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This paper proposes a new conditional kernel CCA (canonical correlation analysis) 
algorithm and exploits statistical consistency of it via modified Tikhonov regulariza-
tion scheme, which is a continuous study of [11]. A new measure which characterizes 
consistency of learning ability is discussed based on the notion of distance between 
feature subspaces. The consistency analysis is conducted under the assumptions 
of normalized cross-covariance operators, which is mild and can be constructed by 
means of mean square contingency. Meantime, the relationship between this new 
measure and previous consistency scheme is investigated. Furthermore, we study 
conditional kernel CCA in a more general scenario by means of the trace operator.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Data dependence analysis is one of the main concerns of statistical inference. Proposed by Hotelling [17],
canonical correlation analysis (CCA) is a powerful method of multivariate data analysis, which aims at 
seeking a pair of linear transformations associated with the two sets of variables such that the projected 
variables are maximally correlated. The optimal pair of linear transformations can be solved by a generalized 
eigenvalue problem [2]. Due to linearity, CCA cannot capture nonlinear relations. Hence, kernelization of 
CCA (kernel CCA) was introduced [1,12]. A pattern function in a Euclidean space was defined to study 
convergence analysis of kernel CCA via Rademacher complexity [15], while statistical consistency of it 
was investigated under a decay condition of regularization parameters [10]. Cai and Sun [4] conducted 
convergence rates of it under AC condition. Currently, kernel CCA has been widely used in many fields of 
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science and technology, including: biology and neurology [14,22], bioinformatics [23], image retrieval [13], 
cross-language text retrieval [24], etc.

The notion of conditional correlation arises from the problems of, e.g., chaotic time series, graphical 
modeling of medical data [11] and causal learning [21]. Causal learning detects the causal structure of the 
events. Causal knowledge and beliefs play a significant role in much of our everyday cognition. A lot of 
theoretical analysis has been done to explain human causal learning. Thus, usually we need to consider the 
dependence between X and Y given another variable Z. This is essentially different from kernel CCA, which 
only focuses on describing the relations between two variables. Fukumizu et al. [11] proposed a new measure 
of conditional dependence based on the normalized conditional cross-covariance operators. However, to the 
best of our knowledge, no literature gives a systematic study about the model, convergence analysis and 
geometry structure of conditional kernel CCA, which involves three variables. Hence it is more complicated. 
This paper extends their work (Theorem 5) and aims at providing a suitable measure to characterize the 
consistency of estimated functions from i.i.d. sample to their population counterparts when they are not 
unique. Furthermore, the convergence rates of empirical normalized conditional cross-covariance operator 
(NCCCO) to the NCCCO are also addressed in the sense of Hilbert–Schmidt norm under mild conditions, 
which is the extension of Theorem 5 in [11]. Meantime, we generalize conditional kernel CCA to multiple 
setting by means of the trace operator, and the conclusion stated in Theorem 3 can be viewed as an extension 
of Theorem 3.1 in [5].

The rest of the paper is organized as follows. In Section 2, we give a brief review of kernel CCA problem 
and introduce a new notion of conditional kernel CCA. The key analysis and main results will also be 
investigated. Section 3 devotes to the extension of multiple conditional kernel CCA. Proof of main results 
goes to Section 4. Finally, some concluding remarks are given in Section 5.

2. Theoretical background and main results

In this section, we make a new and systematic study on conditional kernel CCA, and develop a new 
appropriate consistency analysis elaborately. Let us first review the kernel CCA problem.

2.1. Brief review of kernel CCA

Define the norm of a bounded linear operator A from a Banach space (H1, ‖ · ‖H1) to another Banach 
space (H2, ‖ ·‖H2) as ‖A‖ = sup‖f‖H1=1‖Af‖H2 . The null space and the range of an operator A are denoted 
by N (A) and R(A) respectively, where N (A) = {f ∈ H1|Af = 0} and R(A) = {Af ∈ H2|f ∈ H1}.

Throughout the paper, (X , BX ), (Y, BY) and (Z, BZ) are measurable spaces. (HX , kX ), (HY , kY) and 
(HZ , kZ) are RKHSs (see [7,8] and the references therein) of real-valued functions on X , Y and Z respec-
tively, endowed with measurable positive semi-definite kernels kX , kY and kZ , respectively. We assume that 
they satisfy

κ1 = sup
X∈X

|kX (X,X)| < ∞, κ2 = sup
Y ∈Y

|kY(Y, Y )| < ∞ and κ3 = sup
Z∈Z

|kZ(Z,Z)| < ∞. (2.1)

Given two random variables X and Y , kernel CCA aims at providing nonlinear mappings f(X) and g(Y )
such that their correlation is maximized, where f �= 0 and g �= 0 belongs to HX and HY , respectively. That 
is [10]:

max Cov[f(X), g(Y )]
1/2 1/2 . (2.2)
f∈HX ,g∈HY Var[f(X)] Var[g(Y )]
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Kernel CCA problem can be well-formulated using cross-covariance operators [3,10].

〈g,ΣY Xf〉HY = Cov[f(X), g(Y )] = EXY

[
〈f, kX (·, X) −mX〉HX 〈kY(·, Y ) −mY , g〉HY

]
, ∀f ∈ HX , g ∈ HY ,

where the mean element mX ∈ HX (similarly for mY ) with respect to X is defined as

〈f,mX〉HX = EX [f(X)] = EX [〈f, kX (·, X)〉HX ], ∀f ∈ HX .

Cross-covariance operators are introduced on RKHSs (reproducing kernel Hilbert spaces) where the theory 
is much simpler while they are generally defined for random variables in Banach spaces [3]. Therefore

mX = EX [kX (·, X)], ΣY X = EXY [(kX (·, X) −mX) ⊗ (kY(·, Y ) −mY )].

It is easy to see that ΣYX = Σ∗
XY , where A∗ denotes the adjoint of an operator A. If Y = X, ΣXX is 

called the covariance operator, which is self-adjoint and positive. Hence, (2.2) can be reformulated as

max
f∈HX ,g∈HY

〈g,ΣY Xf〉√
〈g,ΣY Y g〉

√
〈f,ΣXXf〉

. (2.3)

This yields the following conclusion immediately. The proof is simple and obvious, we will omit it here.

Proposition 1. (1) For any f, g ∈ HX , there holds

〈ΣXXf, g〉HX = E[(f(X)g(X))] − E[f(X)]E[g(X)];

(2) For any g ∈ HY , assume EY |X [g(Y )|X = ·] ∈ HX and kX (X, X), kY(Y, Y ) satisfy Eq. (2.1), then 
there holds

ΣXXEY |X [g(Y )|X = ·] = ΣXY g.

Remark 1. In essence, EY |X [g(Y )|X = ·] ∈ HX can be satisfied as shown in Proposition 4, [9] without 
any reference to a specific g. The assumption for conclusion (2) in Proposition 1 could be relaxed to 
EX [kX (X, X)] < ∞ and EY [kY(Y, Y )] < ∞.

Employing the ideas of cross-covariance operators, a comprehensive description about conditional kernel 
CCA will be presented in the next section.

2.2. Conditional kernel CCA algorithm

In this paper, our purpose is to analyze the effect of variable Z to the dependence between X and Y . We 
define our conditional kernel CCA algorithm as

max
f∈HX ,g∈HY

EZ [CovXY |Z [f(X), g(Y )]|Z]
Var[f(X)]1/2Var[g(Y )]1/2

, (2.4)

which are motivated from the expression forms of kernel CCA in [10] and the theory of conditional cross-
covariance operator in [9]. Theoretical consistency about this algorithm will be given in the sequel. The 
reason why we did not consider conditional variances in the denominator, viz, Var[f(X)|Z] and Var[g(Y )|Z]
will also be explained from the operator viewpoint. A one-step analysis shows that
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〈g,ΣY X|Zf〉HY = EZ [CovXY |Z [f(X), g(Y )]|Z]

= EZ

[
EXY [f(X)g(Y )|Z] − EX|Z(f(X)|Z)EY |Z(g(Y )|Z)

]
= EXY [f(X)g(Y )] − EZ

(
[EX|Z(f(X)|Z)][EY |Z(g(Y )|Z)]

)
= 〈g,ΣY Xf〉HY − 〈ΣZZEX|Z(f(X)|Z),EY |Z(g(Y )|Z)〉HZ .

Applying Proposition 1, we get

〈g,ΣY X|Zf〉HY = 〈g,ΣY Xf〉HY − 〈ΣZXf,EY |Z(g(Y )|Z)〉HZ

= 〈g,ΣY Xf〉HY − 〈Σ−1
ZZΣZXf,ΣZY g〉HZ

= 〈g, (ΣY X − ΣY ZΣ−1
ZZΣZX)f〉HY .

The operator ΣZZ is typically not invertible, in which scenario, one can use the right inverse of ΣZZ on 
(N (ΣZZ))⊥ to replace Σ−1

ZZ as it did in [9]. Alternatively, one may represent ΣY X as Σ1/2
Y Y VY XΣ1/2

XX , 
where VY X : HX → HY is a unique bounded operator such that ‖VYX‖ ≤ 1, and VY X = QY VY XQX

(Theorem 1, [3]), here QX , QY are the orthogonal projections that map HX onto R(ΣXX) and HY onto 
R(ΣY Y ), respectively. It is called normalized cross-covariance operator (NOCCO). Similar properties hold 
for ΣY Z and ΣZX . Thus

ΣY X|Z = Σ1/2
Y Y (VY X − VY ZVZX)Σ1/2

XX .

Denote VY X|Z = VY X − VY ZVZX , then

ΣY X|Z = Σ1/2
Y Y VY X|ZΣ1/2

XX .

If we rewrite (2.4) as

max
f∈HX ,g∈HY

〈g,ΣY X|Zf〉√
〈g,ΣY Y g〉

√
〈f,ΣXXf〉

,

and let f̃ = Σ1/2
XXf , g̃ = Σ1/2

Y Y g, the above expression can be reformulated as

max
‖f̃‖HX =1,‖g̃‖HY =1

〈g̃,VY X|Z f̃〉.

Recall in the theoretical analysis of kernel CCA, namely (2.3) which is equivalent to

max
‖f̃‖HX =1,‖g̃‖HY =1

〈g̃,VY X f̃〉.

Therefore, our model (2.4) was motivated by replacing VYX with VY X|Z . One advantage of this approach is 
that conditional variances are circumvented and conditional dependence information is included in VYX|Z . 
Hence algorithm (2.4) is meaningful from the operator viewpoint.

Given an i.i.d. sample (X1, Y1, Z1), · · · , (Xm, Ym, Zm) drawn from an unknown probability distribution ρ, 
classical methods aim at providing efficient estimates for algorithm (2.4) based on a finite sample. Recall [10]

〈g, Σ̂(m)
Y Xf〉 = 1

m

m∑
i=1

〈
f, kX (·, Xi) −

1
m

m∑
t=1

kX (·, Xt)
〉

HX

〈
kY(·, Yi) −

1
m

m∑
s=1

kY(·, Ys), g
〉

HY

= Ĉov[f(X), g(Y )].
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Therefore

Σ̂(m)
Y X = 1

m

m∑
i=1

(
kY(·, Yi) −

1
m

m∑
s=1

kY(·, Ys)
)
⊗

(
kX (·, Xi) −

1
m

m∑
t=1

kX (·, Xt)
)
.

Obviously, Σ̂(m)
Y X is a finite rank operator. ERM scheme with Tikhonov regularization yields an empirical 

estimate of (2.4). But here we consider a slightly different one:

max
f∈HX ,g∈HY

Êεm [ĈovXY |Z [f(X), g(Y )]|Z]
(V̂ar[f(X)] + εm‖f‖2

HX
)1/2(V̂ar[g(Y )] + εm‖g‖2

HY
)1/2

, (2.5)

where εm > 0 is the regularization coefficient, V̂ar(f(X)) = 1
m

∑m
i=1(f(Xi) − 1

m

∑m
t=1 f(Xt))2 (V̂ar(g(Y ))

similarly), and

Êεm [ĈovXY |Z [f(X), g(Y )]|Z] = 〈g, Σ̂(m)
Y X|Zf〉 = 〈g, Σ̂(m)

Y Xf〉 − 〈g, Σ̂(m)
Y Z (Σ̂(m)

ZZ + εmI)−1Σ̂(m)
ZXf〉.

The operator Σ̂(m)
ZZ is not invertible, therefore modified Tikhonov regularization scheme was used to per-

form the approximation. That is, we use regularization terms not only in the denominator but also in the 
numerator, and we replace (Σ̂(m)

ZZ )−1 with (Σ̂(m)
ZZ + εmI)−1. The regularization terms make the problem 

well-formulated in order to avoid trivial learning [15]. Recall

V̂(m)
Y X = (Σ̂(m)

Y Y + εmI)−1/2Σ̂(m)
Y X(Σ̂(m)

XX + εmI)−1/2.

Define V̂(m)
YX|Z = V̂(m)

Y X − V̂(m)
Y Z V̂(m)

ZX (empirical NCCCO), then V̂(m)
YX|Z is a good approximation of VYX|Z . 

Direct calculation yields that

V̂(m)
Y X|Z = (Σ̂(m)

Y Y + εmI)−1/2Σ̂(m)
Y X|Z(Σ̂(m)

XX + εmI)−1/2.

The solution of (2.5) can be expressed using the idea of Gram matrices. Let ui ∈ HX , vi ∈ HY and 
wi ∈ HZ be functions defined by ui = kX (·, Xi) − 1

m

∑m
t=1 kX (·, Xt), vi = kY(·, Yi) − 1

m

∑m
t=1 kY(·, Yt), ωi =

kZ(·, Zi) − 1
m

∑m
t=1 kZ(·, Zt), and GX , GY , GZ are centered Gram matrices, such that (GX)i,j = 〈ui, uj〉HX , 

(GY )i,j = 〈vi, vj〉HY , (GZ)i,j = 〈ωi, ωj〉HZ . Intuitively, employing the methods that discussed for (2.4), we 
can reformulate (2.5) as

max
f∈HX ,g∈HY

〈g, Σ̂(m)
Y X|Zf〉√

〈g, (Σ̂(m)
Y Y + εmI)g〉

√
〈f, (Σ̂(m)

XX + εmI)f〉
,

= max
‖φ‖HX =‖ψ‖HY =1

〈ψ, V̂(m)
Y X|Zφ〉

= max
‖φ‖HX =‖ψ‖HY =1

〈ψ, (Σ̂(m)
Y Y + εmI)−1/2[Σ̂(m)

Y X − Σ̂(m)
Y Z (Σ̂(m)

ZZ + εmI)−1Σ̂(m)
ZX

]
(Σ̂(m)

XX + εmI)−1/2φ〉.

Cause R(Σ̂(m)
XX), R(Σ̂(m)

Y Y ), R(Σ̂(m)
ZZ ) are spanned by (ui)mi=1, (vi)mi=1 and (ωi)mi=1, respectively, then the unit 

eigenfunction pair (φ̂, ψ̂) of V̂(m)
Y X|Z corresponding to the largest singular value can be given by a linear 

combination of ui and vi. Let φ̂ =
∑m

i=1 α̂iui, ψ̂ =
∑m

i=1 β̂ivi. Recall

Σ̂(m)
Y X = 1

m

m∑(
kY(·, Yi) −

1
m

m∑
kY(·, Ys)

)
⊗

(
kX (·, Xi) −

1
m

m∑
kX (·, Xt)

)
= 1

m

m∑
vi ⊗ ui,
i=1 s=1 t=1 i=1
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hence Σ̂(m)
Y Xuj = 1

m

∑m
i=1(GX)ijvi. Moreover, 〈ψ, Σ̂(m)

Y Xφ〉 = 〈β, 1
mGY GXα〉 for all φ =

∑m
i=1 αiui, ψ =∑m

i=1 βivi. Similar expressions hold for Σ̂(m)
Y Z , Σ̂(m)

ZX and Σ̂(m)
ZZ . Therefore [10],

〈ψ, (Σ̂(m)
Y Y + εmI)−1/2Σ̂(m)

Y X(Σ̂(m)
XX + εmI)−1/2φ〉 = 〈β, (GY + mεmI)−1/2GY GX(GX + mεmI)−1/2α〉.

Applying the conclusion in [9], we can get a similar result

〈ψ, (Σ̂(m)
Y Y + εmI)−1/2Σ̂(m)

Y Z (Σ̂(m)
ZZ + εmI)−1Σ̂(m)

ZX (Σ̂(m)
XX + εmI)−1/2φ〉

= 〈β, (GY + mεmI)−1/2GY GZ(GZ + mεmI)−1GZGX(GX + mεmI)−1/2α〉.

The coefficients α̂, β̂ therefore should satisfy

max
α,β∈Rm

αTGXα=βTGY β=1

〈β, (GY + mεmI)−1/2G̃XY Z(GX + mεmI)−1/2α〉,

where G̃XY Z = GY GX − GY GZ(GZ + mεmI)−1GZGX . By the theory introduced in [2], we can see that 
the solution of (2.5) can be expressed as

f̂ = (Σ̂(m)
XX + εmI)−1/2φ̂ =

m∑
i=1

θ̂iui, ĝ = (Σ̂(m)
Y Y + εmI)−1/2ψ̂ =

m∑
i=1

ι̂ivi.

Simple calculations lead to

θ̂ =
√
m(GX + mεmI)−1/2α̂, ι̂ =

√
m(GY + mεmI)−1/2β̂,

where θ̂, ι̂ are the solutions of

max
θ,ι∈Rm

θT (G2
X+mεmGX)θ=ιT (G2

Y +mεmGY )ι=m

ιT G̃XY Zθ.

Also note that we can use different regularization parameters for algorithm (2.5), but here we consider a 
simpler one.

The Hilbert–Schmidt norm of empirical NCCCO V̂(m)
YX|Z and NCCCO VY X|Z encodes the dependence 

structure of random variables X and Y given Z. Ref. [11] states the convergence of 
∥∥V̂(m)

Y X|Z−VY X|Z
∥∥

HS, but 
the convergence rates of it remain open and will be elucidated under mild conditions. Another contribution 
of this paper is that a new consistency measure is proposed for the multidimensional feature learning (the
unit eigenfunctions corresponding to the largest singular value of VYX|Z are not unique), which generalizes 
the classic consistency measure involving variance. Furthermore, key analysis extends to a more general case 
(multiple setting).

2.3. Consistency analysis

Let (ηi, ξi), i ∈ N be the unit eigenfunction pairs of VYX|Z , and

VY X|Z =
∞∑
i=1

σiηi ⊗ ξi,

where the singular values σi, i ∈ N are arranged in nonincreasing order, ξi, ηi (i ∈ N) are the orthonormal 
systems of HX and HY , respectively, and
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σ1 = 〈ηi,VY X|Zξi〉HY = max
f∈HX ,g∈HY

||f ||HX =||g||HY =1

〈g,VY X|Zf〉HY (i = 1, · · · , l),

where σ1 is the largest singular value of VYX|Z . Similarly, in the empirical case, let ξ̂i, i = 1, · · · , ̄r (η̂i, 
similarly) be the unit orthonormal eigenfunctions of the finite rank operator V̂(m)

YX|Z , where the corresponding 
singular values σ̂i, i = 1, · · · , ̄r are arranged in nonincreasing order. Our purpose is to learn f , g, hence we 
can take the estimators as follows

ĝ = (Σ̂(m)
Y Y + εmI)−1/2η̂1, f̂ = (Σ̂(m)

XX + εmI)−1/2ξ̂1. (2.6)

In our setting, we focus on the case that σ1 with multiplicity, i.e., σ1 = σ2 = · · · = σl > σl+1, l ∈ N, l ≥ 1. 
The target function is in the subspace S1 = span{ξi}li=1. Analogous discussion holds for ηi (i = 1, · · · , l). This 
leads to additional difficulty in the theoretical analysis, and makes it challenging to establish appropriate 
measure to characterize the statistical consistency. It is meaningless to consider the convergence of∥∥Σ1/2

XX(f̂ − f)
∥∥
HX

,
∥∥Σ1/2

Y Y (ĝ − g)
∥∥
HY

,

as the traditional way in [4] and [10], because the solutions (g, f) and (ĝ, f̂) are not unique. A natural 
approach is to consider the distance between feature subspaces spanned by the corresponding eigenfunctions. 
That is d(S1, S2) =

√
l −

∑l
i=1

∑l
j=1〈ξi, ξ̂j〉2, where S2 = span{ξ̂j}lj=1.

This measure is motivated from the one that introduced in the community of document retrieval anal-
ysis. It is well known that semantic space models provide a numerical representation of words’ meaning 
extracted from corpus of documents. Semantic association between words in a semantic space is crucial. 
When considering semantic space as a subspace of a more general Hilbert space, the relationship between 
semantic spaces are captured by means of subspace distance [25]. If we consider eigenfunctions of VYX|Z

and V̂(m)
Y X|Z as different word vectors from different corpus of documents, we therefore can use this measure 

to characterize the consistency of conditional kernel CCA. Our purpose is to learn the l unit eigenfunc-
tions ξi (i = 1, · · · , l). So we define S2 to be the span of l unit eigenfunctions ξ̂j (j = 1, · · · , l). Note 
that ξ̂j (j = 1, · · · , l) may corresponding to the second or third largest singular values of V̂(m)

Y X|Z . In 
fact, let P be a projector operator, PS1 and PS2 are the projection onto S1 and S2, respectively. We 
have

d(S1, S2) =

√√√√l −
l∑

i=1

l∑
j=1

〈ξi, ξ̂j〉2 =
√
l − trace(PS1PS2).

Hence the proposed distance measure is the generalization of the measure for one-dimensional set-
ting (see below in Remark 4). Therefore the distance comparison between different spaces (especially 
for semantic spaces) will give insights to a better understanding about the geometry structure of fea-
ture subspaces for conditional kernel CCA. Main results concerning d(S1, S2) will be given in the se-
quel.

Let {λs}∞s=1, {μs}∞s=1, {νs}∞s=1 be the set of nonzero eigenvalues of ΣXX , ΣY Y and ΣZZ respectively, 
satisfying λ1 ≥ λ2 ≥ . . . > 0, μ1 ≥ μ2 ≥ . . . > 0 and ν1 ≥ ν2 ≥ . . . > 0. {φs}s≥1, {ψs}s≥1 and {ϕs}s≥1 are 
the corresponding unit eigenfunctions respectively. Then ΣXX =

∑∞
s=1 λsφs ⊗ φs, ΣY Y =

∑∞
s=1 μsψs ⊗ ψs

and ΣZZ =
∑∞

s=1 νsϕs ⊗ ϕs.
The following assumption establishes some connections between the normalized cross-covariance oper-

ators (NOCCOs) and the eigenvalues of covariance operators. It plays significant role in the theoretical 
analysis.



J. Cai, H. Sun / Appl. Comput. Harmon. Anal. 41 (2016) 692–712 699
Approximation Assumption (AA): Suppose that there exist r, q, t > 0 satisfying

M1 � max
{( ∞∑

s=1

‖VY Xφs‖2
HY

λ2r
s

)1/2
,
( ∞∑

s=1

‖VXY ψs‖2
HX

μ2r
s

)1/2
}

< ∞,

M2 � max
{( ∞∑

s=1

‖VY Zϕs‖2
HY

ν2q
s

)1/2
,
( ∞∑

s=1

‖VZY ψs‖2
HZ

μ2q
s

)1/2
}

< ∞,

M3 � max
{( ∞∑

s=1

‖VZXφs‖2
HZ

λ2t
s

)1/2
,
( ∞∑

s=1

‖VXZϕs‖2
HX

ν2t
s

)1/2
}

< ∞.

Remark 2. Firstly, we give some explanations about AA. The first condition involves M1 was used to achieve 
a convergence rate of ‖V̂(m)

YX − VY X‖, the others are similar. Let us give a detailed explanation about M1. 
The first assumption condition is equivalent to that there exist operators W1, W2 ∈ HS(HX → HY) such 
that VY X = W1Σr

XX and VXY = Σr
Y Y W2, where HS(HX → HY) means Hilbert–Schmidt operator from 

HX → HY . Σr
XX , Σr

Y Y are the r-th power of ΣXX and ΣY Y , respectively, take form Σr
XX =

∑∞
s=1 λ

r
iφs⊗φs, 

Σr
Y Y =

∑∞
s=1 μ

r
iψs ⊗ ψs. It can be rewritten as VYX ∈ HS(HX → HY)Σr

XX and VXY ∈ Σr
Y Y HS(HX →

HY). It also means VY XΣ−r
XX and Σ−r

Y Y VXY are both Hilbert–Schmidt operators, which are a little bit 
stronger conditions than the ones proposed in [11]. But these conditions are mild and motivated from the 
discussions made in the community of learning theory. In the theoretical analysis of learning algorithms 
generated by regularization schemes, where approximation assumption fρ ∈ Lθ

K(L2
ρX

) is often considered 
(see [7,18,19] and the references therein). The index θ (θ > 0) characterizes the decay of the approximation 
error. The other conditions are analogous. Here r, q, t play the same role as θ. In order to derive convergence 
rates, AA are imposed on VYX , VY Z and VZX . In the sequel, one would see that these conditions are mild 
and can be constructed by means of mean square contingency.

Before proceeding to the details of AA, let us state the convergence rates of empirical NCCCO V̂(m)
YX|Z

to VY X|Z .

Theorem 1. Assume that the compact operators VYX , VY Z , VZX satisfy AA. Take εm = m−θ with 0 <
θ < 1

3 . For any 0 < δ < 1, with confidence at least 1 − δ, we have∥∥V̂(m)
Y X|Z − VY X|Z

∥∥
HS ≤ C̃m−ϑ log(54/δ),

where ϑ = min{1
2 − 3

2θ, θ, rθ, qθ, tθ}, C̃ is some constant independent of m or δ and will be presented 
explicitly in the next section.

Remark 3. Here we extend the conclusion of [11] and address the convergence rates under decay conditions 
on VY X , VY Z and VZX .

In fact, the conditions imposed on VYX , VY Z and VZX are mild. One can construct Hilbert–Schmidt 
operators VYX , VY Z , VXZ by means of mean square contingency which is closely related with mutual 
information [10]. Taking VYX as an example, assume (X , BX ) and (Y, BY) admit measures μX and μY , 
respectively. ρ(x, y) is absolutely continuous w.r.t μX × μY with a probability density function pXY (x, y). 
Let pX(x), pY (y) be the probability density functions of the marginal distributions ρX , ρY , respectively. 
Let �(x, y) = pXY (x,y)

pX(x)pY (y) − 1 be a function defined on X × Y. The mean square contingency C(X, Y ) is 
defined by C(X, Y ) = {

∫ ∫
�2(x, y)dρX(x)dρY (y)}1/2. We will see that if C(X, Y ) is finite, then VY X

is Hilbert–Schmidt. Although the detailed proof was given in [10], we provide a sketched description for 
the reader’s convenience. Let {φi}∞i=1 and {ψi}∞i=1 be the complete orthonormal systems of HX and HY
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respectively, such that 〈φj , ΣXXφi〉 = λiδij , 〈ψj , ΣY Y ψi〉 = μiδij , λi, μi are nonnegative eigenvalues of 
ΣXX and ΣY Y , respectively. δij is Kronecker’s delta, therefore

‖VY X‖2
HS =

∞∑
i,j=1

〈ψj ,Σ−1/2
Y Y ΣY XΣ−1/2

XX φi〉2HY

=
∞∑

i,j=1
〈 ψj√

μj
,ΣY X

φi√
λi

〉2HY

=
∞∑

i,j=1

{
EXY [φ̃i(X)ψ̃j(Y )]

}2

=
∞∑

i,j=1

{∫ ∫
φ̃i(X)ψ̃j(Y ) pXY (x, y)

pX(x)pY (y)dρXdρY

}2

≤ ‖� + 1‖2
L2(ρX×ρY ),

where φ̃i = (φi − EX [φi(X)])/
√
λi, ψ̃i = (ψi − EY [ψi(Y )])/√μi. Simple calculation gives that

C2(x, y) =
∫ ∫ ( pXY (x, y)

pX(x)pY (y) − 1
)2

dρX(x)dρY (y) =
∫ ∫

p2
XY (x, y)

pX(x)pY (y)dμXdμY − 1 = EXY [�(x, y)].

Hence VYX is a Hilbert–Schmidt operator under the finiteness of mean square contingency C(x, y). Similar 
argument can be elucidated for VY Z and VZX . Now we are in a position to state the result concerning the 
consistency of conditional kernel CCA. Recall d2(S1, S2) = l −

∑l
i=1

∑l
j=1〈ξi, ξ̂j〉2, then we can see

Theorem 2. Assume that the compact operators VYX , VY Z , VZX satisfy AA. Take εm = m−θ with 0 <
θ < 1

3 . For any 0 < δ < 1, with confidence at least 1 − δ, we have

d(S1, S2) ≤ C̃ ′m−ϑ
2 log(54/δ),

provided that m satisfies

m >
(

max
{16C̃

τ
,
8C̃
σ2

1

}
log(54/δ)

)1/ϑ
.

Here C̃ ′ is a constant depends on r, σ1 and independent of m or δ. ϑ is defined the same as that in 
Theorem 1, τ is a lower bound between σ1 and σl+1 (the second largest singular value of VYX|Z).

Remark 4. Here we propose a new measure to describe the consistency for multidimensional conditional 
kernel CCA problem. When m → ∞, d(S1, S2) → 0. In fact, our consistency measure is the generalization 
of the one described in [10]. That is, 

∥∥Σ1/2
XX(f̂ − f)

∥∥
HX

. Note that

‖Σ1/2
XX(f̂ − f)‖HX ≤ ‖Σ1/2

XX

{
(Σ̂(m)

XX + εmI)−1/2 − (ΣXX + εmI)−1/2}ξ̂‖HX

+ ‖Σ1/2
XX(ΣXX + εmI)−1/2(ξ̂ − ξ)‖HX + ‖Σ1/2

XX(ΣXX + εmI)−1/2ξ − ξ‖HX

≤ ‖Σ1/2
XX

{
(Σ̂(m)

XX + εmI)−1/2 − (ΣXX + εmI)−1/2}ξ̂‖HX + ‖ξ̂ − ξ‖HX

+ ‖Σ1/2
XX(ΣXX + εmI)−1/2ξ − ξ‖HX

:= I + II + III .



J. Cai, H. Sun / Appl. Comput. Harmon. Anal. 41 (2016) 692–712 701
Terms I and III are determined by the properties of ΣXX and Σ̂(m)
XX , the bounds of them can be achieved eas-

ily [4]. Statistical consistency of conditional kernel CCA are mainly determined by Term II . When 〈ξ, ξ̂〉 > 0, 
‖ξ−ξ̂‖2 = 2 −2〈ξ, ξ̂〉. If l = 1, our consistency measure corresponds to the one-dimensional learning: d(S1, S2)
takes form d(S1, S2) =

√
1 − 〈ξ, ξ̂〉2. Therefore our analysis is a generalization of ‖Σ1/2

XX(f̂ − f)‖HX . In the 

sequel, the relationship between d(S1, S2) and 
∥∥V̂(m)

Y X|Z −VY X|Z
∥∥

HS will be addressed. Hence we conclude 

that 
∥∥V̂(m)

Y X|Z −VY X|Z
∥∥ can be regarded as a surrogate for testing the statistical learning ability of condi-

tional kernel CCA. Furthermore, 
∥∥V̂(m)

Y X −VY X

∥∥ can be used for measuring the convergence rates of kernel 
CCA when Z is null.

3. Extension to multiple setting

In the last section, we confined the consistency analysis to the spaces spanned by the eigenfunctions cor-
responding to the largest singular values. In dimension reduction or information retrieval related problems, 
one often consider the k-largest singular values for high-dimensional data processing problems [6]. Multiple 
CCA was widely considered in the literature [5,13,20]. Employing the eigenspaces spanned by the eigen-
functions corresponding to the largest singular values only, is not enough for most practical problems [5], 
especially in the coming of big data era. In this section, we will address an algorithm for multiple conditional 
kernel CCA, which extends the results of the last section. Recall conditional kernel CCA problem for the 
population case can be formulated as

max
f∈HX ,g∈HY

〈g,ΣY X|Zf〉√
〈f,ΣXXf〉

√
〈g,ΣXXg〉

= max
‖ξ‖HX =1,‖η‖HY =1

〈η, VY X|Zξ〉.

Applying the ideas for multiple CCA [13], multiple version of conditional kernel CCA can be normally 
formulated as

(ηk, ξk) = argmax
‖ξ‖HX =1,‖η‖HY =1

〈η, VY X|Zξ〉

s.t. ξk⊥{ξ1, · · · , ξk−1}

ηk⊥{η1, · · · , ηk−1}.

Accordingly, we can approximate multiple conditional kernel CCA via ERM scheme with modified Tikhonov 
regularization and come to

(gk, fk) = argmax
f∈HX ,g∈HY

〈g, Σ̂(m)
Y X|Zf〉

s.t. 〈f, (Σ̂(m)
XX + εmI)f〉 = 1, 〈g, (Σ̂(m)

Y Y + εmI)g〉 = 1

(Σ̂(m)
XX + εmI)1/2f⊥{(Σ̂(m)

XX + εmI)1/2f1, · · · , (Σ̂(m)
XX + εmI)1/2fk−1}

(Σ̂(m)
Y Y + εmI)1/2g⊥{(Σ̂(m)

Y Y + εmI)1/2g1, · · · , (Σ̂(m)
Y Y + εmI)1/2gk−1}. (3.1)

Here k = 1, · · · , d, d ≤ r̄ (r̄ are the numbers of nonzero singular values of V̂(m)
YX|Z). For F = (f1, · · · , fd), 

if we define Σ̂(m)
YX|ZF = (Σ̂(m)

Y X|Zf1, · · · , Σ̂(m)
Y X|Zfd). The above problem can be reformulated in terms of the 

trace operator. Detailed proof will be postponed to Section 4.

Theorem 3. Let (gk, fk) (k = 1, · · · , d) be a solution of the k-th problem (3.1) with 1 ≤ d ≤ r̄, then (G, F )
is the solution of
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max
F=(f1,···,fd)
G=(g1,···,gd)

Trace(GT Σ̂(m)
Y X|ZF )

s.t. FT (Σ̂(m)
XX + εmI)F = I,

GT (Σ̂(m)
Y Y + εmI)G = I. (3.2)

On the other hand, If (G, F ) is a solution of problem (3.2), and (gk, fk) (k = 1, · · · , d) is the solution of the 
k-th problem (3.1), then there exist orthogonal matrices Q3, Q4 such that

(g1, · · · , gd) = GQ3, (f1, · · · , fd) = FQ4.

When d = 1, (3.2) reduces to (2.5). Theorem 3 reveals that solutions of problem (3.1) and that of problem 
(3.2) are equivalent subject to orthogonal matrices. When Z is null, the conclusion here is similar to the one 
given as Theorem 3.1 in [5] for CCA problem. We will analyze the consistency of the above algorithm. Assume 
σ̂1 ≥ σ̂2 ≥ · · · σ̂r̄ > 0 (1 ≤ r̄ < m) are the nonzero singular values of V̂(m)

YX|Z , (η̂i,j , ξ̂i,j) (i = 1, · · · , ̃r, j =
1, · · · , γi) are the unit eigenfunction pairs of σ̂∑i−1

t=1 γt+j (denote 
∑0

t=1 γt = 0), r̄ =
∑r̃

i=1 γi. Accordingly, 
σ1 ≥ σ2 · · · are the singular values of VYX|Z with eigenfunction pairs (ηi,j , ξi,j) (i = 1, · · · , j = 1 · · · , li). 
That is,

VY X|Zξi,j = σ∑i−1
t=1 lt+jηi,j (i = 1, · · · , j = 1 · · · , li),

V̂(m)
Y X|Z ξ̂i,j = σ̂∑i−1

t=1 γt+j η̂i,j (i = 1, · · · , r̄, j = 1 · · · , γi).

Similarly, denote 
∑0

t=1 lt = 0. We only discuss the subspaces spanned by ξi,j (i = 1, · · · , j = 1, · · · , li) and 
ξ̂i,j (i = 1, · · · , ̃r, j = 1, · · · , γi), respectively. Analogous argument can be addressed for the ones spanned 
by ηi,j and η̂i,j . Employing the ideas for consistency argument in the last section, denote l =

∑r̃
i=1 li, 

let S′
1 = span{{ξi,j}lij=1}r̃i=1, S′

2 = span{{ξ̂i,j}lij=1}r̃i=1, according to the definition for distance of feature 
subspaces, we get

d2(S′
1, S

′
2) = l −

r̃∑
i=1

r̃∑
j=1

li∑
s,t=1

〈ξi,s, ξ̂j,t〉2

≤ l1 −
l1∑

s=1

l1∑
t=1

〈ξ1,s, ξ̂1,t〉2 + l2 −
l2∑

s=1

l2∑
t=1

〈ξ2,s, ξ̂2,t〉2 + · · · + lr̃ −
lr̃∑

s=1

lr̃∑
t=1

〈ξr̃,s, ξ̂r̃,t〉2.

The above expression implies that we only need to consider the distance of subspaces between S1 and S2, 
which are spanned by {ξ1,1, · · · , ξ1,l1} and {ξ̂1,1, · · · , ξ̂1,l1}, respectively. The other terms can be investigated 
analogously. Then the consistency problem of multiple conditional kernel CCA reduces to that of “single” 
conditional kernel CCA.

4. Proof of main results

In this section, main results Theorems 1, 2 and 3 will be proved. We firstly give the proof of Theorem 1.

4.1. Proof of Theorem 1

Recall that

VY X|Z = VY X − VY ZVZX , V̂(m) = V̂(m)
Y X − V̂(m)

Y Z V̂(m)
ZX .
Y X|Z
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Hence∥∥V̂(m)
Y X|Z − VY X|Z

∥∥
HS =

∥∥V̂(m)
Y X − VY X − (V̂(m)

Y Z − VY Z)V̂(m)
ZX − VY Z(V̂(m)

ZX − VZX)
∥∥

HS

≤
∥∥V̂(m)

Y X − VY X

∥∥
HS +

∥∥V̂(m)
Y Z − VY Z

∥∥
HS

∥∥V̂(m)
ZX

∥∥ +
∥∥V̂(m)

ZX − VZX

∥∥
HS

∥∥VY Z

∥∥.
Note that 

∥∥VY Z

∥∥ ≤ 1 and 
∥∥V̂(m)

ZX

∥∥ =
∥∥(Σ̂(m)

ZZ + εmI)−1/2Σ̂(m)
ZX (Σ̂(m)

XX + εmI)−1/2
∥∥ ≤ 1 (the proof of this 

bound will be given as Proposition 2 in Appendix A). This yields that∥∥V̂(m)
Y X|Z − VY X|Z

∥∥
HS ≤

∥∥V̂(m)
Y X − VY X

∥∥
HS +

∥∥V̂(m)
Y Z − VY Z

∥∥
HS +

∥∥V̂(m)
ZX − VZX

∥∥
HS.

We only give the estimation of 
∥∥V̂(m)

Y X − VY X

∥∥
HS, the others are analogous. Since

V̂(m)
Y X − VY X =

{
(Σ̂(m)

Y Y + εmI)−1/2 − (ΣY Y + εmI)−1/2
}
Σ̂(m)

Y X(Σ̂(m)
XX + εmI)−1/2

+ (ΣY Y + εmI)−1/2(Σ̂(m)
Y X − ΣY X)(Σ̂(m)

XX + εmI)−1/2

+ (ΣY Y + εmI)−1/2ΣY X

{
(Σ̂(m)

XX + εmI)−1/2 − (ΣXX + εmI)−1/2
}

+ (ΣY Y + εmI)−1/2[ΣY X(ΣXX + εmI)−1/2 − Σ1/2
Y Y VY X ]

+ [(ΣY Y + εmI)−1/2Σ1/2
Y Y − I]VY X . (4.1)

Thus we can see that

Lemma 1. For any 0 < δ < 1, with confidence at least 1 − δ, we have

∥∥{(Σ̂(m)
Y Y + εmI)−1/2 − (ΣY Y + εmI)−1/2}Σ̂(m)

Y X(Σ̂(m)
XX + εmI)−1/2∥∥

HS ≤ 24κ2
2(κ2 + 1)

ε
3/2
m m1/2

log(6/δ),

∥∥(ΣY Y + εmI)−1/2ΣY X

{
(Σ̂(m)

XX + εmI)−1/2 − (ΣXX + εmI)−1/2}∥∥
HS ≤ 24κ2

1(κ1 + 1)
ε
3/2
m m1/2

log(6/δ).

Proof. Note that

A−1/2 −B−1/2 = A−1/2(B3/2 −A3/2)B−3/2 + (A−B)B−3/2,

then∥∥{(Σ̂(m)
Y Y + εmI)−1/2 − (ΣY Y + εmI)−1/2}Σ̂(m)

Y X(Σ̂(m)
XX + εmI)−1/2∥∥

HS

=
∥∥(ΣY Y + εmI)−1/2{(Σ̂(m)

Y Y + εmI)3/2 − (ΣY Y + εmI)3/2 + (ΣY Y + εmI)1/2(ΣY Y − Σ̂(m)
Y Y )

}
× (Σ̂(m)

Y Y + εmI)−3/2Σ̂(m)
Y X(Σ̂(m)

XX + εmI)−1/2∥∥
HS.

Recall Σ̂(m)
Y Y = 1

m

∑m
i=1(kY(·, Yi) − 1

m

∑m
t=1 kY(·, Yt)) 

⊗
(kY(·, Yi) − 1

m

∑m
t=1 kY(·, Yt)). Applying Lemma 8 

in [10], for any 0 < δ < 1,∥∥{(Σ̂(m)
Y Y + εmI)−1/2 − (ΣY Y + εmI)−1/2}Σ̂(m)

Y X(Σ̂(m)
XX + εmI)−1/2∥∥

HS

≤ 4
ε
3/2
m

max
{∥∥ΣY Y + εmI

∥∥1/2
,
∥∥Σ̂(m)

Y Y + εmI
∥∥1/2}∥∥Σ̂(m)

Y Y − ΣY Y

∥∥
HS

≤ 24κ2
2(κ2 + 1)
3/2 1/2

log(6/δ),

εm m
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holds true with confidence at least 1 − δ. The last inequality follows by applying Lemma 5 in the appendix 
for the special case Y = X. Similarly, for any 0 < δ < 1,

∥∥(ΣY Y + εmI)−1/2ΣY X

{
(Σ̂(m)

XX + εmI)−1/2 − (ΣXX + εmI)−1/2}∥∥
HS

=
∥∥(ΣY Y + εmI)−1/2Σ1/2

Y Y V1/2
Y XΣ1/2

XX

{
(Σ̂(m)

XX + εmI)−1/2 − (ΣXX + εmI)−1/2}∥∥
HS

≤
∥∥Σ1/2

XX

{
(Σ̂(m)

XX + εmI)−1/2 − (ΣXX + εmI)−1/2}∥∥
HS

≤ 24κ2
1(κ1 + 1)

ε
3/2
m m1/2

log(6/δ),

holds with confidence at least 1 − δ. �
Next we give the estimation of the last two terms in Eq. (4.1).

Lemma 2. Assume that the compact operator VYX satisfy AA, then

∥∥VY X [Σ1/2
XX(ΣXX + εmI)−1/2 − I]

∥∥
HS ≤ C1ε

min{r,1}
m ,∥∥[(ΣY Y + εmI)−1/2Σ1/2

Y Y − I]VY X

∥∥
HS ≤ C1ε

min{r,1}
m ,

where C1 is some constant independent of m.

Proof. According to AA, there exist operators W1, W2 ∈ HS(HX → HY) such that VYX = W1Σr
XX and 

VXY = Σr
Y Y W2. We only prove the first inequality, the second is similar.

∥∥VY X [Σ1/2
XX(ΣXX + εmI)−1/2 − I]

∥∥2
HS =

∞∑
s=1

‖W1Σr
XX(Σ1/2

XX(ΣXX + εmI)−1/2 − I)φs‖2
HY .

Recall λs, φs are the eigenpairs of ΣXX . Spectrum theorem of compact operators yields that

W1Σr
XX(Σ1/2

XX(ΣXX + εmI)−1/2 − I)φs = λr
s(λ

1/2
s − (λs + εm)1/2)
(λs + εm)1/2

W1φs.

Therefore

∥∥VY X [Σ1/2
XX(ΣXX + εmI)−1/2 − I]

∥∥2
HS ≤

∞∑
s=1

λ2r
s ε2

m

(2λs + εm)2
∥∥W1φs

∥∥2
HY

.

Simple calculation shows that when 0 < r < 1,

λ2r
s ε2

m

(2λs + εm)2 ≤ 1
4ε

2r
m (r2)2r−2(1 − r)2−2r,

and if r ≥ 1, then

λ2r
s ε2

m

(2λs + εm)2 ≤ 1
4κ

4r−4
1 ε2

m.

Combining the above estimations, we prove the result. �



J. Cai, H. Sun / Appl. Comput. Harmon. Anal. 41 (2016) 692–712 705
Proof of Theorem 1. Employing Lemmas 1, 2 and 5, for any 0 < δ < 1, with confidence at least 1 − δ, we 
see

∥∥V̂(m)
Y X − VY X

∥∥
HS ≤ 24κ2

2(κ2 + 1)
ε
3/2
m m1/2

log(18/δ) + 24κ2
1(κ1 + 1)

ε
3/2
m m1/2

log(18/δ) + 6κ1κ2

ε
3/2
m m1/2

log(18/δ)

+ 2C1ε
min{r,1}
m .

This yields that

∥∥V̂(m)
Y X|Z − VY X|Z

∥∥
HS ≤ C̃m−ϑ log(54/δ),

holds true with confidence at least 1 − δ by taking εm = m−θ. �
4.2. Proof of Theorem 2

Now we are in the position to give the proof of Theorem 2.
Denote Â = V̂(m)

XY |ZV̂(m)
Y X|Z , A = VXY |ZVY X|Z , we have

∥∥Â − A
∥∥

HS =
∥∥V̂(m)

XY |Z(V̂(m)
Y X|Z − VY X|Z) + (V̂(m)

XY |Z − VXY |Z)VY X|Z
∥∥

HS

≤
∥∥V̂(m)

XY |Z
∥∥ ·

∥∥V̂(m)
Y X|Z − VY X|Z

∥∥
HS +

∥∥V̂(m)
XY |Z − VXY |Z

∥∥
HS ·

∥∥VY X|Z
∥∥.

From the definitions of V̂(m)
XY |Z and VXY |Z , it is obvious that ‖V̂(m)

XY |Z‖ ≤ 2, ‖VXY |Z‖ ≤ 2. Therefore a 
rigorous bound shows

∥∥V̂(m)
XY |ZV̂(m)

Y X|Z − VXY |ZVY X|Z
∥∥

HS ≤ 2
∥∥V̂(m)

Y X|Z − VY X|Z
∥∥

HS + 2
∥∥V̂(m)

XY |Z − VXY |Z
∥∥

HS.

Moreover, note that

∥∥V̂(m)
XY |Z − VXY |Z

∥∥
HS =

∥∥(V̂(m)
XY |Z − VXY |Z)∗

∥∥
HS

=
∥∥(V̂(m)

XY − V̂(m)
XZ V̂(m)

ZY − VXY + VXZVZY )∗
∥∥

HS

=
∥∥V̂(m)

Y X − V̂(m)
Y Z V̂(m)

ZX − VY X + VY ZVZX

∥∥
HS

=
∥∥V̂(m)

Y X|Z − VY X|Z
∥∥

HS.

Hence

∥∥Â − A
∥∥

HS ≤ 4
∥∥V̂(m)

Y X|Z − VY X|Z
∥∥

HS.

Firstly, we describe the relationship between σi, σ̂i (1 ≤ i ≤ r̄) and A, Â. From now on, we re-
arrange {ξ1,1, · · · , ξ1,l1 , ξ2,1, · · · , ξ2,l2 , · · ·} as {ξ1, · · · , ξl1 , ξl1+1, · · · , ξl1+l2 , · · · , }, so that two indexes are 
changed to one for simplicity. Analogously, {ξ̂1,1, · · · , ξ̂1,γ1 , ξ̂2,1, · · · , ξ̂2,γ2 , · · · , ξ̂r̃,γr̃

} are rearranged as 
{ξ̂1, · · · , ξ̂γ1 , ξ̂γ1+1, · · · , ξ̂γ1+γ2 , · · · , ξ̂r̄}. For any 1 ≤ k ≤ r̄, denote Hk = span{ξ1, · · · , ξk}, and Ĥk =
span{ξ̂1, · · · , ξ̂k}, then we see that
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Lemma 3. For any 1 ≤ k ≤ r̄, there holds |σ2
k − σ̂2

k| ≤ ‖A − Â‖.

Proof. Since dim Ĥk = k > dimHk−1 = k − 1, there exists ξ̂∗ ∈ Ĥk, s.t., ξ̂∗ ⊥ Hk−1 and ‖ξ̂∗‖ = 1. Then,

‖A − Â‖ ≥ ‖(A − Â)ξ̂∗‖ ≥ ‖Âξ̂∗‖ − ‖Aξ̂∗‖ ≥ σ̂2
k − σ2

k.

Similarly, we can prove that ‖A − Â‖ ≥ σ2
k − σ̂2

k. The conclusion therefore holds. �
Assume that σ2

l1
− σ2

l1+1 = τ > 0, then for any 1 ≤ i ≤ l1,

σ̂2
i − σ̂2

l1+1 = σ̂2
i − σ2

i + σ2
l1 − σ2

l1+1 + σ2
l1+1 − σ̂2

l1+1 ≥ τ − 2‖A − Â‖.

Lemma 4. Suppose that PHl1
and P

Ĥl1
are the projection operators onto subspaces Hl1 and Ĥl1 respectively, 

and ‖A − Â‖ ≤ min{σ2
1
2 , τ4}. Then for any 0 < δ < 1, with confidence at least 1 − δ, we have

‖(I − P
Ĥl1

)ξi‖2 ≤ 8‖A − Â‖
τ

, ∀1 ≤ i ≤ l1;

‖(I − PHl1
)ξ̂i‖2 ≤ 8‖A − Â‖

τ
, ∀1 ≤ i ≤ l1,

provided that m >
(

max
{

16C̃
τ , 8C̃

σ2
1

}
log(54/δ)

)1/ϑ
.

Proof. We only prove the first inequality. For any 1 ≤ i ≤ l1,

σ2
1 = ‖Aξi‖ ≤ ‖(A − Â)ξi‖ + ‖Âξi‖

≤ ‖A − Â‖ +
√

‖ÂP
Ĥl1

ξi‖2 + ‖Â(I − P
Ĥl1

)ξi‖2

≤ ‖A − Â‖ +
√

σ̂4
1‖PĤl1

ξi‖2 + σ̂4
l+1‖(I − P

Ĥl1
)ξi‖2.

This estimate gives that (
σ2

1 − ‖A − Â‖
)2 ≤ σ̂4

1 − (σ̂4
1 − σ̂4

l+1)‖(I − P
Ĥl1

)ξi‖2,

and

(σ̂4
1 − σ̂4

l1+1)‖(I − P
Ĥl1

)ξi‖2 ≤ σ̂4
1 −

(
σ2

1 − ‖A − Â‖
)2
,

this yields that

‖(I − P
Ĥl1

)ξi‖2 ≤ (σ̂2
1 + σ2

1 − ‖A − Â‖)(σ̂2
1 − σ2

1 + ‖A − Â‖)
(σ̂2

1 + σ̂2
l1+1)(σ̂2

1 − σ̂2
l1+1)

≤ 2(σ̂2
1 + σ2

1 − ‖A − Â‖)‖A − Â‖
σ̂2

1(τ − 2‖A − Â‖)

≤ 4‖A − Â‖̂ .

τ − 2‖A − A‖
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Recall ∥∥Â − A
∥∥

HS ≤ 4
∥∥V̂(m)

Y X|Z − VY X|Z
∥∥

HS,

and note that m >
(

max
{

16C̃
τ , 8C̃

σ2
1

}
log(54/δ)

)1/ϑ
, combining with Theorem 1 yields that 

∥∥Â − A
∥∥ ≤∥∥Â − A

∥∥
HS ≤ τ

4 and 
∥∥Â − A

∥∥ ≤ σ2
1
2 .

For the second inequality, when 
∥∥Â − A

∥∥ ≤ σ2
1
2 , Lemma 3 results in∥∥Â − A

∥∥ ≥ σ2
1 − σ̂2

1 .

Therefore,

σ̂2
1 ≥ σ2

1 −
∥∥Â − A

∥∥ ≥ σ2
1
2 ≥

∥∥Â − A
∥∥.

Also note that

σ̂2
1 = ‖Âξ̂i‖ ≤ ‖(Â − A)ξ̂i‖ + ‖Aξ̂i‖

≤ ‖Â − A‖ +
√

‖APHl1
ξ̂i‖2 + ‖A(I − PHl1

)ξ̂i‖2.

Following the same steps as above mentioned for proving the first inequality, we get that

‖(I − PHl1
)ξ̂i‖2 ≤ 8‖A − Â‖

τ
.

This completes the proof. �
Now we are in the position to give the proof of Theorem 2.

Proof of Theorem 2. Theorem 1 gives that when m >
(

max
{

16C̃
τ , 8C̃

σ2
1

}
log(54/δ)

)1/ϑ
, 
∥∥Â − A

∥∥
HS ≤

min{σ2
1
2 , τ4}. A rigorous estimate shows that

‖A − Â‖2
HS =

∞∑
i=1

∥∥(A − Â)ξi
∥∥2

=
∞∑
i=1

∥∥ ∞∑
j=1

(σ2
i − σ̂2

j )〈ξi, ξ̂j〉ξ̂j
∥∥2

=
∞∑
i=1

∞∑
j=1

(σ2
i − σ̂2

j )2〈ξi, ξ̂j〉2

=
∞∑
i=1

σ4
i +

∞∑
j=1

σ̂4
j − 2

∞∑
i=1

∞∑
j=1

σ2
i σ̂

2
j 〈ξi, ξ̂j〉2.

It can be decomposed further as

‖A − Â‖2
HS =

∞∑
σ4
i +

∞∑
σ̂4
j − 2

l1∑ l1∑
σ2
i σ̂

2
j 〈ξi, ξ̂j〉2 − 2

l1∑ ∞∑
σ2
i σ̂

2
j 〈ξi, ξ̂j〉2
i=1 j=1 i=1 j=1 i=1 j=l1+1
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− 2
∞∑

i=l1+1

l1∑
j=1

σ2
i σ̂

2
j 〈ξi, ξ̂j〉2 − 2

∞∑
i=l1+1

∞∑
j=l1+1

σ2
i σ̂

2
j 〈ξi, ξ̂j〉2

≥
∞∑
i=1

σ4
i +

∞∑
j=1

σ̂4
j − 2

l1∑
i=1

l1∑
j=1

σ2
i σ̂

2
j 〈ξi, ξ̂j〉2 − 2σ2

1 σ̂
2
l1+1

l1∑
i=1

‖(I − P
Ĥl1

)ξi‖2

− 2σ̂2
1σ

2
l1+1

l1∑
j=1

‖(I − PHl1
)ξ̂j‖2 −

∞∑
i=l1+1

∞∑
j=l1+1

(σ4
i + σ̂4

j )〈ξi, ξ̂j〉2,

which, together with Lemma 4 yields that

‖A − Â‖2
HS ≥ l1σ

4
1 +

l1∑
j=1

σ̂4
j − 2

l1∑
i=1

l1∑
j=1

σ2
i σ̂

2
j 〈ξi, ξ̂j〉2 − 2σ2

1 σ̂
2
l1+1

8l1
∥∥A − Â‖

τ
− 2σ̂2

1σ
2
l1+1

8l1‖A − Â‖
τ

= 2l1σ4
1 +

l1∑
j=1

(σ̂4
j − σ4

j ) − 2σ4
1

l1∑
i=1

l1∑
j=1

〈ξi, ξ̂j〉2 − 2
l1∑
i=1

l1∑
j=1

σ2
1(σ̂2

j − σ2
1)〈ξi, ξ̂j〉2

−
16l1(σ2

1 σ̂
2
l1+1 + σ̂2

1σ
2
l1+1)

τ
‖A − Â‖

≥ 2l1σ4
1 − 2σ4

1

l1∑
i=1

l1∑
j=1

〈ξi, ξ̂j〉2 −
(16l1(σ2

1σ̂
2
l1+1 + σ̂2

1σ
2
l1+1)

τ
+ 4l1σ2

1

)
‖A − Â‖HS,

holds true with confidence at least 1 − δ. Recall d2(S1, S2) = l1 −
∑l1

i=1
∑l1

j=1〈ξi, ξ̂j〉2 and note that ∥∥Â − A
∥∥

HS ≤ 4
∥∥V̂(m)

Y X|Z − VY X|Z
∥∥

HS. Hence

2σ4
1d

2(S1, S2) ≤
(64l1(σ2

1 σ̂
2
l1+1 + σ̂2

1σ
2
l1+1)

τ
+ 16l1σ2

1 + τ
)∥∥V̂(m)

Y X|Z − VY X|Z
∥∥

HS.

Combining this with Theorem 1, the proof is completed by replacing l1 with l. �
4.3. Proof of Theorem 3

This section is devoted to prove Theorem 3. The ideas of proof are inspired from the ones for Theorem 3.1 
in [5]. Recall V̂(m)

Y X|Z = (Σ̂(m)
Y Y + εmI)−1/2Σ̂(m)

Y X|Z(Σ̂(m)
XX + εmI)−1/2. Obviously, it is a finite rank operator. 

Hence we have V̂(m)
YX|Z =

∑r̄
i=1 σ̂iη̂i ⊗ ξ̂i, where ξ̂i, η̂i are the unit eigenfunctions corresponding to σ̂i (i =

1, · · · , ̄r). Therefore, problem (3.2) can be converted into

max
F̃ ,G̃

Trace(G̃T V̂(m)
Y X|Z F̃ )

s.t. G̃T G̃ = I, F̃T F̃ = I, (4.2)

where F̃ = (Σ̂(m)
XX + εmI)1/2F , G̃ = (Σ̂(m)

Y Y + εmI)1/2G. Moreover, note that Trace(G̃T V̂(m)
Y X|Z F̃ ) =∑d

i=1 g̃
T
i V̂(m)

Y X|Z f̃i, from matrix theory [16], we can see that 
∑d

i=1 σ̂i = max Trace(G̃T V̂(m)
Y X|Z F̃ ), where 

G̃, F̃ satisfy the above mentioned constraints, and G̃ = (g̃1, · · · , ̃gd), F̃ = (f̃1, · · · , f̃d). Now we give the proof 
of Theorem 3, and only need to prove the equivalence of (3.1) and (4.2).
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Proof.

• If (G̃1, F̃1) is a solution of (4.2), then eigenvalues of G̃T
1 V̂(m)

Y X|Z F̃1 are positive.
Let σ̃1 ≥ σ̃2 ≥ σ̃s ≥ σ̃s+1 · · · ≥ σ̃d be the eigenvalues of G̃T

1 V̂(m)
Y X|Z F̃1. Firstly, we prove that they are 

nonnegative. Otherwise, if σ̃s < 0, let G̃T
1 V̂(m)

Y X|Z F̃1 = Q3CQT
4 , where Q3, Q4 are orthogonal matrices, 

C =

⎛⎜⎝ σ̃1
. . .

σ̃d

⎞⎟⎠. Denote B =
(
Is−1 O

O −Id−s+1

)
, then

Trace[(G̃1Q3)T V̂(m)
Y X|Z F̃1Q4B] = −σ̃s − σ̃s+1 − · · · − σ̃d +

s−1∑
i=1

σ̃i > Trace(G̃T
1 V̂(m)

Y X|Z F̃1).

Since (G̃1Q3)T (G̃1Q3) = I, (F̃1Q4B)T (F̃1Q4B) = I. This is a contradiction with the fact that 
Trace(G̃T

1 V̂(m)
Y X|Z F̃1) is the maximum objective function value of problem (4.2). Now we prove that 

σ̂1, · · · , ̂σd are the eigenvalues of G̃T
1 V̂(m)

Y X|Z F̃1. Firstly, since 
∑d

i=1 σ̂i = max Trace(G̃)T V̂(m)
Y X|Z F̃ =

Trace(G̃1)T V̂(m)
Y X|Z F̃1, and σ̃1 ≥ · · · ≥ σ̃d are the eigenvalues of (G̃1)T V̂(m)

Y X|Z F̃1. Then by induction, we 

have σ̃i ≤ σ̂i, i = 1, · · · , d (see [16]), and Trace(G̃T
1 V̂(m)

Y X|Z F̃1) =
∑d

i=1 σ̂i =
∑d

i=1 σ̃i ≤
∑d

i=1 σ̂i. This 
implies σ̃i = σ̂i, i = 1, · · · , d.

• 〈gi, Σ̂(m)
Y X|Zfi〉 = σ̂i (i = 1, · · · , d).

If (gk, fk) (k = 1, · · · , d) is a solution of the k-th problem (3.1). Assume g̃k (f̃k respectively) are the 
unit orthonormal eigenfunctions of V̂(m)

YX|Z (k = 1, · · · , d), take ĝk = (Σ̂(m)
Y Y + εmI)−1/2g̃k, f̂k = (Σ̂(m)

XX +
εmI)−1/2f̃k, then 〈f̂k, (Σ̂(m)

XX + εmI)f̂k〉 = 1, 〈ĝk, (Σ̂(m)
XX + εmI)ĝk〉 = 1, ∀k = 1 · · · , d, and

(Σ̂(m)
XX + εmI)1/2f̂k⊥(Σ̂(m)

XX + εmI)1/2f̂j , (Σ̂(m)
Y Y + εmI)1/2ĝk⊥(Σ̂(m)

Y Y + εmI)1/2ĝj(k �= j).

Hence

〈gk, Σ̂(m)
Y X|Zfk〉 ≥ 〈ĝk, Σ̂(m)

Y X|Z f̂k〉 = σ̂k, ∀k = 1, · · · , d. (4.3)

Next, we will prove that σ̂k = 〈gk, Σ̂(m)
Y X|Zfk〉 by induction. When d = 1, it is obvious that 

〈g1, Σ̂(m)
Y X|Zf1〉 = σ̂1. Assume 1 ≤ k < d, and 〈gi, Σ̂(m)

Y X|Zfi〉 = σ̂i for all 1 ≤ i ≤ k, we shall prove 

〈gk+1, Σ̂(m)
Y X|Zfk+1〉 = σ̂k+1.

For any (g, f) satisfying

〈f, (Σ̂(m)
XX + εmI)f〉 = 1, (Σ̂(m)

XX + εmI)1/2f⊥{(Σ̂(m)
XX + εmI)1/2f1, · · · , (Σ̂(m)

XX + εmI)1/2fk},

〈g, (Σ̂(m)
Y Y + εmI)g〉 = 1, (Σ̂(m)

Y Y + εmI)1/2g⊥{(Σ̂(m)
Y Y + εmI)1/2g1, · · · , (Σ̂(m)

Y Y + εmI)1/2gk}.

Then F̆ = (f1, · · · , fk, f), Ğ = (g1, · · · , gk, g) satisfy F̆T (Σ̂(m)
XX + εmI)F̆ = I, ĞT (Σ̂(m)

Y Y + εmI)Ğ = I, 
this yields that

k+1∑
σ̂i ≥ Trace(ĞT Σ̂(m)

Y X|Z F̆ ) =
k∑

σ̂i + 〈g, Σ̂(m)
Y X|Zf〉.
i=1 i=1
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Thus, 〈g, Σ̂(m)
Y X|Zf〉 ≤ σ̂k+1, which means 〈gk+1, Σ̂(m)

Y X|Zfk+1〉 ≤ σ̂k+1. Combining this with Eq. (4.3), we 
get

〈gk+1, Σ̂(m)
Y X|Zfk+1〉 = σ̂k+1.

From the above argument, we can see that if (gk, fk) (∀k = 1, · · · , d) is a solution of the k-th problem 
(3.1), then G = (g1, · · · , gd), F = (f1, · · · , fd) is the solution of problem (3.2).

• Let (G̃, F̃ ) be a solution of problem (4.2), then there exist orthogonal matrices Q3, Q4 such that

G̃T V̂(m)
Y X|Z F̃ = Q3CQT

4 .

Hence

(G̃Q3)T V̂(m)
Y X|Z F̃Q4 = C.

Then g̃Tk V̂(m)
Y X|Z f̃k = σ̂k, k = 1, · · · , d, (g̃k, f̃k) (k = 1, · · · , d) satisfies constraints of the k-th problem 

(3.1), and thus is the solution of it. Therefore, if (G̃, F̃ ) is a solution of problem (4.2), then there exists 
orthogonal matrices Q3, Q4 such that (g̃k, f̃k) is the solution of the k-th problem (3.1), and

(g̃1, · · · , g̃d) = G̃Q3, (f̃1, · · · , f̃d) = F̃Q4.

This completes the proof. �
5. Conclusions

In this paper, we introduce a new conditional kernel CCA algorithm motivated by the conditional depen-
dence measure presented in [11] and the discussion about kernel CCA in [10]. The algorithm and theoretical 
analysis for conditional CCA are elegantly conducted under mild conditions on VYX , VY Z and VZX . We 
demonstrate that these conditions are closely related with mean square contingency as indicated in Sec-
tion 2. Meantime, the convergence rates of empirical NCCCO to NCCCO are conducted under the above 
conditions in the sense of Hilbert–Schmidt norm, which is the extension of Theorem 5 in [11]. Moreover, the 
multiple extension of conditional kernel CCA has also been addressed in Section 3, which can be viewed as 
a generalization of Theorem 3.1 in [5].

There are some practical problems that remain to be addressed for conditional kernel CCA. One is how to 
choose the regularization constant εm in practice. The final convergence rates of our algorithm are “dragged 
slow” due to the sufficient condition of εm. That is εm = m−α, 0 < α < 1

3 . This problem should be studied 
more in our future work. Moreover, how to find simpler conditions than AA and improve the convergence 
rates of conditional kernel CCA will be investigated in the future. Another important unsolved problem is 
the choice of kernel. Kernel method is efficient for detecting nonlinear relations between variables. Successful 
applications of kernel-based algorithms are widespread in the community of learning theory. Thus, in order 
to improve the learning rates of conditional kernel CCA, how to choose an optimal combination of kernels is 
crucial in the literature of CCA related problems. A combination of Gaussian kernel and polynomial kernel 
was studied in [26] for kernel CCA problem, which shows good performance in the community of kernel 
learning. But the theoretical analysis of it is still not clear and this will be investigated in the future work.
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Appendix A

We need the following lemma to bound 
∥∥V̂(m)

Y X|Z − VY X|Z
∥∥

HS.

Lemma 5. For any 0 < δ < 1, with confidence at least 1 − δ, we have

∥∥Σ̂(m)
Y X − ΣY X

∥∥
HS ≤ 6κ1κ2log(6/δ)√

m
,

∥∥Σ̂(m)
Y Z − ΣY Z

∥∥
HS ≤ 6κ2κ3log(6/δ)√

m
,

∥∥Σ̂(m)
ZX − ΣZX

∥∥
HS ≤ 6κ1κ3log(6/δ)√

m
.

The other two inequalities can be derived by following the same ideas as shown in the proof of the first 
inequality. More details can be found in [4].

Proposition 2. The cross-covariance operator Σ̂(m)
ZX can be represented as Σ̂(m)

ZX = (Σ̂(m)
ZZ )1/2Ṽ(m)

ZX (Σ̂(m)
XX)1/2, 

where Ṽ(m)
ZX is a bounded linear operator such that Ṽ(m)

ZX : HX → HZ and ‖Ṽ(m)
ZX‖ ≤ 1. If V̂(m)

ZX = (Σ̂(m)
ZZ +

εmI)−1/2Σ̂(m)
ZX (Σ̂(m)

XX + εmI)−1/2, then ‖V̂(m)
ZX‖ ≤ 1.

Proof. Let s be any fixed element in R((Σ̂(m)
XX)1/2) with f any element of HX satisfying (Σ̂(m)

XX)1/2f = s. 
Define a linear functional hs on R((Σ̂(m)

ZZ )1/2) by

hs

(
(Σ̂(m)

ZZ )1/2g
)

= 〈g, Σ̂(m)
ZXf〉

= 1
m

m∑
i=1

(
f(Xi) −

1
m

m∑
t=1

f(Xt)
)(

g(Zi) −
1
m

m∑
t=1

g(Zt)
)

≤
(
〈f, Σ̂(m)

XXf〉
)1/2(

〈g, Σ̂(m)
ZZ g〉

)1/2

=
∥∥(Σ̂(m)

XX)1/2f
∥∥ ·

∥∥(Σ̂(m)
ZZ )1/2g

∥∥ ∀g ∈ HZ .

Hence 
∣∣∣hs

(
(Σ̂(m)

ZZ )1/2g
)∣∣∣ ≤ ∥∥s∥∥ ·∥∥(Σ̂(m)

ZZ )1/2g
∥∥, hs is bounded on R((Σ̂(m)

ZZ )1/2), and thus can be extended by 

continuity to a bounded linear functional on R(Σ̂(m)
ZZ ), the extension has norm ≤ ‖s‖. By Riesz’ theorem, 

there exists a unique element h such that hs(w) = 〈h, w〉, ∀ w ∈ R(Σ̂(m)
ZZ ) and ‖h‖ ≤ ‖s‖.

Define a map V̂(m)
ZX : HX → HZ by V̂(m)

ZXs = h, then V̂(m)
ZX is defined for all s in R((Σ̂(m)

XX)1/2). It is 
linear, single-valued and bounded because ‖V̂(m)

ZXs‖ ≤ ‖s‖. Thus V̂(m)
ZX can be extended by continuity to a 

bounded linear operator Ṽ(m)
ZX defined on R(Σ̂(m)

XX), and hs(w) = 〈Ṽ(m)
ZXs, w〉. We can extend the domain of 

Ṽ(m)
ZX to all of HX by defining Ṽ(m)

ZXf = 0 for f ∈
(
R(Σ̂(m)

XX)
)⊥

.

Hence for any f ∈ HX , s = (Σ̂(m)
XX)1/2f and for any g ∈ HZ , we have

hs

(
(Σ̂(m)

ZZ )1/2g
)

= 〈g, Σ̂(m)
ZXf〉 = 〈(Σ̂(m)

ZZ )1/2g, Ṽ(m)
ZX (Σ̂(m)

XX)1/2f〉.

Thus

Σ̂(m)
ZX = (Σ̂(m)

ZZ )1/2Ṽ(m)
ZX (Σ̂(m)

XX)1/2,
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and ‖Ṽ(m)
ZX‖ ≤ 1, then

‖V̂(m)
ZX‖ = ‖(Σ̂(m)

ZZ + εmI)−1/2Σ̂(m)
ZX (Σ̂(m)

XX + εmI)−1/2‖

= ‖(Σ̂(m)
ZZ + εmI)−1/2(Σ̂(m)

ZZ )1/2Ṽ(m)
ZX (Σ̂(m)

XX)1/2(Σ̂(m)
XX + εmI)−1/2‖

≤ 1.

The conclusion follows. �
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