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a b s t r a c t

This paper introduces a new filter for nonlinear systems state estimation. The new filter formulates the
state estimation problem as a stochastic dynamic optimization problem and utilizes a new stochastic
method based on simplex technique to find and track the best estimation. The vertices of the sim-
plex search the state space dynamically in a similar scheme to the optimization algorithm, known as
Nelder-Mead simplex. The parameters of the proposed filter are tuned, using an information visualiza-
eywords:
tate estimation
onlinear system
elder-Mead simplex algorithm
implex filter

tion technique to identify the optimal region of the parameters space. The visualization is performed
using the concept of parallel coordinates. The proposed filter is applied to estimate the state of some
nonlinear dynamic systems with noisy measurement and its performance is compared with other filters.

© 2016 Elsevier B.V. All rights reserved.
euristic filter

. Introduction

In many engineering applications, it is needed to estimate the
tates of a dynamic system. Many systems are affected by stochas-
ic inputs and model uncertainties. A state estimation problem is
efined as follows: given the mathematical model of a dynamic
ystem, it is desired to estimate the time-varying states using
oisy measurements. Estimation problems are often categorized
s prediction, filtering and smoothing, depending on the intended
bjectives and the available observations [1]. Here, the focus is on
ltering. Filtering is the problem of estimating the current states
f a dynamic system using a set of observations. Filters are usually
ategorized to recursive and batch filters [1,2]. In a batch filter, e.g.
east square filter, the complete history of measurments is used to
stimate unkown states. A recursive filter, in comparsion, has the
bility to receive and process measurments sequentially. Recursive
lters consist of two essential stages: prediction and update [2].
alman Filter (KF) [2], Extend Kalman Filter (EKF) [3], Unscented
alman Filter (UKF) [4] and Particle Filter (PF) [5] are examples of
ecursive filters.
Recursive filters can also be categorized to linear and nonlinear
lters. In a linear filter, such as KF, both system and measurement
odels are linear. A classical nonlinear filter is EKF, the equations of

∗ Corresponding author.
E-mail addresses: nobahari@sharif.edu (H. Nobahari), sm.zandavi@yahoo.com

S.M. Zandavi), mohammadkarim@ae.sharif.edu (H. Mohammadkarimi).

ttp://dx.doi.org/10.1016/j.asoc.2016.08.008
568-4946/© 2016 Elsevier B.V. All rights reserved.
which are the same as KF by linearizing the nonlinear equations of
the system based on first-order Taylor expansion at the predicted
points. There have also been other attempts to propagate filtering
densities, an example of which is Gaussian Sum Filter (GSF) [6],
where the posterior distributions are approximated as finite Gaus-
sian Mixture (GM). The computational requirement of GSF can be
significantly greater than that of EKF because GSF is obtained as
the convex combination of several KFs. The performance of GSF
degrades when it is applied to highly nonlinear systems [6]. Other
methods evaluate the required densities over grids [7–11], but they
are computationally expensive especially for high dimensions.

Analytical approximation and states sampling are two common
approaches in nonlinear filtering. In the first approach, the nonlin-
ear functions of the mathematical model are linearized and then a
linear filter such as KF is used. EKF is a filter that works based on
analytical approximation. Unlike to EKF, UKF is a sample based filter
[2], and approximates a Gaussian distribution by a set of determin-
istically chosen samples [4].

Sample based filters are categorized to mathematical and
heuristic approaches [12]. UKF is a mathematical sample based
filter, since it uses a deterministic sampling process, the general
estimation mathematics and the mathematical operators such as
unscented transform. In comparison to UKF, there are sample based
filters that utilize heuristic algorithms to sample the particles and

to improve the position of them. These filters are called heuristic
filters [12].

PF is a sample based filter and is an example of heuristic fil-
ters [12]. It works based on point mass (or particle) representation

dx.doi.org/10.1016/j.asoc.2016.08.008
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asoc.2016.08.008&domain=pdf
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Fig. 1. Available moves in the simplex method: (a) in

f the probability densities [13]. Unlike UKF, PF represents the
equired posterior Probability Density Function (PDF) by a set
f random samples instead of deterministic ones. Also, it uses

 resampling process to reduce the degeneracy of particles. The
tandard resampling process copies the important particles and
iscards insignificant ones based on their fitness. This strategy
uffers from the gradual loss of diversity among the particles,
nown as sample impoverishment. Researchers have proposed dif-
erent resampling strategies such as Binary Search [14], systematic
esampling [15] and residual resampling [13]. Some heuristic opti-

ization algorithms have also been inserted to PF to improve
ts performance, the examples of which are Genetic Algorithm
GA) [16,17], Simulated Annealing [18], Particle Swarm Optimiza-
ion [19] and Ant Colony Optimization (ACO) [20–22]. Continuous
nt Colony Filter (CACF) [12] is another heuristic filter. In this
lter, Continuous Ant Colony System (CACS) [23] is utilized for
tate estimation. Ant colony estimator, proposed in [24] utilizes
eal-coded ant colony optimization (ACOR) [25]. Adaptive parti-
le swarm filter and adaptive differential evolution filter, proposed
n [26] utilize particle swarm optimization and differential evo-
ution [27], respectively. In [28], particle swarm optimization,
alman filter and maximum likelihood methods have been incor-
orated to estimate the states and the parameters of a discrete-time
icrostructure (DTMS) model, in order to enhance the flexibil-

ty and adaptability of the DTMS model. In [29], weighted least
quare method [30] has been hybridized with firefly algorithm [31]
o reach more reliable and accurate state estimation of distribu-
ion networks. Recently, Hamiltonian cycle theory has also been
tilized as a state estimation algorithm in distribution networks
32].

In [33], Nelder-Mead simplex algorithm has been added to
onte Carlo particle filter to decrease the parameter estimation

rror in a parameter estimation problem. The self-organizing state

pace model, proposed in [34], is used to augment the states and
arameters of the problem and Nelder-Mead simplex algorithm
eeks the initial distribution of the parameters by maximizing the
ikelihood of the self-organizing state space.
mplex; (b) reflection; (c) expansion; (d) contraction;.

In the present work, the state estimation problem is modeled
as a stochastic dynamic optimization problem, and a new estima-
tion algorithm, based on simplex optimization, is proposed to solve
this problem. It is the first time that an algorithm based on Nelder-
Mead simplex is proposed as a filter for nonlinear systems state
estimation. The proposed filter, called Simplex Filter (SF), uses a
simplex with stochastic moving vertices to find and track the best
estimation. The parameters of the proposed filter are tuned using
a systematic approach to visualize the proper region of the param-
eters space.

The organization of this paper is as follows: Mathematical model
of the estimation problem is represented in Section 2. Nelder-Mead
simplex is described in Section 3. The novel filter, proposed in this
paper, is introduced in Section 4. Implementation of the filter, tun-
ing of the parameters and the numerical results are provided in
Section 5. Finally, a conclusion is made in Section 6.

2. Problem formulation

The problem is to estimate the states of a discrete nonlinear
dynamic system in a continuous search space. The model is written
as follows:

xk = fk(xk−1, wk−1) (1)

where k is time step, fk is the system model, xk−1 is the state vector
and wk−1 is the process noise corresponding to system uncertain-
ties. Also, the measurement model is considered as

zk = hk(xk, vk) (2)

where hk is the measurement model and vk is the measurements
noise.

3. Simplex method
Simplex method is a heuristic optimization algorithm. It is a
direct search method and does not use the derivatives of the objec-
tive function. Simplex is a geometrical object produced by n + 1
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oints (x0, ..., xn) in an n-dimensional space [35,36]. For example,
he simplex in two-dimensional space is a triangle. The basic idea
n simplex method is to compare the value of the objective func-
ion at n + 1 vertices of a simplex and move the simplex gradually
oward the optimum point through an iterative process. Initially,
he following equation can be used to generate the vertices of a reg-
lar simplex of size a (an equilateral triangle in two-dimensional
pace), within the n-dimensional space [35]:

j = x0 + pxj +
n∑

s = 1

s /= j

qus (3)

here x0 is the initial base point and us is the unit vector along the
oordinate axis s. Also, p and q are defined as

 = a

n
√

2
(
√

n + 1 + n − 1) (4)

 = a

n
√

2
(
√

n + 1 − 1) (5)

Through a sequence of elementary geometric transformations
reflection, contraction and expansion), the simplex moves (see
ig. 1) toward the optimum point. After each transformation, the
urrent worst vertex is replaced by a better one. Therefore, simplex
radually moves toward the optimum point.

The reflected, expanded and contracted points, denoted by xr,
e and xc, are formulated as

r = (1 + �) x̄0 − � xh � > 0 (6)

e = � xr + (1 − �) x̄0 � > 1 (7)

c = � xh + (1 − �) x̄0 0 ≤ � ≤ 1 (8)

Here, x̄0 is the centroid of all vertices xj except j = h; where h is
he index of the worst vertex. The parameters �, � and � are called
eflection, expansion and contraction coefficients, respectively.

Reflection is the operation by which the worst vertex, called
igh, is reflected with respect to the centroid x̄0. If the reflected
oint is better than all other points, the method expands the sim-
lex in the reflection direction; otherwise, if it is at least better
han the worst, the algorithm performs again the reflection with
he new worst point [35]. The contraction is performed when the
orst point is at least as good as the reflected point.

. Simplex filter

In this section, the new heuristic filter, called “Simplex Filter”
SF), is introduced as a tool for nonlinear systems state estima-
ion. First, the general structure of the proposed filter is introduced.
hen, the formulation of the algorithm is presented in detail.

.1. General setting out of the algorithm

The block diagram of SF is shown in Fig. 2. The parameters of
F are set during the initialization. SF has two loops. The outer
oop generates an initial simplex every time a new measurement
n entered. The inner loop iterates to find the best estimation of
he current states, corresponding to the entered measurement. To
o this, the inner loop, first propagates the vertices of the simplex.
hen, for each vertex, the corresponding output is calculated based
n the measurement model. The calculated outputs are compared
ith the real measurement and each vertex is assigned a cost. The
nner loop uses reflection, expansion and contraction operations
o reshape and move the simplex toward the maximum likelihood
egions of the state space and is terminated when the maximum
umber of iterations (imax) is reached. At last, the state estimation
Fig. 2. Flowchart of simplex filter.

is made using the centroid of the final simplex. Table 1 represents
pseudo-code of SF.

4.2. Formulation of the algorithm

Simplex filter has six parameters that must be set before the
execution of the algorithm. These parameters are listed in Table 1
and they are introduced in the following.

The outer loop generates an initial simplex every time a new
measurement in entered. For this purpose, an initial guess (x0) is
generated randomly with uniform distribution in search space. The
initial simplex is then generated using Eqs. (3)–(5) where the initial
simplex size (a) is generated as follows:

a = rand(amin, amax) (9)

where amin and amax are lower and upper bounds of a. These param-
eters are tuned in Section 5.1.

During the i-th iteration of the inner loop, the position of the

j-th vertex at time k − 1, defined by xi,j

k−1, is propagated as follows:

xi,j
k

= fk(x
i,j
k−1, wi,j

k−1) (10)
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Table  1
Pseudo-code of simplex filter.

l

z

o
d
r
e

f

Table 2
Functions, utilized to evaluate the vertices of simplex.

T
N

Then, the output, corresponding to xi,j
k

, denoted by zi,j
k

, is calcu-
ated as

i,j
k

= hk(x
i,j
k

) (11)

Vertices of the simplex are evaluated, based on the likelihood
f their position within the state space. The evaluation function is
efined as the error between the calculated output, zi,j

k
, and the
eal measurement, z̃k. Different evaluation functions are used to
valuate the vertices the example of which is

i,j
k

= |zi,j
k

− z̃k| (12)

able 3
onlinear estimation problems, used to investigate the performance of SF.

No. (Ref) Propagation Model 

1 ([20]) x(t + 1) = 1 + sin(4 × 10−2�t)  + 0.5x(t) + w1(t) 

2  ([37]) x(t + 1) = 1 + sin(4 × 10−2�t)  + 0.5x(t) + w2(t) 

3  ([17]) x(t) = x(t − 1) + 12 x(t−1)

1+x(t−1)2 + 7 cos(1.2(t  − 1)) + w3(t) 

4  ([38]) x(t) = x(t−1)
2 + 25 x(t−1)

1+x(t−1)2 + 8 cos(1.2t) + w4(t) 
Evaluation Function f1 f2 f3 f4

Math definition |z − z̃| (z − z̃)2 exp[− 1
2R (z − z̃)2] − 1

2R exp (z − z̃)2

Other functions are listed in Table 2. These functions are exam-
ined in Section 5.2.

During any iteration of the inner loop, the simplex will be
updated using reflection, expansion and contraction operators. The
parameters of these operators are changed randomly as follows:

� = �max rand (0, 1) (13)

� = 1 + (�max − 1) rand(0,  1) (14)

� = �max rand (0, 1) (15)

where �max, �max and �max are SF parameters that are tuned in
Section 5.1.

The inner loop stops when the maximum number of iterations
(imax) is reached. The outer loop stops when the measurements are
finished.

After termination of the inner loop, the center of average of the
vertices is calculated and passed as the state estimation.

x̂k = 1
n + 1

n+1∑
j=1

ximax,j
k (16)

5. Implementation of the algorithm

In this section, the performance of SF is evaluated using the
benchmark problems, listed in Table 3. The noise properties of these
problems are given in Table 4. Different functions are examined to
evaluate the vertices of the simplex. For each evaluation function,
the parameters of SF are tuned and the algorithm is applied to all
benchmarks. The results are compared to KF, UKF, Generic Parti-
cle Filter (PF), Continuous Ant Colony Filter (CACF) [12], Sequential
Importance Sampling Filter (SIS) [39], Evolutionary Particle Filter
(EPF) [17] and Evolution Strategies based Particle filter (ESP) [38].

5.1. Tuning of the parameters

SF has six parameters that must be tuned to achieve a good per-
formance. Different methods exist for tuning the parameters of an
algorithm. Ref [40] has introduced popular methods: one factor at
a time design, factorial design and random sampling. In this paper,
random sampling is carried out to tune the parameters of SF within
the intervals, given in Table 5.

The intervals of the parameters space can be determined,

regarding the definition of each parameter and the problem at hand.
These intervals are taken widely enough to commonly be used for
different problems. The maximum size of the initial simplex, amax,
must be large enough to have enough exploration during the initial

Measurement Model Simulation time (sec)

z(t) = {
x(t)2

5
+ v1(t) t ≤ 30

−2 + x(t)
2

+ v1(t) t > 30
60

z(t) = {
x(t)2

5
+ v1(t) t ≤ 30

−2 + x(t)
2

+ v1(t) t > 30
60

z(t) = x(t)2

20 + v3(t) 100

z(t) = x(t)2

20 + v4(t) 100
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Table 4
Noise model of the problems introduced in Table 2 .

Problem Number Dynamic system noise (wi) Measurement noise (vi)

1 Gamma  distribution k = 7 White noise E = 0
�  = 2 �2 = 10−5

2 Gamma  distribution k = 3 White noise E = 0
�  = 2 �2 = 10−5

3 White noise E = 0 White noise E = 0
�2 = 4 �2 = 4

4 White noise E = 0 White noise E = 0
�2 = 10 �2 = 1

Table 5
Search domain of SF parameters.

Parameter min  max

amax 5 20
amin 0 amax

�max 0 10
�max 1 10
�max 0 1
imax 20 120

Table 6
Normalized cost functions, utilized to tune the parameters of SF.

Problem Number Cost

1 c1 = Mean of RMSE
10 + Standard Deviation of RMSE

2  c2 = Mean of RMSE
10 + Standard Deviation  of RMSE

3 c3 =
(

Mean of RMSE + Standard Deviation of RMSE
2

)
/20

i
t
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c
m
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p
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e
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s
M
f

R

n
e

c

Start

Generate a random set of 
parameters using uniform 

distributio n

No

Yes

Stop

Iteration ≥ m

Solve probl ems 1 to 4 and 
calculate the costs using 

Table 5

Calculate the average cost

Visualize  the results in 
parallel coordinates
4  c4 = Mean of RMSE
10 + S tan dard Devation of RMSE

terations and it must be small enough with respect to the size of
he state space to provide precise estimations. Logically, amin must
e greater than zero and less than amax. The maximum reflection
oefficient, �max, can be less or greater than one. Therefore, the per-
itted interval is taken as [0,10]. The expansion coefficient, �max,

ccording to its definition, is taken greater than one. Therefore, the
ermitted interval is taken as [1,10]; The contraction coefficient,

max, is defined to be less than one. Therefore, it is taken between
ero and one. Finally, the tuning interval for the maximum number
f iterations, imax, is taken by trial and error as [20,120]. This param-
ter must be large enough to obtain good performance for different
roblems and be small enough to decrease the computational cost.

Flowchart of the tuning algorithm is shown in Fig. 3. In this
ethod, the performance of SF is evaluated for m sets of param-

ters, generated randomly using uniform distribution. For each set,
ll benchmarks, introduced in Table 3, are solved. Each problem is
olved 30 times and the mean and the standard deviation of Root
ean Square Error (RMSE) is calculated. Here, RMSE is defined as

ollows:

MSE =

√√√√√
n∑
t=1

(x̂t − xt)
2

n
(17)

Then, a cumulative cost is calculated for each problem using the
ormalized functions (ci), defined in Table 6. Then, for each param-
ter set, the average cost of all problems is obtained as follows:
¯ = 1
4

4∑
i=1

ci (18)
Fig. 3. Flowchart of the tuning algorithm.

In order to visualize the optimal values of the parameters in
parallel coordinates, these parameters must be normalized, too. The

normalized parameters are defined as follow:

āmax = (amax − 5)/15 (19)
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Table  7
Range of the parameters, obtained for each evaluation function when m = 100.

Evaluation Function Parameter(min, max)

āmax āmin �̄max
−
�max �̄max īmax

f1 (0.078, 0.967) (0.043, 0.458) (0.238, 0.925) (0.098, 0.956) (0.037, 0.957) (0.135, 0.829)
40, 0.834) (0.011, 0.985) (0.364, 0.897) (0.035, 0.852)
29, 0.970) (0.041, 0.813) (0.050, 0.842) (0.158, 0.914)
12, 0.951) (0.017, 0.892) (0.029, 0.837) (0.235, 0.7963)

a

�

�

�

ī

f
p
e
t
o
f

d
o
v
a
f

�

w
a
p

p
o
i
p

Table 8
Tuned parameters of simplex filter for m = 100.

Evaluation Function Parameter

āmax āmin �̄max �̄max �̄max īmax

f1 0.4365 0.3389 0.4237 0.5678 0.4273 0.4178
f2 0.5084 0.2912 0.4511 0.5701 0.7330 0.4975

T
C

f2 (0.099, 0.835) (0.033, 0.681) (0.1
f3 (0.036, 0.931) (0.021, 0.747) (0.0
f4 (0.036, 0.912) (0.0185, 0.408) (0.0

¯ min = amin/amax (20)

¯ max = �max/10 (21)

¯ max = (�max − 1)/9 (22)

¯
max = �max (23)

max = (imax − 20)/100 (24)

Fig. 4 shows in parallel coordinates, the results, obtained for
unction f1 after evaluation of 100 random sets of the normalized
arameters (i.e. m = 100). The axes present the normalized param-
ters and the average cost function (c̄), defined in Eq. (18). In Fig. 5,
en top sets of SF parameters out of 100 sets, are visualized. Based
n this figure, the proper bounds of the parameters are obtained
or function f 1.

The same procedure is performed for other evaluation functions,
efined in Table 2. In Table 7, the proper bounds of SF parameters,
btained for each alternative function, are presented. The tuned
alue of SF parameters are then calculated using the weighted aver-
ge of ten top sets of the parameters. For example, � is fixed as
ollows:

 =

10∑
i=1

(11 − ri) �i

10∑
(11 − ri)
i=1

(25)

here �i is the reflection coefficient of the i-th set of parameters
nd ri is the rank of that set among ten top sets. Finally, the tuned
arameters, obtained for m = 100, are presented in Table 8.

To investigate the effect of m on the performance of the tuning

rocedure, c̄ is again calculated using the tuned set of parameters,
btained for m = 50, 100, 200 and 500. The variation of c̄ versus m

s illustrated in Fig. 6. This figure shows that 100 random sets of
arameters are enough for a good tuning of the parameters.

able 9
omparison of Simplex Filter with other filters. Dash signs represent unavailable data.

Filter Problem Number (Statistical Performance Me

1 (RMS Error, 30) 2 (M

EKF [20,21] 0.9809 0.37
UKF  [20,21] 0.68237 0.29
Generic  PF [20,21] 0.7792 0.22
PF  + ACO [20] 0.28153 – 

CACF  [12] 0.6513 – 

PF  + IEKF [37] – 0.04
PF  + PSO [19] – 0.07
EPF  [17] – – 

ESP[38] – – 

SIS  [14] – – 

Simplex Filter (f1) 0.1139 0.01
Simplex Filter (f2) 0.1198 0.01
Simplex Filter (f3) 75.5234 83.8
Simplex Filter (f4) 65.3802 89.7
f3 0.4025 0.2190 0.1293 0.4300 0.5817 0.6725
f4 0.3599 0.1783 0.0504 0.4231 0.5494 0.6509

5.2. Numerical results

In Table 9, the performance of SF is compared with some other
filters. Dash signs correspond to the cases for which there is no
reported value available in the literature. In this table, Root Mean
Square Error (RMSE) and Mean Square Error (MSE) of different
filters, obtained for different benchmark problems, are compared
with those of SF. To find the best evaluation function from the list of
candidates, f1, . . .,  f4, proposed in Table 2, the results of SF, obtained
for f1, . . .,  f4, are also represented in Table 9 and compared to each
other. This comparison shows that f1 and f2 have superior perfor-
mance than f3 and f4, and f1 is the best. In other word, the absolute
of the innovation function (i.e. f1) is the best option to evaluate the
performance of each vertex as compared to other options of Table 2
and it is a little better than its square (i.e. f2). Table 9 also shows that
SF has superior results than other filters in all mentioned problems.

The average execution time is measured and given in Table 10,
using a specific computer, characterized by Inter(R) Core(TM) i3
CPU M370 at 2.40 GHz. Results are compared with those, reported
in [19] and [20]. Note that, the specifications of the computer
machines, used in [19] and [20] are unknown. Therefore, one can-
not compare the execution time of different references. However,
the presented results show that SF has acceptable execution time.
Also, SF shows similar execution times for the examined problems;

while Generic PF, for example, shows much more execution time
in problem 2 than problem 1.

Figs. 7–10 illustrate the performance of SF in solving the bench-
mark problems, given in Table 3. These figures represent a sample

asure, No. of Run)

SE, 30) 3 (MSE, 10) 4 (MSE, 10)

83 – –
69 – –
05 – –

– –
–

95 – –
4377 – –

1.1050 –
– 61.21
– 133.44

18 0.9768 5.8246
208 1.0868 5.9286
429 6.1265 × 107 3.1274 × 107

736 1.1215 × 103 1.1292 × 103
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Fig. 4. Parallel coordinates plot of 100 random settings for function f1.

10 top

o
s
o
c
m
v

1
t
t
s
T

Fig. 5. Parallel coordinates plot of 

utput of SF and show that the proposed filter can track the true
ignal accurately. These figures also show the best estimations,
btained for imax = 1, 20 and 60. In other words, it shows the fast
onvergence rate of SF. It also shows that the parameter tuning
ethod has done its best and imax = 60 is sufficient. This result is

erified again, later.
The time history of the estimation error in solving problems

–4 is shown in Fig. 11. The errors are very small as compared to
he estimated and true states, shown in Figs. 7–10. It means that

he proposed filter can accurately estimate the states. Also, Fig. 12
hows the convergence of SF, when a new measurement is entered.
his figure again shows that imax has properly been tuned.
 out of 100 settings for function f1.

In the following, SF is applied to state estimation of a vehicle
with five states. The tracking model of the vehicle is formulated as
follow [41]:

x =

⎡
⎢⎢⎢⎢

1
sin(ωkT)
ωk

0 − 1 − cos(ωkT)
ωk

0

0  cos(ωkT) 0 − sin(ωkT) 0

1  − cos(ω T) sin(ω T)

⎤
⎥⎥⎥⎥

x +

⎡
⎢⎢⎢

T2/2 0

T 0
2

⎤
⎥⎥⎥w (26)
k ⎢⎢⎢⎣

0 k

ωk
1 k

ωk
0

0  sin(ωkT) 0 cos(ωkT) 0

0  0 0 0 1

⎥⎥⎥⎦
k−1 ⎢⎣ 0 T /2

0 T

0 0

⎥⎦ k
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Fig. 6. Performance of the tuning algorithm versus the number of random sets (m).
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Fig. 7. Time history of the estimated and true states for problem 1.
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Fig. 8. Time history of the estimated and true states for problem 2.

Table 10
Average execution time of SF compared with other filters (computer machines, used
in  [19] and [20], are unknown).

Filter Problem Number

1 2 3 4

EKF [20] 0.53321 – – –
UKF  [20] 0.92803 – – –
Generic PF [20] 0.89604 4.047 – –
PF  + ACO [20] 3.1854 – – –
PF  + PSO [19] – 4.672 – –
Simplex Filter 0.6895 0.7390 1.0644 1.0245
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Fig. 9. Time history of the estimated and true states for problem 3.
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Fig. 10. Time history of the estimated and true states for problem 4.

zk =
[

1 0 0 0 0

0 0 1 0 0

]
xk−1 + vk (27)

where xk = [ xk ẋk yk ẏk ωk ]T is the state vector, xk is the
longitudinal distance, yk is the lateral distance, ωk is turn rate
of the vehicle, k is the time index, T is the sample time and zk

is the measurement vector. Two  other vectors wk = N(0, Q) and
vk = N(0, R) are mutually independent white noises, where Q =
diag(12, 12) and R = diag(0.12, 0.12). The initial states are set as
x0 = [ 0 0.2 0 0.2 0 ]. It is assumed that measurements are
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Fig. 11. Time history of the estimation error in different problems.
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Fig. 12. Variance of the inner loop versus the iteration number.

Table 11
Average mean square error in vehicle tracking problem.

SIR [17] APF [17] BPF [17] RPF [17] EPF [17] Simplex Filter

m
i
a
T
v
s
I
[
(

xk 4.0779 4.5527 4.8034 

yk 11.2739 10.9387 8.9493 

issing for one step at k = 25 and the vehicle is moving fast dur-
ng this period [41]. Fig. 13 represents the time history of true
nd estimated states and Fig. 14 represents the estimation errors.
hese figures show that SF can accurately estimate the states of the
ehicle. Simulations are repeated 10 times and the average mean

quare error is reported in Table 11 and compared with Sampling
mportance Resampling (SIR) [14], Auxiliary Particle Filter (APF)
42], Boostrap Particle Filter (BPF) [14], Regularized Particle Filter
RPF) [13] and Evolutionary Particle Filter (EPF) [17]. According to
1.9520 0.7413 0.6553
3.4262 1.4480 1.2813

the results, taken from [17], SF shows the best performance among
the aforementioned filters.

To investigate the effect of sample time on the performance of
SF, the mean square error of xk and yk, obtained for different values
of sample time, is analyzed. Fig. 15 shows that the accuracy of esti-

mation is acceptable when the sample time is small enough, and it
deteriorates by increasing the value of sample time. As expected,
the designer must select sample time to be small enough to obtain
acceptable performance.
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Fig. 13. Time history of the estimated and true states in vehicle tracking problem.

Fig. 14. Time history of the estimation errors in vehicle tracking problem.
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[41] Y.S. Kim, K.S. Hong, An IMM  algorithm for tracking maneuvering vehicles in
an  adaptive cruise control environment, Int. J. Control Autom. Syst. 2 (3)
(2004) 310–318.
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ig. 15. Sensitivity of mean square error to sample time in vehicle tracking problem.

. Conclusion

In this paper, a new heuristic filter was proposed for nonlinear
ystems state estimation. The proposed filter formulates the state
stimation problem as a stochastic dynamic optimization problem.

 new stochastic method, based on Nelder-Mead simplex, was  pro-
osed to solve this problem. The proposed scheme introduces a
ew filter, called simplex filter. This filter uses reflection, contrac-
ion and expansion operators to search the state space dynamically,
n a scheme similar to the simplex algorithm. The parameters
f the new filter were tuned utilizing a sample based visualiza-
ion technique. This technique visualizes the proper ranges of the
arameters on a series of parallel coordinates. The performance of
he new filter was evaluated using a series of benchmarks and the
esults were compared with other filters. Numerical results show
hat simplex filter has a great performance in solving nonlinear
tate estimation problems.
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