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1. Introduction

Let (X,Y) be a random vector defined on the real space
(=00, +00) X (—00,+0c). Let R=vX?+Y? and © = arctan (Y/X).
The distributions of R and ©® arise in many areas of the IEEE
literature: radar communications, positioning related applications,
fading channels, etc. R is usually referred to as the amplitude and ®
the phase.Some published examples in the IEEE literature where
the distributions of R and © arise directly are: analog data-
transmission [7]; radiation-pattern of an offset fed paraboloidal
reflector antenna [19]; microwave pulse generation [8]; photonic
beamforming based on programmable phase shifters [37];
radiation characteristics of multimode concentric circular micro-
strip patch antennas [32]; transmission schemes for Rayleigh block
fading channels [9]; broadband microwave photonic splitters [25];
performance of transmit beamforming codebooks [13]; AC-AC con-
verters [39]; modulation of ultrawideband monocycle pulses on a
silicon photonic chip [35].

Several papers have derived the distributions of R and ®: Aalo
et al. [1] and Dharmawansa et al. [11] derived the distributions
of R and ® when X and Y are correlated and non-identical normal
random variables with non-zero means; Yacoub [36] derived the
distributions of R and ® when X and Y are independent and
identical Nakagami type random variables; Coluccia [10] derived
the moments of R when X and Y are uncorrelated normal random
variables with zero means and unequal variances; and so on.

Almost all of the known papers have supposed X and Y are
normally distributed. However, non-normal distributions are
becoming increasingly popular in the IEEE literature: hyperbolic
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distribution in network modeling [24]; Laplace distribution in
signal processing [14]; Cauchy distribution in segmentation of
noisy colour images [34]; Kotz type distribution for multilook
polarimetric radar data [20]; Student’s t distribution in medical
image segmentation [28]; logistic distribution for networked video
quality assessment [38]; Gumbel distribution for peak sidelobe
level for arrays of randomly placed antennas [23]; skew normal
distribution for statistical static timing analysis [33]; and so on.
Also, we are not aware of any paper giving expressions for
moments of R when X and Y are correlated random variables.

The aim of this note is to derive the distribution of R, its
moments and the distribution of ® for a wide range of bivariate
distributions, including the correlated bivariate normal
distribution. We consider thirty four flexible bivariate distributions
in total. These include eleven bivariate normal distributions, eight
bivariate t distributions, five bivariate Laplace distributions, two
bivariate hyperbolic distributions, two bivariate Gumbel
distributions and one bivariate logistic distribution.

The contents of this note are organized as follows. Section 2
derives the distribution of R, its moments and the distribution of
® when X and Y are correlated normal random variables with zero
means and unequal variances. These results extend those given in
Coluccia [10]. Section 3 derives the same when X and Y are
correlated random variables following thirty three other bivariate
distributions. Details of the derivations are not given. They can
be obtained from the corresponding author. To the best of our
knowledge, the derived expressions for the distribution of R, its
moments and the distribution of ® are all new and original.
Section 4 discusses simulation of R and © for the bivariate
distributions considered.

It is hoped that the details given in Section 3 could be a useful
reference for the IEEE community. They could also encourage more
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non-normal distributions being applied to real problems in the
EEE. A future work is to extend the results in Section 3 for
multivariate distributions, that is to derive the

distributions of \/X; +X5 + -+ X2 and (X1//X] + X5+ + X2,
X\ X +X5+ -+ X0, Xpa/ X5+ X5+ +X2) given a

distribution for (X1,Xa,...,X,),p > 2.

The expressions given in Sections 2 and 3 involve various
special functions, including the gamma function defined by

Ia) = /j t* ' exp(—t)dt

for a > 0; the incomplete gamma function defined by
v(a,x) = /;X t* 1 exp(—t)dt

for a > 0 and x > 0; the beta function defined by
B(a,b) = /Ox (1 — 6P dt

for a > 0 and b > 0; the error function defined by

erf(x / exp (—t%)dt
\/' p

for x > 0; the complementary error function defined by
erfc(x) = — / exp (—t)d
for —oo < X < +o0; the parabolic cylinder function defined by

exp (—x*/4) 4 S
W/ot 1(1+2t)7 exp (—x%t)dt

for v < 0 and x*> > 0; the Euler number of order n defined by

Dy(x) =

Epp = (—=1)"22"1 / " sech (mt)dt;
0

the modified Bessel function of the first kind of order v defined by

e 1 X 2k+v
W= e na G

the modified Bessel function of the second kind of order v defined
by

ReSml () L), i v € 2,
Ku(x) = {thH() ifvez

v

the confluent hypergeometric function defined by

0 ’ Zk
1F] o ﬂ7 Z - k"
i (
where (o), =a(ax+1)---(x+k—1) denotes the ascending

factorial; the Gauss hypergeometric function defined by

00

k
Z Z

k=0 <

2Fi(a, B;752) =

the ,F, hypergeometric function defined by

0

2Fa(a, B;p,052) =

k"

k:O

the 4F, hypergeometric function defined by

Fy(a,b,c,d;e.f;2) = i () )i 2
a2 (o), k'

the 4F; hypergeometric function defined by

00 ) Zk
Z gk kl’

k=0

4F3(a-, b7c7 d7 e7f7g7

and, the Appell function of the first kind defined by

00 00 Zkg
ZZ%'

k=0 (=0

Fi(a,b,c,d;z,¢) =

These special functions are well known and well established in the
mathematics literature. Some details of their properties can be
found in Prudnikov et al. [29] and Gradshteyn and Ryzhik [17].
In-built routines for computing them are widely available in
packages like Maple, Matlab and Mathematica. For example, the
in-built routines in Mathematica for the stated special functions
are: GAMMA[a] for the gamma function, GAMMA[a]-GAMMA[ax]
for the incomplete gamma function, Beta[a,b] for the beta function,
Erc[x] for the error function, Erfc[x] for the complementary error
function, ParabolicCylinderD[nu,x] for the parabolic cylinder function,
EulerE[n] for the Euler number of order n, Bessell[nu,x] for the
modified Bessel function of the first kind of order v, BesselK[nu,x]
for the modified Bessel function of the second kind of order v,
HypergeometriclF1[alpha,beta,z] for the confluent hypergeometric
function, Hypergeometric2F1[alpha,beta,gamma,z] for the Gauss
hypergeometric  function,  HypergeometricPFQ  [{alpha,beta},
{gamma,delta}, z] for the ,F, hypergeometric function,
HypergeometricPFQ [{a,b,c,d}, {e,f}, z] for the 4F, hypergeometric
function, HypergeometricPFQ [{a,b,c,d}, {e,f,g}, z] for the 4F; hyperge-
ometric function, AppellF1[a,b,c,d,z xi] for the Appell function of the
first kind. Mathematica like other algebraic manipulation packages
allows for arbitrary precision, so the accuracy of computations is
not an issue.

In-built routines for most of the stated special functions are also
available in the freely available R software [30]: gamma(a) in the base
package for the gamma function, gamma(a)*pgamma(x,shape=a) in
the base package for the incomplete gamma function, beta(a,b) in
the base package for the beta function, erf(x) in the contributed pack-
age NORMT3 for the error function, erfc(x) in the contributed package
NORMTS3 for the complementary error function, bessell(x,nu) in the
base package for the modified Bessel function of the first kind of
order v, besselK(x,nu) in the base package for the modified Bessel
function of the second kind of order v, kummerM(z,alpha,beta) in the
contributed package AsianOptions for the confluent hypergeometric
function, hypergeo(alpha,beta,gamma,z) in the contributed
package hypergeo for the Gauss hypergeometric function,
genhypergeo(U = c(alpha,beta), L =c(gamma,beta), z) in the
contributed package hypergeo for the ,F, hypergeometric function,
genhypergeo(U = c(a,b,c,d), L=c(ef), z) in the contributed
package hypergeo for the 4F, hypergeometric function,
genhypergeo(U = c(a,b,c,d), L = c(e,f,g), z) in the contributed package
hypergeo for the 4F; hypergeometric function, F1(a,b,c,d,zxi) in the
contributed package tolerance for the Appell function of the first kind.

2. Bivariate normal case

Here, we derive the pdf of R, the pdf of ® and E(RP) when (X, Y)
has the bivariate normal pdf

oy = e |-(2) - () -2 k] o)

for —oo <x < +00,—0c0 <y <400, 0x>0,0,>0 and -1 <p<1.
We can write (1) in the form

f(x.y) = Cexp (_axz — by’ - 2cxy>
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for —co <X < +00,—00 <y < +00,a>0,b>0 and —oo < € < +o0,
where C denotes the normalizing constant. The corresponding joint
pdf of R and ® can be expressed as

f(r,0) = Crexp {—rz (a sin® 0 + bcos? 0 + 2csin 0 cos 0)]
= Crexp{—r*[a+ (b—a)cos® 0+ csin(20)] }
= Crexp {fr2 (a + b;a [1+ cos(20)] + csin(20)> } (2)

2

=Cr exp{ —r? —r? ;a cos(20) — cr sm(ZH)}
< 0 < 2m. Using the fact

forr >0and 0

21
/ exp (xcos 0 +ysin 0)do = 27l (\/x2 +y2>,
0
we obtain the pdf of R as
fr(r) = 2nCrexp (—ar?)lo (r* )

forr > 0, where oo = %2, g = \/y2 + ¢? and y = %3¢ A straightforward
integration of (2) shows that the pdf of © is

fol0)

for 0 < 0 < 27. An application of Eq. (2.15.3.2) in Prudnikov et al.
[29] volume 2, shows that the pth moment of R can be expressed as

2
E(Rl’):(fﬂ:o(’%’lr<g+1)21:l <E+17E+1?15%> (3)

=Cla+b+ (b—a)cos(20) + 2csin(20)] '

2 4 4 2

for p > 0. By the transformation formulas of the Gauss hypergeo-
metric function, three equivalent representation of (3) are

2
E(R")—Cnaﬁ(ocz—ﬁz)%gf(§+1)zﬁ<—§,—§+%;l;£—z>, @)
Dy 2 g2\ 1 (P B_E 1..52
E(RP) = Cruot(o — ) r(2+1)2F1<1 it

(5)
and

1.p 2
E(RP) = Crm(o® — %)+ "r(g+1)zF1<—§,g+%;l;ﬁ2[ia2> (6)

for p > 0. If p is a positive integer and a multiple of 4 then (4) and
(6) reduce to the elementary forms

s abbep AR5+, (R
E(RP) = Cmoi (o — B2) F(§+l>;T &
and

ip _py 41 2 k
E(RP) = CTC((XZ ,ﬁZ)’j 41“(12)+])kz 4)l;<(£+2)k (ﬁzﬂa2> 7
~0 :

respectively.

3. The collection

Here, we tabulate expressions for the pdf of R, the pdf of ® and
E(RP) when (X,Y) follows thirty four flexible bivariate
distributions. For some distributions, the derivation of E(R) was
not possible. Details of the derivations for all of the distributions
can be obtained from the corresponding author.

Bivariate normal distribution (|6], Chapter 11) has the joint
pdf specified by

f(x,y) = Cexp (_axz — by’ - 2cxy>

for —oo <X < +00,—00 <y < +00,a>0,b >0 and —oo < € < +o0,
where C denotes the normalizing constant. For this distribution,

f(r,0) = Crexp [focr2 - bz;a cos(20)r? — csin(20)r?

fr(r) =2nCrexp (—or?)Io (r*B),

fol0) =Cla+b+ (b—a)cos(26) + 2csin(26)] "'
and

oy oo dip (P p P B
E(RP) = Cro ™S F<2+1>2F1(4+1,4 5iliss

for r>0,0<0<

7 ="
Bivariate normal distribution with non-zero means ([6],
Chapter 11) has the joint pdf specified by

f(x,y) = Cexp (fax2

for —co < X < 4+00,—00 <y < +00,a > 0,b > 0,—c0 < ¢ < +00,d >0
and e > 0, where C denotes the normalizing constant. For this
distribution,

f(r70):

B=+/*+c? and

2n and p >0, where o =4,

—by* —2cxy — dx — ey)

Crexp [—or? —ycos(20)r? — csin(20)r* — drsin6 —ercos )],

27
fr(r) = Crexp (—ocrz)/
0
x exp [~y cos(20)r* — csin(20)r* — drsin 0 — er cos 6]d6
and
fo(0) = Cla+ b+ (b— a)cos(20) + 2csin(20)] "

(dsin0 + e cos 0)’
P2 b+ (b a)cos(20) + 2csin(20)]

dsin0 +ecos0
- Va+b+ (b—a)cos(20) + 2csin(20)

for r > 0 and 0 < 0 < 27, where o = £ and y =254
Conditionally specified bivariate normal distribution ([6],
Eq. (6.8)) has the joint pdf specified by

X2 +y? +cx?y?
flxy) = Cexp (Y00

for —co <X < +00,—0c0<y < +oo and —oco < €< +oo, Where C
denotes the normalizing constant. For this distribution,

f(r,0)=Crexp |-

2 4 (cr*/4) sinz(za)}
2 b

fR(r):ZCrexp< >§: —crt)’ <11+%>,

C 1 1
0) = - ex D_ -
fol0) /c|sin(20)| p[4csin2(26)} 1(\/E|Sln(29)|>
and
b _ gt~ (O p (1 (i P
E(RP) =2 ZC; S Bl r(21+2+1)
forr>0,0<0<2mandp>0.
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Bivariate skew normal distribution ([6], Eq. (7.17)) has the
joint pdf specified by

fx.y) =2¢(x)p(y)P(ox + py)

for —oo<x<+400,—c0<y < +00,—00 <0< +oo and —oo < f < +oo,
where ¢(-) and ®(-) denote, respectively, the pdf and cdf of a stan-
dard normal random variable. For this distribution,

2
f(r,0)= % exp <— %) ®(orsin 0 + frcos0),

fun =rexp (-5,

1 osin6 + fcos 0
foll) =5+ :
271\/1 + (aesin 6 + pBcos )
and
E(RP) = 2°T ( )
for r>0,0<60<2m and p > 0. The given expression for fg(0)

follows from ®(x) =1+ Jerf ( ) and by writing
< r? .
f@(O):/ —exp <——>(D(ocrsm0+/?rcos())dr
b T 2
e \[1 1 _/orsin0+ prcoso
7/0 T EXP (’j) [§+§erf<7\/§ )]dr
1 r2 1 [~ r2 orsing + prcos 6
7%/0 rexp <7?>dr+ﬁ/0 rexp <7?>erf<7\/j )dr

—L+L/xrex r orf arsin0+ frcos 6 dr
“an o), TP 2 2

and applying Eq. (2.8.5.9) in Prudnikov et al. [29] volume 2, to cal-
culate the integral. The given expression for fi(r) follows from

O(x)=1+1 erf( > and by writing

2 2m
fr(n) = % exp <——> ®(orsind+ prcos0)do
JO

r 2\ 21 1 arsinf+ frcos
oe(-g) [ e (T
r2 r r2\ " orsind+ frcoso
=rexp <75> +Eexp <*j> /0 erf<T> do
12 r r?
:rexp<—7>+ 3/2e><p< 2)

/Zi (-1)f <acrsin9+/3rcosé)>2k”d0
0 EZki2k+1)2" V2

r? r r?
=rexp| =5 |+ mexp( 5

GtV Y 2
. W/O (orsin0+ precos0)='do
k=0 K -

r2 r r?
=rexp —7>+n3/2exp 2)

i )kt R <2k+1> 2k+14ﬁz/2n (sin0)***1* (cos 0)'d0
k=0 k! 2’(+1 4k+2 =0 ¢ 0

(3)
=rexp( - ),

where the last step follows by noting that the integrand is an odd
function.

Bivariate skew normal distribution ([3], Eq. (6.5)) has the joint
pdf specified by

x2+ 2
flxy) = Cexp (5

><I>(ax+by+cxy)
for —o0o<X< +00,—00<y < +00,—00< @< +00,—00 < b < +o0

and —oo < € < +oo, where C denotes the normalizing constant. For
this distribution,

r? . c? .
f(r,0) =Crexp ) 0] arsm0+brcos()+75m(20) ,

r2 2n CrZ
fr(r) =Crexp <— j) / d)(ar sin 0 + brcos 0 t sin(26)>d6
0
and
* r? . cr? .
(0) = C/ rexp |- 0} arsm6)+brcos(i+7 sin(20) |dr
0
forr>0and 0 <0< 2m.

Bivariate skew normal distribution ([3], Eq. (4.11)) has the
joint pdf specified by

$2 + )2
f(x,y) = Cexp <— 5 Y )CD(ax+ by +¢)

for —o0o< X< +00,—00<y < 400, —00< A< +0o0,—00 < b < +oo
and —oo < ¢ < +00, where C denotes the normalizing constant. For
this distribution,

2
f(r,0) =Crexp (— %) ®(arsin 0 + brcos 0 + ¢),

2

2n
fr(r) =Crexp (— %) ®(arsin0 + brcos 0 + c)do
0

and

asin0+ bcos0

C
fol(f) == erf £ +=
© (ﬁ) 2 \/(asin0+bc050)2+1

+_

c C
2 2
2

c(asin@+ bcos0)
-exp |- - >
2(asin0+bcos0)” +2

erfc
\/Z(asinH +bcos ) +2

forr>0and 0 < 0 < 2m.
Bivariate skew normal distribution ([4], Eq. (5.1)) has the joint
pdf specified by

x2+ 2
flxy) = Cexp (-3

><1>(a+bx+cy+dx2 +ey? +fxy)

for —oco <X < +400,—00 <y < +00,—00<a< +00,—00 < b < +o0,
—00 < €< 400,—00<d< +o00,—c0<e<+oo and —oo < f < 400,
where C denotes the normalizing constant. For this distribution,

f(r,0)=Crexp <_r2_2>

2
x O <a+brsin6+crc059+dr2 sin 0+ er? cos? 9+f% sin(29)) :

fr(r)=Crexp <_r2_2) /027[

x(I)(a-i—brsm@—i—crcosH-s-dr sin” 0+ er? cos 9+f2 51n(20)>d9

and
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o0 rZ
:C./ rexp <—§>
x®<a+br51n9+crcos(9+dr sin® 0 +er? cos 0+f2 sm(29)>dr
forr>0and 0 <6< 2m.
Bivariate skew normal distribution ([6], page 525) has the
joint pdf specified by

2 2
fixy) = Cexp (-5 )amoiy)

for —co < X < 400,—00 <y < +00,a > 0, —00 < & < 400 and
—o00 < f < 400, Where C denotes the normalizing constant. For this
distribution,

f(@r,0)= Crexp( r2><l)(ocrsm0) (Brcos6),

@ Calosin0 Ca®Bcos 0

fol0) =
4V o2a2 sin® 0 + 1 4\/52(12 cos2 0+ 1
Calosin0 pacos 0
+ — arctan —
27V o2a?sin” 0 + 1 Vo2azsin® 0+ 1
Ca®fcos 6 oasin
+ arctan
214/ f%a? cos? 0+ 1 \/ a2 cos? 0+ 1
and

E(R?) = Cnapﬂzi’*lr(g +1)

forr>0,0<60<2mandp>0.
Conditionally specified bivariate skew normal distribution
([6], Eq. (6.78)) has the joint pdf specified by

fx.y) =2¢(x)$(y)D(xy)

for —co <X < +00,—0c0o<y<+oco and —oo < A< 4oo. For this
distribution,

f(r,0) == exp( T;)@(; sin29>,

falr) =rexp (- %)

1 erfc 1
in®(20) V24.5in(20)

fo(0) = 2171{1 + exp {2&25

and
E(R") = 2%r(g +1)

forr>0,0<0<2mandp>0.
Bivariate alpha-skew-normal distribution [26] has the joint
pdf specified by

f(x,y) = C[l ~(1-ax— by)z] exp (—x?

for —o0o< X< +00,—00<y < +00,—00< @< +00,—00 < b < +0co
and —1 < b < 1, where C denotes the normalizing constant. For this
distribution,

¥ —2pxy)

f(r,0)= Cr{z —2r(asin@+ bcos o) 4 r*(asin + b cos 6)2]

x exp [-r* — pr?sin(20)],

C _ VmC(asin0+bcos0)  C(asind+bcosn)*
1+psin(20) 201+ psin(20)*  2[1+ psin(20))*

)

5 (k+
e
k+1| 12 k+2
e

+

f®(0):

folr)=2Crexp (— i (-20r)° [ -1

P ST

and
szci 2
+2abczl'k+i (I%*k*z)[”(‘”kﬂ]rz(k%z)
@) kAl ()

forr>0and 0 <0< 2m.
Bivariate generalized skew-symmetric normal distribution
([16, Eq. (1)) has the joint pdf specified by

x? +y2> axy
x,y) =Cexp | — )
fxy) P ( 2 1+ bx’y?

for —oo <X < +00,—c0 <y < 4+00,—00 < a < +ocand b >
C denotes the normalizing constant. For this distribution,

r 2ar? sin(20)
r,)=Crexp| —= |®| —————5—"—|,
J0) p( 2> <4+br4sin2(29)>

r2\ [ 2ar? sin(20)
r)=Crexp|(—= O =L |do
I&(®) p( 2>/0 <4+br4 sin2(20)>

and

00 2 2 i
0) = C/ rexp <_r_><b _2ar’sin(20) 451?(229) dr
0 2 4 + br sin”(20)
forr>0and 0 <0< 2m.

Bivariate Kotz type distribution ([6], Section 13.6.1) has the
joint pdf specified by

foy) =l +y2)" T exp o (¢ + )]

0, where

for —oo < X < +00,—00 <y < +00,N > 0,5 >0 and ¢ > 0, where C
denotes the normalizing constant. For this distribution,

f(r,0) = Cr*""exp (—¢r¥),

fr(r) =27Cr*" " exp (—¢r%),

1
fol) = o

and

E(RP) = nCs ¢~ *5"T (21\12? p >

forr>0,0<60<2mandp>0.
Bivariate t distribution ([22], Chapter 1) has the joint pdf
specified by

)42

2

flx,y) = C(l +ax’ + by’ + 2cxy>7
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for —oo <X < +00,—0c0 <y < +00,a>0,b>0,—00<c<+oo and
v >0, where C denotes the normalizing constant. For this
distribution,

_vi2

f(r,0) = Cr{l+aszr +[bz—acos(2())+csm(2())} } 2,

- SEEF) s oo

—0 (=0
Tk—t41\ o[y, atb, Tk
'B< 2 2 > 1+ *
fol®)= 2¢
© )_v[a+b+(b—a)cos(20)+2csir1(20)]
and
2510 & -2\ [k (b—a)*" ;
E(R?) = - ( 2)()2‘ T4+ (=D (=) + (-1
®) = a2l ) ()@ (bw)k[ D+ (1) + (-]
(4+1 k—0+1 p
(T 3 >B(k+ +1 2)
forr>0,0<0<2mandp <.

Bivariate Cauchy distribution ([22], Chapter 1) has the joint
pdf specified by
_3
f(xvy) = ’
for —oco < X < +00,—00 <y < 4+00,a > 0 and b > 0, where C denotes
the normalizing constant. For this distribution,

C(l +ax® + by2>

3

f(r,0) = Cr{l +ar? + bz;a 1+ cos(20)]r2} i

L L

2C

fol0) = a+b+ (b—a)cos(20)
and

4 k

22C & K1 k+1 p 1-p
ER %-1Z<k><b+a> [1+1) F’(ivT)B("*i“*T)
forr>0,0<0<2mandp< 1.

Bivariate skew t distribution [5] has the joint pdf specified

by
Fry) =L 1+X2+y2 o (@4 by)y |22
Y v V2 N1y v
for —o0o<X<+00,—00<y < +400,—00< A< +00,—00 < b < +oo

and v > 0, where T,(-) denotes the cdf of a standard Student’s t ran-
dom variable with degree of freedom a. For this distribution,

2
f(r,0) = <1+r> T‘,+2<r(asin0+bc050) rvz+2>,

+v
fr() = r(l +g> 7T2,

1 vF v+ ) 0 »+3
2 2n3/2r (42 ; k! 2k+1

fol0)=

2k+1 3v
k(asinf+bcos0) <k+§ i)

and

E(R?) = zlv“B(g ,V;p)

forr>0,0<0<2mandp <.
Bivariate skew Cauchy distribution [5] has the joint pdf
specified by

fxy) = 1(Hx +y?) %T3<(ax+b”\/x2+53ﬂ+1>

for —oco <X < +00,—00 <y < +00,—00<aA<+o00 and —co < b < +oo0.
For this distribution,

f(r,0) = n_(l +1%) %T3 (r(asin9+bcos(9)\/r23+1>,

3
2

fr(r)=1(1+1%)

I RN D (S D iy, 31
f@)(e)_ﬁ ﬁkzow(asmﬁwcose) B I<+f 5
and

oo 1p(P, 1-D
E(R) =2 B<2+1, 3 )
forr>0,0<60<2mandp<1.

Standard bivariate ¢t distribution ([22], Chapter 1) has the joint
pdf specified by

f(xvy) =

for —oo < X < 400, —00 <y < +o0,a > 0 and v > 0, where C denotes
the normalizing constant. For this distribution,

fr,0)=

C(GZ +X2 +y2)7#

o

Cr(a®+r%) %,

_yi2
2
)

fr(r)=2nCr(a® +12

1
fol0) =5-
and
Py p-vp(P V—-p
E(R?) = niCa B(2+1 2)
forr>00<0<2mandp <.

Conditionally specified bivariate t distribution ([22], E
(4.26)) has the joint pdf specified by

_uil
fx,y) = C(a +bx* + by? + cxzyz) :
for —oco <X < 400,—0c0 <y < +00,a>0,b>0,—c0 << +oco and
v >0, where C denotes the normalizing constant. For this
distribution,
c -5t
f(r,0)=Cr [a + br? +Zr4 sinz(ZG)] ,
1 T4 «
P&, -t c 1 1
far) =20r(a o) 3T | Bk
(o) 50 [aarr) P02
and
C 1vy b’
0)=—— o Fi |+ ;1 ————
Jo(®) Veva2jsin(20)] ® 1<2 22" acsin2(20)>
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forr>0and 0 <0< 2m7.
Bivariate poly ¢ distribution [12] has the joint pdf specified by
v+l

fx,y) = ( + B+ By*) T

for —oo <X < +00,—00<y< 400,00 >0,>0,u>0 and v>0,
where C denotes the normalizing constant. For this distribution,

C(1+ox +o<y)

£(r,0) = Cr(1+ar?) % (14 pr?)

ey =21 2) ()
1

f(-)(e) = E

and

ER)=mpt (B a1 L= p)zFl(’””’H”” 1-1—5)

2 2 2 thiTy

forr>0,0<0<2mandp < pu+v.
Bivariate poly Cauchy distribution [12] has the joint pdf
specified by

fxy) =

for —co < X < 00, —00 < ¥ < +o0,a > 0 and g > 0, where C denotes
the normalizing constant. For this distribution,

C(1+ax*+ ocyz)fl (1+ px* + Byz)*1

f(r,0)=Cr(1+ ocrz)fl (1+ /}rz)*],
fr(r)=2mCr(1+ o¢r2)71 (1+ /3r2)71
fol) = 5

and

DY\ —P_q B 2_p p
ER’) = pt CB<2+1., 5 >2F1<12+121 /3)

forr>0,0<0<2mandp<?2.
Bivariate heavy tailed distribution ([6], Eq. (9.22)) has the
joint pdf specified by

fxy) = C1+2) 11492 1+ 4y

for —co < X < 400, —00 <y < +00,00>0,8>0 and y > 0, where C
denotes the normalizing constant. For this distribution,

f(r,0) = Cr(l + 1% sin? 9) 77(1 11 cos? 9)74(1 n r2)7%7

_ e (e B 5
frr)=2nCr(1+1%) 2 F, 2,2,2,1, r’l+r2
and
o0 _x 7£ ?
:C/ (1 +2ysin? 6) (1 42y cos? 0) (1 + 2y) 2dy
0
forr>0and 0 <0 < 2m.

Standard symmetric bivariate Laplace distribution ([21],
Eq. (5.1.2)) has the joint pdf specified by

1
Fix) = Ko (126 +32))
for —oo < X < +00 and —oo < y < +oo. For this distribution,

f(r,0) = %rl(o (\/§r>,

Folr) = 21K, (\/§r>,

and
ER) =27 (B 1)

forr>0,0<0<2mandp>0.
General symmetric bivariate Laplace distribution ([21],
Eq. (5.2.2)) has the joint pdf specified by

flxy)=C(¥ +y2)%1<v< 2(x2 +y2)>

for —oo < X < 4+00,—00 <y < +o0 and v > 0, where C denotes the
normalizing constant. For this distribution,

f(r,0)=Cr'"K (fr)

fo(r) = ZnCr”"Kv<ﬁr>,

and

E(R’) = 7TCZ%I"(l + v+§)1‘(l +§)

forr>0,0<60<2mandp>0.
Asymmetric bivariate Laplace distribution ([21], Eq. (6.5.3))
has the joint pdf specified by

fx.y) = Cexp (ax+ fy) (€ + ) 'K (V3 +77)

for —oco<X< +o0,—0<y<+00,0<0,<0,7>0 and v>0,
where C denotes the normalizing constant. For this distribution,

f(r,0) =

fr(r) =27Cr' ™I, (r\/ocz + ﬁ2>KV(yr),

Cr'™ exp (arsin 6 + prcos )K, (yr),

VAC(29)'T (2 +2v)
f@)(g): 5 . 2+2v 2
I'(3+v)(y —asin0 — cos 0)
1 5 Y+ osind + fcos 0
XF1<2+ZV§+V’§ 7y—o<sin6—ﬁcos(9>
and
D\ AVip+l 2vp b p
E(R) = 27170y 220 (14 v+ D) T (1+5),
p..p o2 +p
F<l+v+2,1+21 7 )

forr>0,0<0<2mandp>0.
Standard asymmetric bivariate Laplace distribution ([21],
page 302) has the joint pdf specified by

Fx.y) = Cexp(ax + fy)Ko (73 +¥72)

for —co <X < 4+00,—00 <y < +00,00 < 0,8 <0 and y > 0, where C
denotes the normalizing constant. For this distribution,

f(T, 9) =

filr) = 2mCrlo (rm) Ko(yr),

Crexp (orsin 6 + pr cos 0)Ko(yr),
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4C < 15 y+ocsin0+ﬁcos())
. 2 F 2}_ a9 _'\'—
3(y — osin0 — fcos0) 2’2" y—osing - pcoso

and

2
ER") =217y (145),F, <1+p L +ﬁ>

2 2’ 277 92
forr>0,0<0<2mandp > 0.

Bivariate poly Laplace distribution [2]| has the joint pdf
specified by

Fx,y) = Cexp (ax + fy) (2 + *) 'K, (sz ¥ y2)1<\, (y\/xz ¥ y2)
for —co <X < +00,—co<y < +00,00>0,>0,7>0, 1>0,u>0

and v >0, where C denotes the normalizing constant. For this
distribution,

fr.0) =
fr(r) =2mCr 1, <n/fx2 + 32>1<,,(yr)1<v(yr),

fol0) = C/m 2 exp (o sin 0 + Brcos 0)K . (yr)Ky (yr)dr
0

Cr'** exp (arsin 0 + prcos 0)K,.(yr)K, (yr),

and

E(R") =

2P pC p+u+v pHu—v
y2+2/+pr(2+2)+p>r(1+z+ (142420

-1"(1+A+%W)F(l+i+1$)
pP+U+V p+u—
5 A4+ 5

p—H-V,
5 1+ 4

v
4F3<1+/L+ 71+)\,

— [tV

p
R

A4+

o2+ p
9 b 4,))2

forr>0,0<0<2mandp>0.
Bivariate hyperbolic distribution ([6], Section 13.14) has the
joint pdf specified by

fxy) = a(x* +y*) — px— Y]

for —co < X < 00, —00 <y < +00,00 > 0,8>0 and y > 0, where C
denotes the normalizing constant. For this distribution,

f(r7 0) =

fr(r) = 2nCrexp (—or?)ly <r\/ﬁ2 + y2>,

p p+1
21+ At

Cexp [-

Crexp (—ocr2 — prsin@ — yrcos 0),

_C (Bsin 0 + 7y cos 0)° fsin0 + 7 cos 0
fo(0) =5 exp { 3% D, T
and
o b (P P, B+
E(RP) = nCo 5 F(2+1>1F1<2+1,1, -

forr>0,0<0<2mandp>0.
Bivariate hyperbolic secant distribution ([6], Chapter 13) has
the joint pdf specified by

flx,y) = }1(1 + cxy)sech (%) sech (g)

for —o0o<X<+00,—c0<y<+oo and
distribution,

—1<c<1. For this

7rsin @ 7r cos 0
f(r,0)= 4<1+2r sm20>sech< 3 )sech( 5 ),

EZ1E217T2 i+2j
2] ,41+j

ZZZ

1. 1\ i
+—,]+—>r'”,
10]0 ( 2 2

fol0) = nfzii(—l)”j Kl +%) sin g + (j—s—%) cos 0} h

. {1 +3cn? sin(29){<i+%) sinf + (j+%> cos H] 2}

if sinfcos6 > 0, and

=7 Zii '“K ;) sing — (j+%) cose} B

i=0 j=0

. {1 + 3cm2 sin(20) Kl +%> sing — (j + %) cos 0] 2}

if sinfcos® < 0 forr>0,0<6<2mandp > 0.
Conditionally specified bivariate Gumbel distribution ([6],
Section 12.13.1) has the joint pdf specified by

fxy) = —X) —exp(—y) — 0exp(—x — )]

for —co <X < +00,—c0 <y < +oo and 0 < 0 < 1, where C denotes
the normalizing constant. For this distribution,

Cexp[—x—y — exp(

f(r,0) = Crexp[—rsin6 — rcos 0 — exp(—rsin ) — exp(—rcos 0)
—0exp(—rsind —rcos b)),
onC z+j+k0k \/ .y 3 .y 3
=2r rzzz ']'k' Io(r/(A+i+k)?+1+j+k)
i=0 j=0 k=0
and
0 00 00 (_-l)i+j+I(0k )
fg(e):czzzwm+i+k)sine+(1 +j+k)cos0]”
i=0 j=0 k=0 S

forr>0and 0 < 0 < 27.
Bivariate logistic distribution (|6], Section 2.3.1) has the joint
pdf specified by

f(x,y) = 2exp (—ox — By)[1 + exp(—ax) + exp(—py)] >

for —co<Xx<+4o00,—00<y<+o0,0>0 and p>0. For this
distribution,

fr,0)

=2rexp (—orsin0— prcos0)[1 +exp(—orsin0) + exp(—prcos 0)]’37

4nri2( ) (’;)IO (r\/ocz(€+ 1+ Bk — 0+ 1)2>

k=0 (=0

and

—222( ><) (1+0osind+ (1+k—¢)pcos 0]

k=0 (=0

forr >0and 0 <0< 2m.

Bivariate Gumbel type distribution ([6], Eq. (13.27)) has the
joint pdf specified by
f(x,y) —a(x* +y*) - bexp [-a(x* +y*)]}

for —co < X < 400, —00 <y < +o0,a > 0 and b > 0, where C denotes
the normalizing constant. For this distribution,

f@r,0)= —bexp (—ar?)},

=Cexp{

Crexp {—ar?
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fr(r) =27wCrexp {7ar2 —bexp (7(1,.2)}7

fol®) = -
nC (N1, a
BR) = " (5s) [ e 10

if p is even, and

(-2 1
s ((%) U \/logtt“exp(fbt)dt}

E(R) = praT |

=0
if p is odd, where r >0 and 0 < 0 < 2m.
Bivariate skew elliptical distribution ([3], Section 10) has the
joint pdf specified by
flx,y) = Cg(x,y)H(a+bx +cy)

for —o0o< X< +00,—00<Yy < +00,—00<a< +00,—00 < b < +0c0
and —oo < € < +oo, where C denotes the normalizing constant, g
denotes a valid joint pdf and H denotes a valid univariate cdf. For
this distribution,

f(r,0) = Crg(rsin6,rcos 0)H(a + br sin 6 + cr cos 6),

27

fr(n)=Cr g(rsin6,rcos 0)H(a + brsin 0 + cr cos 0)do
0

and

fo(0) = C/ rg(rsin0,rcos 0)H(a + brsin 0 + cr cos 0)dr
0

forr>0and 0 <0< 27.

Bivariate Sarmanov distribution [31] has the joint pdf
specified by
fxy) = g1 (%)g ({1 + b (x)02(y)}

for —oco <X < +00,—0c0 <y < +oo and —1 < « < 1, where g,,g, are
valid probability density functions and 6,6, are bounded
nonconstant functions such that

1 - 01(x)g;(x)dx = 0, / - 02(y)g>(y)dy = 0.

o0 o0

For this distribution,

f(r,0) =rgy(rsin0)g,(rcos0){1 + o (rsin 0)0;(r cos 0)},

2n
fr)=r g,(rsin0)g,(rcos 0){1 + 061 (r sin 6)0,(r cos 0) }do
0

and
fo(0) = /w 1841 (rsin0)g,(rcos 0){1 + o6 (rsin 0)0;(r cos 0) }dr
0

forr >0and 0 < 0 < 27.
Bivariate Farlie-Gumbel-Morgenstern distribution [15,18,27]
has the joint pdf specified by

fx.y) = 81X)g ({1 + o1 = 2Gi(][1 - 2G ()]}

for —oco < X < +00,—00 <y < +oo and —1 < « < 1, where g,,g, are
valid probability density functions and Gy, G, are the corresponding
cumulative distribution functions. For this distribution,

f(r,0)=rg,(rsinf)g,(rcosd){1+o[1—2G;(rsindh)][1 —2G,(rcos0)]},

2n

fr)y=r[ gi(rsin0)g,(rcos0){1+ a1 —2G;(rsin0)][1—2G,(rcos0)]}do
0

and

fo(0) :/m g, (rsin0)g,(rcos0){1+a[1 —2G;(rsin0)][1 —2G,(rcos0)]}dr
0
forr>0and 0 <0< 2m.

4. Simulation

Simulation of R and © from the stated bivariate distributions is
simple given there are algorithms for simulating (X, Y):

e simulate (X,Y) from the stated pdf f(x,y);

e set R = vVX?> +Y?;

e set ® = arctan (Y/X).

Algorithms for simulating from each of the stated bivariate dis-
tributions are available in the literature. For example, a random
vector (X,Y) having the bivariate normal distribution with means

<,ux, ,uy), variances (6,2“0'5) and correlation coefficient p can be
simulated as

e simulate Z; and Z, independently from a standard normal
distribution;

o set X = (1— p*)0:Z1 + porZz + [y
esetY =0,7Z, + U,

Similarly, a random vector (X, Y) having the bivariate t distribu-
tion with means (,ux, ,uy), scale parameters (aﬁ,aﬁ), correlation
coefficient p and degree of freedom v can be simulated as

simulate Z; and Z, independently from a standard normal
distribution;

set P = (1 — p?)0xZy + pOxZa;

set Q = 0,7Z,;

simulate U independently from a chisquare distribution with
degree of freedom v;

set X = u, +P\/%;

set Y =, + Q3
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