCS-S-MAN mean the standardized Euclidean distance, Ham-
ing distance, Cosine distance, and Manhattan distance are used in
NCS, respectively. The highest accurate solution to each function

s marked in boldface. In addition, Table 5 reports the ranking anal-
sis between NNCS-S and NNCS-S with other distance metrics for
he 20 functions based on the Friedman test similar done in [52].

From Table 4, in terms of solution accuracy, NNCS-S-SEU and
NCS-S-COS achieve the significantly higher accurate solutions to

sch. For other functions, the five algorithms exhibit the equivalent
ccuracy. For example, we can see that the five NNCS-S algorithms
chieve the global optimum on two functions Fgrw and F1. However,
ccording to the average ranking in Table 5, NNCS-S is inferior to
NCS-S-SEU and NNCS-S-MAN, and followed by NNCS-S-HAM and
NCS-S-COS. This suggests that the performance of NNCS-S is influ-
nced by different solution-based distance metrics. It also shows
hat the Euclidean distance is not an optimal but a reasonable choice
ompared with the other four distance metrics.

.5. Influence of the mutation probability
In our proposed NNCS algorithm, the mutation probability p is
sed to control that the solutions learn from the nearest neighbour
nes in probabilistically selected dimensions. In this section, we
2.09E+01 2.09E+01 2.09E+01 2.09E+01 2.09E+01
6.67E+00 8.25E+00 9.79E+00 1.17E+01 1.30E+01
9.92E+01 9.83E+01 9.76E+01 9.69E+01 9.87E+01

perform additional experiments to study the performance of NNCS
influenced by the mutation probability p. The mutation probability
p is set from 0.1 to 0.9 with a step size of 0.1. The results are shown
in Tables 6 and 7, where NNCS-n means the mutation probability
p = n used in NNCS. The highest accurate solution to each function
is marked in boldface.

From Table 6, we can see that the mutation probability p over-
all has slightly significant effect on the performance of NNCS-F for
some functions. For example, NNCS-F obtains the better perfor-
mance with a lower mutation probability p on Fras, Fgrw, Fsch, Fwht,
F2, F3, F7, F8, and F9. On the contrary, NNCS-F does well on Fsph,
Fros, Fack, Fsal, F4, F5, F6, and F10 in the case of a higher mutation
probability. However, there are still some functions which are indif-
ferent to the mutation probability p. For instance, NNCS-F almost
achieves the similar performance on Fpn1, Fpn2, and F1. Addition-
ally, from Table 7, we  almost can draw the same conclusion on
NNCS-S.

Nevertheless, Table 8 reports the results of Friedman test for
these algorithms with different mutation probabilities. According

to the average ranking, it is observed that a trade-off interval of the
mutation probability is from 0.2 to 0.6. It suggests that the muta-
tion probability set 0.25 is suitable for the given 20 benchmark
functions.
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Table 8
Average ranking of 10 algorithms by the Friedman test for 20 functions at D = 30.

Algorithm NNCS-0.1 NNCS-0.2 NNCS-0.25 NNCS-0.3 NNCS-0.4 NNCS-0.5 NNCS-0.6 NNCS-0.7 NNCS-0.8 NNCS-0.9

NNCS-F ranking 5.75 5.40 5.05 5.05 4.75 5.25 5.30 5.72 6.28 6.45
NNCS-S ranking 6.35 5.10 5.15 4.83 5.38 5.35 5.00 5.42 5.97 6.45

The significance of bold is to show the smallest average ranking.

Table 9
Solution accuracy (mean and standard deviation) obtained by various CS algorithms at D = 30.

Fun ICS CSPSO OLCS NNCS-F NNCS-S

Fsph 9.43e−49 ‡(‡)  2.83e−44 ‡(‡)  3.20e−128 †(†)  1.47e−56 1.00e−53
Fros 9.62e+00 ‡(‡) 4.87e−01 †(†) 2.49e+00 †(=) 6.80e+00 3.80e+00
Fack 1.02e−14 ‡(‡) 5.95e−14 ‡(‡)  2.66e−15 †(†)  8.24e−15 9.02e−15
Fgrw 0.00e+00 ‡(=) 8.02e−03 ‡(‡)  0.00e+00 =(=) 0.00e+00 0.00e+00
Fras 1.80e+01 ‡(‡)  2.84e+01 ‡(‡)  0.00e+00 †(†)  1.72e+00 3.20e+00
Fsch 7.41e+02 ‡(‡)  4.48e+03 ‡(‡)  2.13e+03 ‡(‡)  7.11e+00 2.38e+00
Fsal 2.12e−01 ‡(†)  4.26e−01 ‡(‡)  5.15e−07 †(†)  2.84e−01 2.96e−01
Fwht 2.66e+02 ‡(‡)  4.83e+02 ‡(‡)  3.15e+02 ‡(‡)  8.65e+01 9.72e+01
Fpn1 1.57e−32 =(=) 5.81e−02 ‡(‡)  5.01e−30 ‡(‡)  1.57e−32 1.57e−32
Fpn2 1.35e−32 =(=) 1.54e−03 ‡(‡)  4.46e−29 ‡(‡)  1.35e−32 1.35e−32
F1 0.00e+00 =(=) 2.71e−28 ‡(‡)  2.41e−26 ‡(‡)  0.00e+00 0.00e+00
F2 1.43e−03 †(†)  1.98e−11 †(†)  5.70e−02 ‡(‡)  2.12e−03 2.89e−03
F3 3.55e+05 †(†)  7.81e+05 †(†)  2.57e+06 †(†)  3.09e+06 3.03e+06
F4 3.50e+02 †(†)  8.02e+01 †(†)  2.37e+03 ‡(‡)  6.44e+02 6.92e+02
F5 1.67e+03 †(†)  3.20e+03 ‡(‡)  2.44e+03 =(†) 2.56e+03 2.79e+03
F6 1.27e+01 =(=) 5.10e+00 †(†)  2.45e+01 ‡(‡)  1.38e+01 2.05e+01
F7 2.64e−03 ‡(‡)  1.57e−02 ‡(‡)  4.72e−04 ‡(‡)  6.98e−04 5.27e−04
F8 2.094e+01 ‡(‡)  2.094e+01 ‡(‡)  2.094e+01 ‡(‡)  2.089e+01 2.090e+01
F9 1.48e+01 ‡(‡)  1.54e+02 ‡(‡)  3.54e+01 ‡(‡)  1.32e+00 2.52e+00
F10 7.91e+01 †(†)  2.61e+02 ‡(‡)  1.54e+02 ‡(‡)  9.81e+01 1.12e+02
‡/=/†  9/5/6(8/6/6) 15/0/5(15/0/5) 12/2/6(12/2/6)

Table 10
Average ranking of five algorithms by the Friedman test for 20 functions at D = 30.

Algorithm ICS CSPSO OLCS NNCS-S NNCS-F
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Ranking 2.73 3.95 

he significance of bold is to show the smallest average ranking.

.6. Comparison with other improved CS versions

In this section, to show the competitiveness of NNCS, the pro-
osed algorithm is compared with three improved CS variants,
amely, ICS [24], CSPSO [25], and OLCS [27,28], although there are
any variants CS. The average of the function value error is given

n Table 9, and the highest accurate solution to each function is
arked in boldface. Also, we perform the Wilcoxon signed-rank

est between each improved algorithm and NNCS, and the results
re denoted as “a(b)” where “a” and “b” which are the significant
ymbols (‡  = †).  The significant symbol out of the bracket means the
esult between the compared algorithm and NNCS-F, and the sig-
ificant symbol in the bracket is the result between the compared
lgorithm and NNCS-S. In addition, the ranking analysis are per-
ormed between NNCS and three algorithms for the 20 functions
y using Friedman test, and the results are reported in Table 10.

In terms of solution accuracy in Table 9, each algorithm is good
t parts of functions. In other words, some may  provide better solu-
ions and faster convergence for particular optimization problems
han others. For example, in terms of solution accuracy, ICS can
btain the global optimum on Fgrw and F1, and brings the solutions
ith higher accuracy Fpn1, Fpn2, F3, F5, and F10. CSPSO does best

n optimizing Fros, F2, F4, and F6. OLCS seems to be good at some
ultimodal functions, where OLCS achieves the global optimum

n Fgrw and Fras, and yields higher solution accuracy on Fsph, Fack,

sal, and F7. NNCS-F and NNCS-S yield the global optimum on Fgrw

nd F1, and bring the solutions with higher accuracy on Fsch, Fwht,
pn1, Fpn2, F8, and F9. Moreover, according to the “‡/=/†”  in Table 9,
NCS-F is superior to ICS, CSPSO, and OLCS on 9, 15 and 12 out of
3.08 2.83 2.42

20 functions, equivalent to ICS, CSPSO and OLCS on 5, 0 and 2 out of
20 ones, and inferior to ICS, CSPSO, and OLCS on 6, 5 and 6 out of 20
ones, respectively. Similarly, NNCS-S outperforms ICS, CSPSO, and
OLCS on 8, 15 and 12 out of 20 functions, equals to ICS, CSPSO and
OLCS on 6, 0 and 2 out of 20 ones, and loses ICS, CSPSO, and OLCS on
6, 5 and 6 out of 20 ones, respectively. Nevertheless, in terms of the
average ranking of five algorithms, we can see from Table 10 that
NNCS-F achieves the smallest average ranking, followed by ICS,
NNCS-S, OLCS, and CSPSO. This suggests that NNCS-F is overall best.

4.7. Comparison with other algorithms

In this section, NNCS is compared with two  state-of-the-art algo-
rithms, namely, DEahcSPX [50] and CMA-ES [48] that employed
a self-adaptation of arbitrary mutation strategy. Except that the
maximum number of function evaluations (MaxFEs) is 10,000×D,
CMA-ES whose parameters and source code are similar done in [48]
is performed for the 20 benchmark functions, and the compared
results are listed in Table 11. The results obtained by DEahcSPX are
taken from the literature [50]. We  also mark the highest accurate
solution to each function in boldface. Additionally, Table 12 reports
average ranking of four algorithms for 20 functions at D = 30 by
using Friedman test.

Seen from Table 11, DEahcSPX, CMA-ES, NNCS-S and NNCS-
F exhibit different advantage over different functions. Compared

with other algorithms, DEahcSPX yields 5 out of 20 functions in
terms of accuracy. For Fros, F2, F3, F5, F6, and F10, CMA-ES achieves
the solutions with higher accuracy according to average error. How-
ever, NNCS-S and NNCS-F obtain the higher accurate solutions to



L. Wang et al. / Applied Soft Computing 49 (2016) 498–509 507

Table  11
Solution accuracy (mean and standard deviation) obtained by DEahcSPX, CMA-ES and NNCS at D = 30.

Fun DEahcSPX CMA-ES NNCS-S NNCS-F

AVGEr ± SDEr AVGEr ± SDEr AVGEr ± SDEr AVGEr ± SDEr

Fsph 1.75e−31±4.99e−31 6.09e−29±1.42e−29 1.00e−53±1.46e−53 1.47e−56±2.46e−56
Fros 4.52e+00±1.55e+01 3.19e−01±1.09e+00 3.80e+00±5.16e+00 6.80e+00±1.01e+01
Fack 2.66e−15±0.00e+00 1.47e−14±3.59e−15 9.02e−15±2.89e−15 8.24e−15±2.43e−15
Fgrw 2.07e−03±5.89e−03 1.33e−17±3.64e−17 0.00e+00±0.00e+00 0.00e+00±0.00e+00
Fras 2.14e+01±1.23e+01 5.06e+01±1.12e+01 3.20e+00±1.89e+00 1.72e+00±1.56e+00
Fsch 4.70e+02±2.96e+02 1.25e+04±2.29e−12 2.38e+00±1.68e+01 7.11e+00±3.71e+01
Fsal 1.80e−01±4.08e−02 8.92e−01±1.38e−01 2.96e−01±4.50e−02 2.84e−01±4.68e−02
Fwht 3.06e+02±1.10e+02 4.15e+02±6.13e+01 9.72e+01±4.77e+01 8.65e+01±4.66e+01
Fpn1 2.07e−02±8.46e−02 2.49e−02±4.94e−02 1.57e−32±5.53e−48 1.57e−32±5.53e−48
Fpn2 1.71e−31±5.35e−31 6.59e−04±2.64e−03 1.35e−32±1.11e−47 1.35e−32±1.11e−47
F1 0.00e+00±0.00e+00 6.08e−26±4.67e−26 0.00e+00±0.00e+00 0.00e+00±0.00e+00
F2 6.52e−05±4.84e−05 2.35e−25±7.69e−26 2.89e−03±1.76e−03 2.12e−03±1.28e−03
F3 1.29e+06±9.22e+05 1.24e−21±4.01e−22 3.03e+06±7.84e+05 3.09e+06±8.96e+05
F4 4.62e+00±8.78e+00 8.83e+03±6.91e+03 6.92e+02±4.80e+02 6.44e+02±6.18e+02
F5 9.00e+02±4.79e+02 1.21e−10±2.93e−11 2.79e+03±5.06e+02 2.56e+03±6.58e+02
F6 3.84e+00±3.75e+00 7.97e−01±1.61e+00 2.05e+01±2.44e+01 1.38e+01±1.84e+01
F7 7.39e−03±6.32e−03 2.32e−03±4.81e−03 5.27e−04±1.68e−03 6.98e−04±2.07e−03
F8 2.09e+01±1.12e−01 2.10e+01±6.97e−01 2.09e+01±5.72e−02 2.09e+01±6.05e−02
F9 2.04e+01±8.19e+00 4.99e+01±1.39e+01 2.52e+00±1.59e+00 1.32e+00±1.52e+00
F10 5.27e+01±4.84e+01 4.69e+01±1.15e+01 1.12e+02±1.98e+01 9.81e+01±1.70e+01

Table 12
Average ranking of four algorithms by the Friedman test for 20 functions at D = 30.

Algorithm DEahcSPX CMA-ES NNCS-S NNCS-F
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Ranking 2.45 3.00 

he significance of bold is to show the smallest average ranking.

ost of multimodal functions and parts of shifted and/or rotated
unctions. Nevertheless, with respect to the mean ranking of four
lgorithms by Friedman test, Table 12 shows that NNCS-F is over-
ll best, and NNCS-S is second best, following by DEahcSPX and
MA-ES. This suggests that NNCS-F and NNCS-S overall outper-

orms CMA-ES and DEahcSPX for these 20 functions.

. Conclusion and future work

In this paper, we proposed NNCS, an improved CS algorithm
ith the nearest neighbour strategy and the probabilistic muta-

ion strategy. The nearest neighbour strategy helped the proposed
lgorithm to generate new solutions learning from their nearest
eighbour solutions instead of the best solution obtained so far.

n the nearest neighbour strategy, we used a solution-based and a
tness-based similar metrics to select the nearest neighbour solu-
ions. The probabilistic mutation strategy was used to control the
olutions learn from the nearest neighbour solutions in partial
imensions instead of all of them in conventional CS. Moreover,
ur experiments indicated the improvement in effectiveness and
fficiency of the nearest neighbour strategy and the probability
utation strategy. The results also revealed that the advantage

f NNCS over CS was overall steady as the dimension of problem
ncreases. Additionally, compared with NNCS-S, NNCS-F is a rec-
mmended algorithm in terms of solution accuracy, convergence
peed, and the convenience of similar metric.

The proposed algorithm has the following unique characteris-
ics: (i) in LFRW, it utilizes the non-wheel topology instead of wheel
opology where the best solution influences all other solutions; (ii)
t makes the best solution participate in searching according to
q. (14); (iii) it uses a solution-based and a fitness-based similar

etrics to select the nearest neighbour solutions, respectively; (iv)

t overall brings solutions with higher accuracy and faster conver-
ence speed; (v) it can deal with high-dimensional optimization
roblems in terms of scalability study.
2.42 2.13

There are several interesting directions for future work. Firstly,
it is interesting to test other strategy to select nearest neighbour
solutions for other solutions learning. Secondly, we  plan to inves-
tigate the self-adaptive version of the mutation probability. Last
but not least, we also plan to apply NNCS to more benchmark
functions including some real-world optimization problems for
further examinations.
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Appendix A. Appendixes

The 20 benchmark functions were as follows.
Fsph: Sphere’s Function.
Fros: Rosenbrock’s Function.
Fack: Ackley’s Function.
Fgrw: Griewank’s Function.
Fras: Rastrigin’s Function.
Fsch: Generalized Schwefel’s Problem 2.26.
Fsal: Salomon’s Function.
Fwht: Whitely’s Function.
Fpn1: Generalized Penalized Function 1.

Fpn2: Generalized Penalized Function 2.
F1: Shifted Sphere Function.
F2: Shifted Schwefel’s Problem 1.2.
F3: Shifted Rotated High Conditioned Elliptic Function.
F4: Shifted Schwefel’s Problem 1.2 with Noise in Fitness.
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5: Schwfel’s Problem 2.6 with global Optimum on Bounds.
6: Shifted Rosenbrock’s Function.
7: Shifted Rotated Griewank’s Function without Bounds.
8: Shifted Rotated Ackley’s Function with Global Optimum on Bounds.
9: Shifted Rastrigin’ Function.
10: Shifted Rotated Rastrigin’s Function.

ppendix B.

emo implementation
unction [bestnest,fmin] = NNCSDemo

%  the following code is implemented according to the code provided in
[20]
NP = 30; % the population size
D = 30; % the dimension size
maxFES = 10,000*D;
pa = 0.25;% a fraction probability
p = 0.25; % a probability to control each solution learning for the nearest
neigbour one, seen as Eq. (15)
beta = 3/2;
sigma = (gamma(1+beta)*sin(pi*beta/2)/(gamma((1+beta)/2)*beta*2(̂(beta-
1)/2)))(̂1/beta);
smType = 0; %0: fitness-based similar metric; 1: solution-based similar
metric
lu(1,1:D) = −100*ones(1,D); %lower search space
lu(2,1:D) = 100*ones(1,D); % upper search space
nest = repmat(lu(1,:), NP, 1) + rand(NP, D).* (repmat(lu(2,:) − lu(1,:), NP,
1));
fits = fobj(nest);
FES = NP;
[fmin,min i] = min(fits);
bestnest = nest(min i,:);
new nest = zeros(NP,D);
while FES < maxFES

pK = rand(size(nest))<p;
if smType = = 1

Dis = squareform(pdist(nest,’euclidean’));
end
for i = 1:NP

if smType = = 1
Dis(i,i) = inf;
[
,
nearestID] = min(Dis(i,:));

else
Dis = fits-fits(i);
Dis(i) = inf;
[
,
nearestID] = min(Dis);

end
u = randn(1,D)*sigma;
v = randn(1,D);
step = u./abs(v).(̂1/beta);
stepsize = rand.*step.*(nest(i,:)-nest(nearestID,:));
new nest(i,:) = nest(i,:)+stepsize.*randn(1,D).*pK(i,:);

end
new nest = simplebounds(new nest,lu(1,:),lu(2,:));
new fits = fobj(new nest);
FES = FES+NP;
iBetter = new fits<fits;
fits(iBetter) = new fits(iBetter);
nest(iBetter,:) = new nest(iBetter,:);
%biased random walk component
paK = rand(size(nest))>pa;
stepsize = rand*(nest(randperm(NP),:)-nest(randperm(NP),:));
new nest = nest+stepsize.*paK;
new nest = simplebounds(new nest,lu(1,:),lu(2,:));
new fits = fobj(new nest);
FES = FES+NP;
iBetter = new fits<fits;
fits(iBetter) = new fits(iBetter);
nest(iBetter,:) = new nest(iBetter,:);
[fmin,min i] = min(fits);
bestnest = nest(min i,:);

end
unction z = fobj(x) z = sum(x.2̂, 2);

unction s = simplebounds(s,Lbb,Ubb)

%  the following code comes from the implementation code of the
literature [45]
NP = size(s,1);
Lb = repmat(Lbb, NP, 1);

[

[
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Ub = repmat(Ubb, NP, 1);
ns tmp  = s;
% Check the lower bound
I  = ns tmp<Lb;
ns tmp(I) = 2.*Lb(I)-ns tmp(I);
I  = ns tmp(I)>Ub(I);
ns tmp(I(I )) = Ub(I(I ));
%  Check the upper bounds
J  = ns tmp>Ub;
ns tmp(J) = 2.*Ub(J)-ns tmp(J);
J = ns tmp(J)<Lb(J);
ns tmp(J(J )) = Lb(J(J ));
s  = ns tmp;
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