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1. Introduction

Let ðX;YÞ be a random vector defined on the real space

ð�1;þ1Þ � ð�1;þ1Þ. Let R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p
and H ¼ arctan Y=Xð Þ.

The distributions of R and H arise in many areas of the IEEE
literature: radar communications, positioning related applications,
fading channels, etc. R is usually referred to as the amplitude andH
the phase.Some published examples in the IEEE literature where
the distributions of R and H arise directly are: analog data-
transmission [7]; radiation-pattern of an offset fed paraboloidal
reflector antenna [19]; microwave pulse generation [8]; photonic
beamforming based on programmable phase shifters [37];
radiation characteristics of multimode concentric circular micro-
strip patch antennas [32]; transmission schemes for Rayleigh block
fading channels [9]; broadband microwave photonic splitters [25];
performance of transmit beamforming codebooks [13]; AC-AC con-
verters [39]; modulation of ultrawideband monocycle pulses on a
silicon photonic chip [35].

Several papers have derived the distributions of R and H: Aalo
et al. [1] and Dharmawansa et al. [11] derived the distributions
of R and H when X and Y are correlated and non-identical normal
random variables with non-zero means; Yacoub [36] derived the
distributions of R and H when X and Y are independent and
identical Nakagami type random variables; Coluccia [10] derived
the moments of R when X and Y are uncorrelated normal random
variables with zero means and unequal variances; and so on.

Almost all of the known papers have supposed X and Y are
normally distributed. However, non-normal distributions are
becoming increasingly popular in the IEEE literature: hyperbolic
distribution in network modeling [24]; Laplace distribution in
signal processing [14]; Cauchy distribution in segmentation of
noisy colour images [34]; Kotz type distribution for multilook
polarimetric radar data [20]; Student’s t distribution in medical
image segmentation [28]; logistic distribution for networked video
quality assessment [38]; Gumbel distribution for peak sidelobe
level for arrays of randomly placed antennas [23]; skew normal
distribution for statistical static timing analysis [33]; and so on.
Also, we are not aware of any paper giving expressions for
moments of R when X and Y are correlated random variables.

The aim of this note is to derive the distribution of R, its
moments and the distribution of H for a wide range of bivariate
distributions, including the correlated bivariate normal
distribution. We consider thirty four flexible bivariate distributions
in total. These include eleven bivariate normal distributions, eight
bivariate t distributions, five bivariate Laplace distributions, two
bivariate hyperbolic distributions, two bivariate Gumbel
distributions and one bivariate logistic distribution.

The contents of this note are organized as follows. Section 2
derives the distribution of R, its moments and the distribution of
H when X and Y are correlated normal random variables with zero
means and unequal variances. These results extend those given in
Coluccia [10]. Section 3 derives the same when X and Y are
correlated random variables following thirty three other bivariate
distributions. Details of the derivations are not given. They can
be obtained from the corresponding author. To the best of our
knowledge, the derived expressions for the distribution of R, its
moments and the distribution of H are all new and original.
Section 4 discusses simulation of R and H for the bivariate
distributions considered.

It is hoped that the details given in Section 3 could be a useful
reference for the IEEE community. They could also encourage more
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non-normal distributions being applied to real problems in the
EEE. A future work is to extend the results in Section 3 for
multivariate distributions, that is to derive the

distributions of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

1 þ X2
2 þ � � � þ X2

p

q
and (X1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

1 þ X2
2 þ � � � þ X2

p

q
,

X2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

1 þ X2
2 þ � � � þ X2

p

q
; . . ., Xp�1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

1 þ X2
2 þ � � � þ X2

p

q
) given a

distribution for X1;X2; . . . ;Xp
� �

; p > 2.
The expressions given in Sections 2 and 3 involve various

special functions, including the gamma function defined by

CðaÞ ¼
Z 1

0
ta�1 expð�tÞdt

for a > 0; the incomplete gamma function defined by

cða; xÞ ¼
Z x

0
ta�1 expð�tÞdt

for a > 0 and x > 0; the beta function defined by

Bða; bÞ ¼
Z 1

0
ta�1ð1� tÞb�1dt

for a > 0 and b > 0; the error function defined by

erfðxÞ ¼ 2ffiffiffiffi
p

p
Z x

0
exp �t2

� �
dt

for x > 0; the complementary error function defined by

erfcðxÞ ¼ 2ffiffiffiffi
p

p
Z 1

x
exp �t2

� �
dt

for �1 < x < þ1; the parabolic cylinder function defined by

DmðxÞ ¼
exp �x2=4

� �
Cð�m=2Þ

Z 1

0
t�

m
2�1ð1þ 2tÞm�1

2 exp �x2t
� �

dt

for m < 0 and x2 > 0; the Euler number of order n defined by

E2n ¼ ð�1Þn22nþ1
Z 1

0
t2n sech ðptÞdt;

the modified Bessel function of the first kind of order m defined by

ImðxÞ ¼
X1
k¼0

1
Cðkþ mþ 1Þk!

x
2

� �2kþm
;

the modified Bessel function of the second kind of order m defined
by

KmðxÞ ¼
p cscðpmÞ

2 I�mðxÞ � ImðxÞ½ �; if m: 2 Z;

lim
l!m

KlðxÞ; if m 2 Z;

8<
:

the confluent hypergeometric function defined by

1F1ða;b; zÞ ¼
X1
k¼0

ðaÞk
ðbÞk

zk

k!
;

where ðaÞk ¼ aðaþ 1Þ � � � ðaþ k� 1Þ denotes the ascending
factorial; the Gauss hypergeometric function defined by

2F1ða;b; c; zÞ ¼
X1
k¼0

ðaÞkðbÞk
ðcÞk

zk

k!
;

the 2F2 hypergeometric function defined by

2F2ða;b; c; d; zÞ ¼
X1
k¼0

ðaÞkðbÞk
ðcÞkðdÞk

zk

k!
;

the 4F2 hypergeometric function defined by

4F2ða; b; c;d; e; f ; zÞ ¼
X1
k¼0

ðaÞkðbÞkðcÞkðdÞk
ðeÞkðf Þk

zk

k!
;

the 4F3 hypergeometric function defined by

4F3ða; b; c;d; e; f ; g; zÞ ¼
X1
k¼0

ðaÞkðbÞkðcÞkðdÞk
ðeÞkðf ÞkðgÞk

zk

k!
;

and, the Appell function of the first kind defined by

F1 a; b; c;d; z; nð Þ ¼
X1
k¼0

X1
‘¼0

ðaÞkþ‘ðbÞk cð Þ‘zkn‘
ðdÞkþ‘k!‘!

:

These special functions are well known and well established in the
mathematics literature. Some details of their properties can be
found in Prudnikov et al. [29] and Gradshteyn and Ryzhik [17].
In-built routines for computing them are widely available in
packages like Maple, Matlab and Mathematica. For example, the
in-built routines in Mathematica for the stated special functions
are: GAMMA[a] for the gamma function, GAMMA[a]-GAMMA[a,x]

for the incomplete gamma function, Beta[a,b] for the beta function,
Erc[x] for the error function, Erfc[x] for the complementary error
function, ParabolicCylinderD[nu,x] for the parabolic cylinder function,
EulerE[n] for the Euler number of order n, BesselI[nu,x] for the
modified Bessel function of the first kind of order m, BesselK[nu,x]
for the modified Bessel function of the second kind of order m,
Hypergeometric1F1[alpha,beta,z] for the confluent hypergeometric
function, Hypergeometric2F1[alpha,beta,gamma,z] for the Gauss
hypergeometric function, HypergeometricPFQ [{alpha,beta},
{gamma,delta}, z] for the 2F2 hypergeometric function,
HypergeometricPFQ [{a,b,c,d}, {e,f}, z] for the 4F2 hypergeometric
function, HypergeometricPFQ [{a,b,c,d}, {e,f,g}, z] for the 4F3 hyperge-
ometric function, AppellF1[a,b,c,d,z,xi] for the Appell function of the
first kind. Mathematica like other algebraic manipulation packages
allows for arbitrary precision, so the accuracy of computations is
not an issue.

In-built routines for most of the stated special functions are also
available in the freely available R software [30]: gamma(a) in thebase
package for the gamma function, gamma(a)⁄pgamma(x,shape=a) in
the base package for the incomplete gamma function, beta(a,b) in
thebase package for the beta function, erf(x) in the contributedpack-
ageNORMT3 for theerror function, erfc(x) in thecontributedpackage
NORMT3 for the complementary error function, besselI(x,nu) in the
base package for the modified Bessel function of the first kind of
order m, besselK(x,nu) in the base package for the modified Bessel
function of the second kind of order m, kummerM(z,alpha,beta) in the
contributed package AsianOptions for the confluent hypergeometric
function, hypergeo(alpha,beta,gamma,z) in the contributed
package hypergeo for the Gauss hypergeometric function,
genhypergeo(U = c(alpha,beta), L = c(gamma,beta), z) in the
contributed package hypergeo for the 2F2 hypergeometric function,
genhypergeo(U = c(a,b,c,d), L = c(e,f), z) in the contributed
package hypergeo for the 4F2 hypergeometric function,
genhypergeo(U = c(a,b,c,d), L = c(e,f,g), z) in the contributed package
hypergeo for the 4F3 hypergeometric function, F1(a,b,c,d,z,xi) in the
contributedpackage tolerance for theAppell functionof thefirst kind.
2. Bivariate normal case

Here, we derive the pdf of R, the pdf of H and E Rpð Þ when ðX;YÞ
has the bivariate normal pdf

f ðx; yÞ ¼ 1
2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
rxry

exp � x
rx

� �2

� y
ry

� �2

� 2q
x
rx

y
ry

" #
ð1Þ

for �1 < x < þ1;�1 < y < þ1, rx > 0;ry > 0 and �1 < q < 1.
We can write (1) in the form

f ðx; yÞ ¼ C exp �ax2 � by2 � 2cxy
� �
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for �1 < x < þ1;�1 < y < þ1; a > 0; b > 0 and �1 < c < þ1,
where C denotes the normalizing constant. The corresponding joint
pdf of R and H can be expressed as

f ðr; hÞ ¼ Cr exp �r2 a sin2 hþ b cos2 hþ 2c sin h cos h
� �h i

¼ Cr exp �r2 aþ ðb� aÞ cos2 hþ c sinð2hÞ	 
� �
¼ Cr exp �r2 aþ b� a

2
1þ cosð2hÞ½ � þ c sinð2hÞ

� � �

¼ Cr exp �r2
bþ a
2

� r2
b� a
2

cosð2hÞ � cr2 sinð2hÞ
 �

ð2Þ

for r > 0 and 0 6 h 6 2p. Using the factZ 2p

0
exp x cos hþ y sin hð Þdh ¼ 2pI0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� �
;

we obtain the pdf of R as

f RðrÞ ¼ 2pCr exp �ar2� �
I0 r2b
� �

for r > 0, where a ¼ aþb
2 ;b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ c2

p
and c ¼ b�a

2 . A straightforward
integration of (2) shows that the pdf of H is

fHðhÞ ¼ C aþ bþ ðb� aÞ cosð2hÞ þ 2c sinð2hÞ½ ��1

for 0 < h < 2p. An application of Eq. (2.15.3.2) in Prudnikov et al.
[29] volume 2, shows that the pth moment of R can be expressed as

E Rpð Þ ¼ Cpa�p
2�1C

p
2
þ 1

� �
2F1

p
4
þ 1;

p
4
þ 1
2
;1;

b2

a2

 !
ð3Þ

for p > 0. By the transformation formulas of the Gauss hypergeo-
metric function, three equivalent representation of (3) are

E Rpð Þ ¼ Cpa
p
2 a2 � b2� ��1

2�
p
2C

p
2
þ 1

� �
2F1 � p

4
;� p

4
þ 1
2
;1;

b2

a2

 !
; ð4Þ

E Rpð Þ ¼ Cpa a2 � b2� ��1�p
4C

p
2
þ 1

� �
2F1 1þ p

4
;� p

4
þ 1
2
;1;

b2

b2 � a2

 !

ð5Þ
and

E Rpð Þ ¼ Cp a2 � b2� ��1
2�

p
4C

p
2
þ 1

� �
2F1 � p

4
;
p
4
þ 1
2
;1;

b2

b2 � a2

 !
ð6Þ

for p > 0. If p is a positive integer and a multiple of 4 then (4) and
(6) reduce to the elementary forms

E Rpð Þ ¼ Cpa
p
2 a2 � b2� ��1

2�
p
2C

p
2
þ 1

� �Xp=4
k¼0

� p
4

� �
k � p

4 þ 1
2

� �
k

k!2
b2

a2

 !k

and

E Rpð Þ ¼ Cp a2 � b2� ��1
2�

p
4C

p
2
þ 1

� �Xp=4
k¼0

� p
4

� �
k

p
4 þ 1

2

� �
k

k!2
b2

b2 � a2

 !k

;

respectively.

3. The collection

Here, we tabulate expressions for the pdf of R, the pdf of H and
E Rpð Þ when ðX;YÞ follows thirty four flexible bivariate
distributions. For some distributions, the derivation of E Rpð Þ was
not possible. Details of the derivations for all of the distributions
can be obtained from the corresponding author.

Bivariate normal distribution ([6], Chapter 11) has the joint
pdf specified by
f ðx; yÞ ¼ C exp �ax2 � by2 � 2cxy
� �

for �1 < x < þ1;�1 < y < þ1; a > 0; b > 0 and �1 < c < þ1,
where C denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr exp �ar2 � b� a
2

cosð2hÞr2 � c sinð2hÞr2
� �

;

f RðrÞ ¼ 2pCr exp �ar2� �
I0 r2b
� �

;

fHðhÞ ¼ C aþ bþ ðb� aÞ cosð2hÞ þ 2c sinð2hÞ½ ��1

and

E Rpð Þ ¼ Cpa�p
2�1C

p
2
þ 1

� �
2F1

p
4
þ 1;

p
4
þ 1
2
;1;

b2

a2

 !

for r > 0; 0 6 h 6 2p and p > 0, where a ¼ aþb
2 , b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ c2

p
and

c ¼ b�a
2 .

Bivariate normal distribution with non-zero means ([6],
Chapter 11) has the joint pdf specified by

f ðx; yÞ ¼ C exp �ax2 � by2 � 2cxy� dx� ey
� �

for �1 < x < þ1;�1 < y < þ1; a > 0; b > 0;�1 < c < þ1;d > 0
and e > 0, where C denotes the normalizing constant. For this
distribution,

f ðr;hÞ¼Crexp �ar2�ccosð2hÞr2�csinð2hÞr2�drsinh�ercosh
	 


;

f RðrÞ ¼ Cr exp �ar2� � Z 2p

0

� exp �c cosð2hÞr2 � c sinð2hÞr2 � dr sin h� er cos h
	 


dh

and

fHðhÞ ¼ C aþ bþ ðb� aÞ cosð2hÞ þ 2c sinð2hÞ½ ��1

� exp d sin hþ e cos hð Þ2
4 aþ bþ ðb� aÞ cosð2hÞ þ 2c sinð2hÞ½ �

( )

� D�2
d sin hþ e cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aþ bþ ðb� aÞ cosð2hÞ þ 2c sinð2hÞ
p

 !

for r > 0 and 0 6 h 6 2p, where a ¼ aþb
2 and c ¼ b�a

2 .
Conditionally specified bivariate normal distribution ([6],

Eq. (6.8)) has the joint pdf specified by

f ðx; yÞ ¼ C exp � x2 þ y2 þ cx2y2

2

� �

for �1 < x < þ1;�1 < y < þ1 and �1 < c < þ1, where C
denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr exp � r2 þ cr4=4
� �

sin2ð2hÞ
2

" #
;

f RðrÞ ¼ 2Cr exp � r2

2

� �X1
i¼0

�cr4
� �i
8ii!

B
1
2
; iþ 1

2

� �
;

fHðhÞ ¼
Cffiffiffi

c
p

sinð2hÞj j exp
1

4c sin2ð2hÞ

" #
D�1

1ffiffiffi
c

p
sinð2hÞj j

� �

and

E Rpð Þ ¼ 21þp
2C
X1
i¼0

�cð Þi
2ii!

B
1
2
; iþ 1

2

� �
C 2iþ p

2
þ 1

� �

for r > 0;0 6 h 6 2p and p > 0.
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Bivariate skew normal distribution ([6], Eq. (7.17)) has the
joint pdf specified by

f ðx; yÞ ¼ 2/ðxÞ/ðyÞU axþ byð Þ
for �1< x<þ1;�1< y<þ1;�1<a<þ1 and �1 < b < þ1,
where /ð�Þ and Uð�Þ denote, respectively, the pdf and cdf of a stan-
dard normal random variable. For this distribution,

f ðr; hÞ ¼ r
p

exp � r2

2

� �
U ar sin hþ br cos hð Þ;

f RðrÞ ¼ r exp � r2

2

� �
;

fHðhÞ ¼
1
2p

þ a sin hþ b cos h

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a sin hþ b cos hð Þ2

q
and

E Rpð Þ ¼ 2
p
2C

p
2
þ 1

� �
for r > 0; 0 6 h 6 2p and p > 0. The given expression for fHðhÞ
follows from UðxÞ ¼ 1

2 þ 1
2 erf

xffiffi
2

p
� �

and by writing

fHðhÞ¼
Z 1

0

r
p
exp �r2

2

� �
U arsinhþbrcoshð Þdr

¼
Z 1

0

r
p
exp �r2

2

� �
1
2
þ1
2
erf

arsinhþbrcoshffiffiffi
2

p
� �� �

dr

¼ 1
2p

Z 1

0
rexp �r2

2

� �
drþ 1

2p

Z 1

0
rexp �r2

2

� �
erf

arsinhþbrcoshffiffiffi
2

p
� �

dr

¼ 1
2p

þ 1
2p

Z 1

0
rexp �r2

2

� �
erf

arsinhþbrcoshffiffiffi
2

p
� �

dr

and applying Eq. (2.8.5.9) in Prudnikov et al. [29] volume 2, to cal-
culate the integral. The given expression for f RðrÞ follows from

UðxÞ ¼ 1
2 þ 1

2 erf
xffiffi
2

p
� �

and by writing

f RðrÞ¼
r
p
exp �r2

2

� �Z 2p

0
U arsinhþbrcoshð Þdh

¼ r
p exp �r2

2

� �Z 2p

0

1
2
þ1
2
erf

arsinhþbrcoshffiffiffi
2

p
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dh

¼ rexp �r2

2

� �
þ r
2p

exp �r2

2

� �Z 2p

0
erf

arsinhþbrcoshffiffiffi
2

p
� �

dh

¼ rexp �r2

2

� �
þ r
p3=2 exp �r2

2

� �

�
Z 2p

0

X1
k¼0

ð�1Þk

k!ð2kþ1Þ2kþ1
2

arsinhþbrcoshffiffiffi
2

p
� �2kþ1

dh

¼ rexp �r2

2

� �
þ r
p3=2 exp �r2

2

� �

�
X1
k¼0

ð�1Þk

k!ð2kþ1Þ4kþ1
2

Z 2p

0
arsinhþbrcoshð Þ2kþ1dh

¼ rexp �r2

2

� �
þ r
p3=2 exp �r2

2

� �

�
X1
k¼0

ð�1Þkr2kþ1

k!ð2kþ1Þ4kþ1
2

X2kþ1

‘¼0

2kþ1
‘
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a2kþ1�‘b‘

Z 2p

0
sinhð Þ2kþ1�‘ coshð Þ‘dh

¼ rexp �r2

2

� �
;

where the last step follows by noting that the integrand is an odd
function.
Bivariate skew normal distribution ([3], Eq. (6.5)) has the joint
pdf specified by

f ðx; yÞ ¼ C exp � x2 þ y2

2

� �
U axþ byþ cxyð Þ

for �1 < x < þ1;�1 < y < þ1;�1 < a < þ1;�1 < b < þ1
and �1 < c < þ1, where C denotes the normalizing constant. For
this distribution,

f ðr; hÞ ¼ Cr exp � r2

2

� �
U ar sin hþ br cos hþ cr2

2
sinð2hÞ

� �
;

f RðrÞ ¼ Cr exp � r2

2

� �Z 2p

0
U ar sin hþ br cos hþ cr2

2
sinð2hÞ

� �
dh

and

fHðhÞ ¼ C
Z 1

0
r exp � r2

2

� �
U ar sin hþ br cos hþ cr2

2
sinð2hÞ

� �
dr

for r > 0 and 0 6 h 6 2p.
Bivariate skew normal distribution ([3], Eq. (4.11)) has the

joint pdf specified by

f ðx; yÞ ¼ C exp � x2 þ y2

2

� �
U axþ byþ cð Þ

for �1 < x < þ1;�1 < y < þ1;�1 < a < þ1;�1 < b < þ1
and �1 < c < þ1, where C denotes the normalizing constant. For
this distribution,

f ðr; hÞ ¼ Cr exp � r2

2

� �
U ar sin hþ br cos hþ cð Þ;

f RðrÞ ¼ Cr exp � r2

2

� �Z 2p

0
U ar sin hþ br cos hþ cð Þdh

and

fHðhÞ ¼
C
2
þ C

2
erf

cffiffiffi
2

p
� �

þ C
2

a sin hþ b cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a sin hþ b cos hð Þ2 þ 1

q

� exp � c2

2 a sin hþ b cos hð Þ2 þ 2

" #
erfc

c a sin hþ b cos hð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 a sin hþ b cos hð Þ2 þ 2

q
0
B@

1
CA

for r > 0 and 0 6 h 6 2p.
Bivariate skew normal distribution ([4], Eq. (5.1)) has the joint

pdf specified by

f ðx; yÞ ¼ C exp � x2 þ y2

2

� �
U aþ bxþ cyþ dx2 þ ey2 þ fxy
� �

for �1 < x < þ1;�1 < y < þ1;�1 < a < þ1;�1 < b < þ1,
�1 < c < þ1;�1 < d < þ1;�1 < e < þ1 and �1 < f < þ1,
where C denotes the normalizing constant. For this distribution,

f ðr;hÞ¼Crexp �r2

2

� �

�U aþbrsinhþcrcoshþdr2 sin2 hþer2 cos2 hþ fr2

2
sinð2hÞ

 !
;

f RðrÞ¼Crexp �r2

2

� �Z 2p

0

�U aþbrsinhþcrcoshþdr2 sin2 hþer2 cos2 hþ fr2

2
sinð2hÞ

 !
dh

and
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fHðhÞ¼C
Z 1

0
rexp �r2

2

� �

�U aþbrsinhþcrcoshþdr2 sin2 hþer2 cos2 hþ fr2

2
sinð2hÞ

 !
dr

for r > 0 and 0 6 h 6 2p.
Bivariate skew normal distribution ([6], page 525) has the

joint pdf specified by

f ðx; yÞ ¼ C exp � x2 þ y2

2a2

� �
U axð ÞU byð Þ

for �1 < x < þ1; �1 < y < þ1; a > 0; �1 < a < þ1 and
�1 < b < þ1, where C denotes the normalizing constant. For this
distribution,

f ðr; hÞ ¼ Cr exp � r2

2a2

� �
U ar sin hð ÞU br cos hð Þ;

f RðrÞ ¼
Cpr
2

exp � r2

2a2

� �
;

fHðhÞ ¼
Ca2

4
þ Ca3a sin h

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2a2 sin2 hþ 1

p þ Ca3b cos h

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2a2 cos2 hþ 1

q

þ Ca3a sin h

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2a2 sin2 hþ 1

p arctan
ba cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2a2 sin2 hþ 1
p

þ Ca3b cos h

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2a2 cos2 hþ 1

q arctan
aa sin hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2a2 cos2 hþ 1
q

and

E Rpð Þ ¼ Cpapþ22
p
2�1C

p
2
þ 1

� �
for r > 0;0 6 h 6 2p and p > 0.

Conditionally specified bivariate skew normal distribution
([6], Eq. (6.78)) has the joint pdf specified by

f ðx; yÞ ¼ 2/ðxÞ/ðyÞU kxyð Þ
for �1 < x < þ1;�1 < y < þ1 and �1 < k < þ1. For this
distribution,

f ðr; hÞ ¼ r
p

exp � r2

2

� �
U

kr2

2
sin 2h

� �
;

f RðrÞ ¼ r exp � r2

2

� �
;

fHðhÞ ¼
1
2p

1þ exp
1

2k2 sin2ð2hÞ

" #
erfc

1ffiffiffi
2

p
k sinð2hÞ

 !( )

and

E Rpð Þ ¼ 2
p
2C

p
2
þ 1

� �
for r > 0;0 6 h 6 2p and p > 0.

Bivariate alpha-skew-normal distribution [26] has the joint
pdf specified by

f ðx; yÞ ¼ C 1� 1� ax� byð Þ2
h i

exp �x2 � y2 � 2qxy
� �

for �1 < x < þ1;�1 < y < þ1;�1 < a < þ1;�1 < b < þ1
and �1 6 b 6 1, where C denotes the normalizing constant. For this
distribution,

f ðr; hÞ ¼ Cr 2� 2r a sin hþ b cos hð Þ þ r2 a sin hþ b cos hð Þ2
h i

� exp �r2 � qr2 sinð2hÞ	 

;

fHðhÞ¼
C

1þqsinð2hÞ�
ffiffiffiffi
p

p
C asinhþbcoshð Þ

2 1þqsinð2hÞ½ �3=2
þC asinhþbcoshð Þ2

2 1þqsinð2hÞ½ �2
;

f RðrÞ¼2Crexp �r2
� �X1

k¼0

�2qr2
� �k

k!2
1þð�1Þk
h i

C2 kþ1
2

� �

þ2abCr3 exp �r2
� �X1

k¼0

�2qr2
� �k
k!ðkþ1Þ! 1þð�1Þkþ1

h i
C2 kþ2

2

� �

þ a2þb2
� �

Cr3 exp �r2
� �X1

k¼0

�2qr2
� �k
k!ðkþ1Þ! 1þð�1Þk

h i
C

kþ1
2

� �
C

kþ3
2

� �

and

E Rpð Þ¼C
X1
k¼0

�2qð Þk
k!2

1þð�1Þk
h i

C
p
2
þkþ1

� �
C2 kþ1

2

� �

þ2abC
X1
k¼0

�2qð Þk
k!ðkþ1Þ!C

p
2
þkþ2

� �
1þð�1Þkþ1
h i

C2 kþ2
2

� �

þ a2þb2
� �

C
X1
k¼0

�2qð Þk
k!ðkþ1Þ!C

p
2
þkþ2

� �
1þð�1Þk
h i

C
kþ1
2

� �
C

kþ3
2

� �

for r > 0 and 0 6 h 6 2p.
Bivariate generalized skew-symmetric normal distribution

([16, Eq. (1)) has the joint pdf specified by

f ðx; yÞ ¼ C exp � x2 þ y2

2

� �
U

axy

1þ bx2y2

 !

for �1 < x < þ1;�1 < y < þ1;�1 < a < þ1 and b P 0, where
C denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr exp � r2

2

� �
U

2ar2 sinð2hÞ
4þ br4 sin2ð2hÞ

 !
;

f RðrÞ ¼ Cr exp � r2

2

� �Z 2p

0
U

2ar2 sinð2hÞ
4þ br4 sin2ð2hÞ

 !
dh

and

fHðhÞ ¼ C
Z 1

0
r exp � r2

2

� �
U

2ar2 sinð2hÞ
4þ br4 sin2ð2hÞ

 !
dr

for r > 0 and 0 6 h 6 2p.
Bivariate Kotz type distribution ([6], Section 13.6.1) has the

joint pdf specified by

f ðx; yÞ ¼ C x2 þ y2
� �N�1

exp �/ x2 þ y2
� �sh i

for �1 < x < þ1;�1 < y < þ1;N > 0; s > 0 and / > 0, where C
denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr2N�1 exp �/r2s
� �

;

f RðrÞ ¼ 2pCr2N�1 exp �/r2s
� �

;

fHðhÞ ¼
1
2p

and

E Rpð Þ ¼ pCs�1/�2Nþp
2s C

2N þ p
2s

� �

for r > 0;0 6 h 6 2p and p > 0.
Bivariate t distribution ([22], Chapter 1) has the joint pdf

specified by

f ðx; yÞ ¼ C 1þ ax2 þ by2 þ 2cxy
� ��mþ2

2
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for �1 < x < þ1;�1 < y < þ1; a > 0; b > 0;�1 < c < þ1 and
m > 0, where C denotes the normalizing constant. For this
distribution,

f ðr; hÞ ¼ Cr 1þ aþ b
2

r2 þ b� a
2

cosð2hÞ þ c sinð2hÞ
� �

r2
 ��mþ2

2

;

f RðrÞ¼
C
2

X1
k¼0

Xk
‘¼0

�mþ2
2

k

� �
k
‘

� �
c‘

b�a
2

� �k�‘

1þð�1Þkþð�1Þ‘þð�1Þk�‘
h i

�B ‘þ1
2

;
k� ‘þ1

2

� �
r2kþ1 1þaþb

2
r2

� ��mþ2
2 �k

;

fHðhÞ¼
2C

m aþbþðb�aÞcosð2hÞþ2csinð2hÞ½ �

and

E Rpð Þ¼ 2
p
2�1C

bþað Þp2þ1

X1
k¼0

Xk
‘¼0

�mþ2
2

k

� �
k
‘

� �
ð2cÞ‘ b�að Þk�‘

bþað Þk
1þð�1Þkþð�1Þ‘þð�1Þk�‘
h i

�B ‘þ1
2

;
k� ‘þ1

2

� �
B kþp

2
þ1;

m�p
2

� �

for r > 0;0 6 h 6 2p and p < m.
Bivariate Cauchy distribution ([22], Chapter 1) has the joint

pdf specified by

f ðx; yÞ ¼ C 1þ ax2 þ by2
� ��3

2

for �1 < x < þ1;�1 < y < þ1; a > 0 and b > 0, where C denotes
the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr 1þ ar2 þ b� a
2

1þ cosð2hÞ½ �r2
 ��3

2

;

f RðrÞ¼ C
X1
k¼0

�3
2

k

� �
b�a
2

� �k

1þð�1Þk
h i

B
1
2
;
kþ1
2

� �
r2kþ1 1þaþb

2
r2

� ��3
2�k

;

fHðhÞ ¼
2C

aþ bþ ðb� aÞ cosð2hÞ
and

E Rpð Þ¼ 2
p
2C

bþað Þp2þ1

X1
k¼0

�3
2

k

� �
b�a
bþa

� �k

1þð�1Þk
h i

B
1
2
;
kþ1
2

� �
B kþp

2
þ1;

1�p
2

� �

for r > 0;0 6 h 6 2p and p < 1.
Bivariate skew t distribution [5] has the joint pdf specified

by

f ðx; yÞ ¼ 1
p

1þ x2 þ y2

m

� ��mþ2
2

Tmþ2 ðaxþ byÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mþ 2
x2 þ y2 þ m

s !

for �1 < x < þ1;�1 < y < þ1;�1 < a < þ1;�1 < b < þ1
and m > 0, where Tað�Þ denotes the cdf of a standard Student’s t ran-
dom variable with degree of freedom a. For this distribution,

f ðr; hÞ ¼ r
p

1þ r2

m

� ��mþ2
2

Tmþ2 r a sin hþ b cos hð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mþ 2
r2 þ m

r !
;

f RðrÞ ¼ r 1þ r2

m

� ��mþ2
2

;

fHðhÞ¼
1
2p

þ mC mþ3
2

� �
2p3=2C mþ2

2

� �X1
k¼0

ð�1Þk mþ3
2

� �
k

k! 2kþ1ð Þ asinhþbcoshð Þ2kþ1B kþ3
2
;
m
2

� �
and

E Rpð Þ ¼ 2�1m
p
2þ1B

p
2
þ 1;

m� p
2

� �
for r > 0;0 6 h 6 2p and p < m.

Bivariate skew Cauchy distribution [5] has the joint pdf
specified by

f ðx; yÞ ¼ 1
p 1þ x2 þ y2
� ��3

2T3 ðaxþ byÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3
x2 þ y2 þ 1

s !

for �1< x<þ1;�1< y<þ1;�1< a<þ1 and �1 < b < þ1.
For this distribution,

f ðr; hÞ ¼ r
p

1þ r2
� ��3

2T3 r a sin hþ b cos hð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

3
r2 þ 1

r !
;

f RðrÞ ¼ r 1þ r2
� ��3

2;

fHðhÞ ¼
1
2p

þ 1
p2

X1
k¼0

ð�1Þkðkþ 1Þ
2kþ 1

a sin hþ b cos hð Þ2kþ1B kþ 3
2
;
1
2

� �

and

E Rpð Þ ¼ 2�1B
p
2
þ 1;

1� p
2

� �

for r > 0;0 6 h 6 2p and p < 1.
Standard bivariate t distribution ([22], Chapter 1) has the joint

pdf specified by

f ðx; yÞ ¼ C a2 þ x2 þ y2
� ��mþ2

2

for �1 < x < þ1;�1 < y < þ1; a > 0 and m > 0, where C denotes
the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr a2 þ r2
� ��mþ2

2 ;

f RðrÞ ¼ 2pCr a2 þ r2
� ��mþ2

2 ;

fHðhÞ ¼
1
2p

and

E Rpð Þ ¼ pCap�mB
p
2
þ 1;

m� p
2

� �
for r > 0;0 6 h 6 2p and p < m.

Conditionally specified bivariate t distribution ([22], Eq.
(4.26)) has the joint pdf specified by

f ðx; yÞ ¼ C aþ bx2 þ by2 þ cx2y2
� ��mþ1

2

for �1 < x < þ1;�1 < y < þ1; a > 0; b > 0;�1 < c < þ1 and
m > 0, where C denotes the normalizing constant. For this
distribution,

f ðr; hÞ ¼ Cr aþ br2 þ c
4
r4 sin2ð2hÞ

h i�mþ1
2
;

f RðrÞ ¼ 2Cr aþ br2
� ��mþ1

2
X1
k¼0

� mþ1
2

k

� �
cr4

4 aþ br2
� �

2
4

3
5

k

B
1
2
; kþ 1

2

� �

and

fHðhÞ ¼
Cffiffiffi

c
p

mam=2 sinð2hÞj j 2F1
1
2
;
m
2
;
m
2
þ 1;1� b2

ac sin2ð2hÞ

 !
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for r > 0 and 0 6 h 6 2p.
Bivariate poly t distribution [12] has the joint pdf specified by

f ðx; yÞ ¼ C 1þ ax2 þ ay2
� ��lþ1

2 1þ bx2 þ by2
� ��mþ1

2

for �1 < x < þ1;�1 < y < þ1;a > 0;b > 0;l > 0 and m > 0,
where C denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr 1þ ar2
� ��lþ1

2 1þ br2
� ��mþ1

2 ;

f RðrÞ ¼ 2pCr 1þ ar2
� ��lþ1

2 1þ br2
� ��mþ1

2 ;

fHðhÞ ¼
1
2p

and

E Rpð Þ¼pb�p
2�1CB

p
2
þ1;

lþm�p
2

� �
2F1

lþ1
2

;
p
2
þ1;

lþm
2

þ1;1�a
b

� �

for r > 0;0 6 h 6 2p and p < lþ m.
Bivariate poly Cauchy distribution [12] has the joint pdf

specified by

f ðx; yÞ ¼ C 1þ ax2 þ ay2
� ��1

1þ bx2 þ by2
� ��1

for �1 < x < þ1;�1 < y < þ1;a > 0 and b > 0, where C denotes
the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr 1þ ar2
� ��1

1þ br2
� ��1

;

f RðrÞ ¼ 2pCr 1þ ar2
� ��1

1þ br2
� ��1

;

fHðhÞ ¼
1
2p

and

E Rpð Þ ¼ pb�p
2�1CB

p
2
þ 1;

2� p
2

� �
2F1 1;

p
2
þ 1;2;1� a

b

� �

for r > 0;0 6 h 6 2p and p < 2.
Bivariate heavy tailed distribution ([6], Eq. (9.22)) has the

joint pdf specified by

f ðx; yÞ ¼ C 1þ x2
� ��a

2 1þ y2
� ��b

2 1þ x2 þ y2
� ��c

2

for �1 < x < þ1;�1 < y < þ1;a > 0;b > 0 and c > 0, where C
denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr 1þ r2 sin2 h
� ��a

2
1þ r2 cos2 h
� ��b

2 1þ r2
� ��c

2;

f RðrÞ ¼ 2pCr 1þ r2
� ��cþb

2 F1
1
2
;
a
2
;
b
2
;1;�r2;

r2

1þ r2

� �

and

fHðhÞ ¼ C
Z 1

0
1þ 2y sin2 h
� ��a

2
1þ 2y cos2 h
� ��b

2 1þ 2yð Þ�c
2dy

for r > 0 and 0 6 h 6 2p.
Standard symmetric bivariate Laplace distribution ([21],

Eq. (5.1.2)) has the joint pdf specified by

f ðx; yÞ ¼ 1
p
K0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 x2 þ y2ð Þ

q� �

for �1 < x < þ1 and �1 < y < þ1. For this distribution,

f ðr; hÞ ¼ 1
p
rK0

ffiffiffi
2

p
r

� �
;

f RðrÞ ¼ 2rK0

ffiffiffi
2

p
r

� �
;

fHðhÞ ¼
1
2p

and

E Rpð Þ ¼ 2
p
2C2 p

2
þ 1

� �
for r > 0;0 6 h 6 2p and p > 0.

General symmetric bivariate Laplace distribution ([21],
Eq. (5.2.2)) has the joint pdf specified by

f ðx; yÞ ¼ C x2 þ y2
� �m

2Km

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 x2 þ y2ð Þ

q� �

for �1 < x < þ1;�1 < y < þ1 and m > 0, where C denotes the
normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr1þmKm
ffiffiffi
2

p
r

� �
;

f RðrÞ ¼ 2pCr1þmKm
ffiffiffi
2

p
r

� �
;

fHðhÞ ¼
1
2p

and

E Rpð Þ ¼ pC2
pþm
2 C 1þ mþ p

2

� �
C 1þ p

2

� �
for r > 0;0 6 h 6 2p and p > 0.

Asymmetric bivariate Laplace distribution ([21], Eq. (6.5.3))
has the joint pdf specified by

f ðx; yÞ ¼ C exp axþ byð Þ x2 þ y2
� �m

2Km c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� �
for �1 < x < þ1;�1 < y < þ1;a < 0;b < 0; c > 0 and m > 0,
where C denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr1þm exp ar sin hþ br cos hð ÞKm crð Þ;

f RðrÞ ¼ 2pCr1þmI0 r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q� �
Km crð Þ;

fHðhÞ ¼
ffiffiffiffi
p

p
Cð2cÞmCð2þ 2mÞ

C 5
2 þ m
� �

c� a sin h� b cos hð Þ2þ2m 2

� F1 2þ 2m;
1
2
þ m;

5
2
þ m;� cþ a sin hþ b cos h

c� a sin h� b cos h

� �

and

E Rpð Þ ¼ 2mþpþ1pCc�2�m�pC 1þ mþ p
2

� �
C 1þ p

2

� �
2

� F1 1þ mþ p
2
;1þ p

2
;1;

a2 þ b2

c2

 !

for r > 0;0 6 h 6 2p and p > 0.
Standard asymmetric bivariate Laplace distribution ([21],

page 302) has the joint pdf specified by

f ðx; yÞ ¼ C exp axþ byð ÞK0 c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� �
for �1 < x < þ1;�1 < y < þ1;a < 0; b < 0 and c > 0, where C
denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr exp ar sin hþ br cos hð ÞK0 crð Þ;

f RðrÞ ¼ 2pCrI0 r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q� �
K0 crð Þ;
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fHðhÞ ¼
4C

3 c� a sin h� b cos hð Þ2 2F1 2;
1
2
;
5
2
;� cþ a sin hþ b cos h

c� a sin h� b cos h

� �

and

E Rpð Þ ¼ 2pþ1pCc�2�pC2 1þ p
2

� �
2F1 1þ p

2
;1þ p

2
;1;

a2 þ b2

c2

 !

for r > 0;0 6 h 6 2p and p > 0.
Bivariate poly Laplace distribution [2] has the joint pdf

specified by

f ðx; yÞ ¼ C exp axþ byð Þ x2 þ y2
� �k

Kl c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� �
Km c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� �
for �1 < x < þ1;�1 < y < þ1;a > 0;b > 0; c > 0, k > 0;l > 0
and m > 0, where C denotes the normalizing constant. For this
distribution,

f ðr; hÞ ¼ Cr1þ2k exp ar sin hþ br cos hð ÞKl crð ÞKm crð Þ;

f RðrÞ ¼ 2pCr1þ2kI0 r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q� �
Kl crð ÞKm crð Þ;

fHðhÞ ¼ C
Z 1

0
r1þ2k exp ar sin hþ br cos hð ÞKl crð ÞKm crð Þdr

and

E Rpð Þ¼ 22kþppC
c2þ2kþpC 2þ2kþpð ÞC 1þkþpþlþm

2

� �
C 1þkþpþl�m

2

� �
�C 1þkþp�lþm

2

� �
C 1þkþp�l�m

2

� �
� 4F3 1þkþpþlþm

2
;1þkþpþl�m

2
;1þk

�
þp�lþm

2
;1þkþp�l�m

2
;1þk

þp
2
;1þkþpþ1

2
;1;

a2þb2

4c2

!

for r > 0;0 6 h 6 2p and p > 0.
Bivariate hyperbolic distribution ([6], Section 13.14) has the

joint pdf specified by

f ðx; yÞ ¼ C exp �a x2 þ y2
� �� bx� cy

	 

for �1 < x < þ1;�1 < y < þ1;a > 0;b > 0 and c > 0, where C
denotes the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr exp �ar2 � br sin h� cr cos h
� �

;

f RðrÞ ¼ 2pCr exp �ar2� �
I0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ c2

q� �
;

fHðhÞ ¼
C
2a

exp
ðb sin hþ c cos hÞ2

8a

" #
D�2

b sin hþ c cos hffiffiffiffiffiffi
2a

p
� �

and

E Rpð Þ ¼ pCa�p
2�1C

p
2
þ 1

� �
1F1

p
2
þ 1;1;

b2 þ c2

4a

 !

for r > 0;0 6 h 6 2p and p > 0.
Bivariate hyperbolic secant distribution ([6], Chapter 13) has

the joint pdf specified by

f ðx; yÞ ¼ 1
4

1þ cxyð Þsech px
2

� �
sech

py
2

� �
for �1 < x < þ1;�1 < y < þ1 and �1 < c < 1. For this
distribution,
f ðr; hÞ ¼ r
4

1þ c
2
r2 sin 2h

� �
sech

pr sin h
2

� �
sech

pr cos h
2

� �
;

f RðrÞ ¼
r
2

X1
i¼0

X1
j¼0

E2iE2jp2iþ2j

ð2iÞ!ð2jÞ!4iþj
B iþ 1

2
; jþ 1

2

� �
r2iþ2j;

fHðhÞ ¼ p�2
X1
i¼0

X1
j¼0

ð�1Þiþj iþ 1
2

� �
sin hþ jþ 1

2

� �
cos h

� ��2

� 1þ 3cp�2 sinð2hÞ iþ 1
2

� �
sin hþ jþ 1

2

� �
cos h

� ��2
( )

if sin h cos h P 0, and

fHðhÞ ¼ p�2
X1
i¼0

X1
j¼0

ð�1Þiþj iþ 1
2

� �
sin h� jþ 1

2

� �
cos h

� ��2

� 1þ 3cp�2 sinð2hÞ iþ 1
2

� �
sin h� jþ 1

2

� �
cos h

� ��2
( )

if sin h cos h < 0 for r > 0;0 6 h 6 2p and p > 0.
Conditionally specified bivariate Gumbel distribution ([6],

Section 12.13.1) has the joint pdf specified by

f ðx; yÞ ¼ C exp �x� y� expð�xÞ � expð�yÞ � h expð�x� yÞ½ �
for �1 < x < þ1;�1 < y < þ1 and 0 < h < 1, where C denotes
the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr exp �r sin h� r cos h� expð�r sin hÞ � expð�r cos hÞ½
�h expð�r sin h� r cos hÞ�;

f RðrÞ ¼ 2pCr
X1
i¼0

X1
j¼0

X1
k¼0

ð�1Þiþjþkhk

i!j!k!
I0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ iþ kÞ2 þ ð1þ jþ kÞ2

q� �

and

fHðhÞ ¼ C
X1
i¼0

X1
j¼0

X1
k¼0

ð�1Þiþjþkhk

i!j!k!
ð1þ iþ kÞ sin hþ ð1þ jþ kÞ cos h½ ��2

for r > 0 and 0 6 h 6 2p.
Bivariate logistic distribution ([6], Section 2.3.1) has the joint

pdf specified by

f ðx; yÞ ¼ 2exp �ax� byð Þ 1þ expð�axÞ þ expð�byÞ½ ��3

for �1 < x < þ1;�1 < y < þ1;a > 0 and b > 0. For this
distribution,

f ðr;hÞ¼2rexp �arsinh�brcoshð Þ 1þexpð�arsinhÞþexpð�brcoshÞ½ ��3
;

f RðrÞ ¼ 4pr
X1
k¼0

Xk
‘¼0

�3
k

� �
k
‘

� �
I0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ð‘þ 1Þ2 þ b2ðk� ‘þ 1Þ2

q� �

and

fHðhÞ ¼ 2
X1
k¼0

Xk
‘¼0

�3
k

� �
k
‘

� �
ð1þ ‘Þa sin hþ ð1þ k� ‘Þb cos h½ ��2

for r > 0 and 0 6 h 6 2p.
Bivariate Gumbel type distribution ([6], Eq. (13.27)) has the

joint pdf specified by

f ðx; yÞ ¼ C exp �a x2 þ y2
� �� b exp �a x2 þ y2

� �	 
� �
for �1 < x < þ1;�1 < y < þ1; a > 0 and b > 0, where C denotes
the normalizing constant. For this distribution,

f ðr; hÞ ¼ Cr exp �ar2 � b exp �ar2
� �� �

;
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f RðrÞ ¼ 2pCr exp �ar2 � b exp �ar2
� �� �

;

fHðhÞ ¼
1
2p

;

E Rpð Þ ¼ pC
að�aÞp=2

@

@a

� �p=2

b�a�1cðaþ 1; bÞ
h i�����

a¼0

if p is even, and

E Rpð Þ ¼ pC
að�aÞp=2

@

@a

� �ðp�1Þ=2 Z 1

0

ffiffiffiffiffiffiffiffiffiffi
log t

p
ta expð�btÞdt

� ������
a¼0

if p is odd, where r > 0 and 0 6 h 6 2p.
Bivariate skew elliptical distribution ([3], Section 10) has the

joint pdf specified by

f ðx; yÞ ¼ Cgðx; yÞH aþ bxþ cyð Þ
for �1 < x < þ1;�1 < y < þ1;�1 < a < þ1;�1 < b < þ1
and �1 < c < þ1, where C denotes the normalizing constant, g
denotes a valid joint pdf and H denotes a valid univariate cdf. For
this distribution,

f ðr; hÞ ¼ Crgðr sin h; r cos hÞH aþ br sin hþ cr cos hð Þ;

f RðrÞ ¼ Cr
Z 2p

0
g r sin h; r cos hð ÞH aþ br sin hþ cr cos hð Þdh

and

fHðhÞ ¼ C
Z 1

0
rg r sin h; r cos hð ÞH aþ br sin hþ cr cos hð Þdr

for r > 0 and 0 6 h 6 2p.
Bivariate Sarmanov distribution [31] has the joint pdf

specified by

f ðx; yÞ ¼ g1ðxÞg2ðyÞ 1þ ah1ðxÞh2ðyÞf g
for �1 < x < þ1;�1 < y < þ1 and �1 6 a 6 1, where g1; g2 are
valid probability density functions and h1; h2 are bounded
nonconstant functions such thatZ þ1

�1
h1ðxÞg1ðxÞdx ¼ 0;

Z þ1

�1
h2ðyÞg2ðyÞdy ¼ 0:

For this distribution,

f ðr; hÞ ¼ rg1 r sin hð Þg2 r cos hð Þ 1þ ah1 r sin hð Þh2 r cos hð Þf g;

f RðrÞ ¼ r
Z 2p

0
g1 r sin hð Þg2 r cos hð Þ 1þ ah1 r sin hð Þh2 r cos hð Þf gdh

and

fHðhÞ ¼
Z 1

0
rg1 r sin hð Þg2 r cos hð Þ 1þ ah1 r sin hð Þh2 r cos hð Þf gdr

for r > 0 and 0 6 h 6 2p.
Bivariate Farlie-Gumbel-Morgenstern distribution [15,18,27]

has the joint pdf specified by

f ðx; yÞ ¼ g1ðxÞg2ðyÞ 1þ a 1� 2G1ðxÞ½ � 1� 2G2ðyÞ½ �f g
for �1 < x < þ1;�1 < y < þ1 and �1 6 a 6 1, where g1; g2 are
valid probability density functions and G1;G2 are the corresponding
cumulative distribution functions. For this distribution,

f ðr;hÞ¼ rg1 rsinhð Þg2 rcoshð Þ 1þa 1�2G1 rsinhð Þ½ � 1�2G2 rcoshð Þ½ �f g;

f RðrÞ¼ r
Z 2p

0
g1 rsinhð Þg2 rcoshð Þ 1þa 1�2G1 rsinhð Þ½ � 1�2G2 rcoshð Þ½ �f gdh
and

fHðhÞ¼
Z 1

0
rg1 rsinhð Þg2 rcoshð Þ 1þa 1�2G1 rsinhð Þ½ �½1�2G2 rcoshð Þ�f gdr

for r > 0 and 0 6 h 6 2p.
4. Simulation

Simulation of R and H from the stated bivariate distributions is
simple given there are algorithms for simulating ðX; YÞ:

� simulate ðX;YÞ from the stated pdf f ðx; yÞ;
� set R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p
;

� set H ¼ arctan Y=Xð Þ.

Algorithms for simulating from each of the stated bivariate dis-
tributions are available in the literature. For example, a random
vector ðX;YÞ having the bivariate normal distribution with means

lx;ly

� �
, variances r2

x ;r2
y

� �
and correlation coefficient q can be

simulated as

� simulate Z1 and Z2 independently from a standard normal
distribution;

� set X ¼ 1� q2
� �

rxZ1 þ qrxZ2 þ lx;
� set Y ¼ ryZ2 þ ly.

Similarly, a random vector ðX;YÞ having the bivariate t distribu-

tion with means lx;ly

� �
, scale parameters r2

x ;r2
y

� �
, correlation

coefficient q and degree of freedom m can be simulated as

� simulate Z1 and Z2 independently from a standard normal
distribution;

� set P ¼ 1� q2
� �

rxZ1 þ qrxZ2;
� set Q ¼ ryZ2;
� simulate U independently from a chisquare distribution with
degree of freedom m;

� set X ¼ lx þ P
ffiffiffim
U

p
;

� set Y ¼ ly þ Q
ffiffiffim
U

p
.
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