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Abstract

One important ingredient of flux transport dynamo models is the rise of the toroidal magnetic field through the convection zone due
to magnetic buoyancy to produce bipolar sunspots and then the generation of the poloidal magnetic field from these bipolar sunspots due
to the Babcock–Leighton mechanism. Over the years, two methods of treating magnetic buoyancy—a local method and a non-local
method—have been used widely by different groups in constructing 2D kinematic models of the flux transport dynamo. We review both
these methods and conclude that neither of them is fully satisfactory—presumably because magnetic buoyancy is an inherently 3D
process. We also point out so far we do not have proper understanding of why sunspot emergence is restricted to rather low latitudes.
� 2016 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

From 1990s a type of model has been developed for the
solar dynamo known as the flux transport dynamo model
(Wang et al., 1991; Choudhuri et al., 1995; Durney,
1995). At the present time, this model seems to be the most
promising and satisfactory model for explaining different
aspects of the solar cycle (Choudhuri, 2011, 2015;
Charbonneau, 2014), although still doubts are sometimes
expressed about its validity—especially because of the
uncertainty in our knowledge of the meridional circulation
which plays a crucial role in this model (see, for example,
the Introduction of Hazra et al., 2014). The flux transport
dynamo model basically involves the following three pro-
cesses. (i) The strong toroidal field is produced by the
stretching of the poloidal field by differential rotation in
the tachocline. (ii) The toroidal field generated in the tacho-
cline gives rise to active regions due to magnetic buoyancy,
http://dx.doi.org/10.1016/j.asr.2016.03.015
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and the decay of tilted bipolar active regions produces the
poloidal field by the Babcock–Leighton mechanism. (iii)
The poloidal field produced by the Babcock–Leighton
mechanism is advected by the meridional circulation first
to high latitudes and then down to the tachocline, while
also diffusing down to the tachocline due to turbulent
diffusion.

Most of the calculations of the flux transport dynamo
model have been based on axisymmetric 2D kinematic
mean field equations. It is completely straightforward to
include the process (i) within such a formalism—especially
because helioseismology gives us the profile of differential
rotation. As far as process (iii) is concerned, there are some
uncertainties in the nature of the meridional circulation
(Hathaway, 2012; Zhao et al., 2013; Schad et al., 2013;
Rajaguru and Antia, 2015) as well as in the value of turbu-
lent diffusion (Jiang et al., 2007; Yeates et al., 2008).
Although early models assumed a simple one-cell form of
meridional circulation, there have been some recent calcu-
lations with more complicated meridional circulation
(Jouve and Brun, 2007; Hazra et al., 2014). However, once
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we specify the form of the meridional circulation and the
turbulent diffusion within the framework of the kinematic
model, there is absolutely no uncertainty in the mathemat-
ical forms of the terms involved in process (iii). Only in the
case of process (ii) involving magnetic buoyancy and the
Babcock–Leighton mechanism, there is considerable uncer-
tainty at a fundamental level as to how this process should
be included in a 2D kinematic model. Magnetic buoyancy
involves the rise of a tilted flux loop through the convection
zone and is an inherently 3D process, which can be
included in a 2D dynamo model only through rather crude
approximation procedures. Over the years, different groups
have proposed different procedures for handling the pro-
cess (ii). While carrying on calculations with the flux trans-
port dynamo model, we have become aware that these
different procedures often give significantly different results
and we have tried to understand the physical reasons
behind these differences. The obvious question is: which
one is the most realistic procedure for treating the process
(ii)? This is not an easy question to settle. Different proce-
dures have their own strengths and own weaknesses. We
have found that the subtleties involved in modeling the
process (ii) are not sufficiently appreciated by the scientific
community. Probably a fully satisfactory treatment of pro-
cess (ii) is not possible within the 2D kinematic framework
and one has to go beyond 2D. We review the different pro-
cedures which had been proposed by different groups and
critically examine the aspects of physics which are covered
and which are not covered in these different procedures.
We do not review the physics of magnetic buoyancy and,
in that sense, this is not a comprehensive review of the
whole topic of magnetic buoyancy, which is a vast subject.
We restrict ourselves only to a discussion of how magnetic
buoyancy can be included in kinematic dynamo models.

2. The basic equations

We assume both the mean magnetic field and the mean
velocity field to be axisymmetric in 2D kinematic models.
The magnetic field is written as

B ¼ Bðr; h; tÞe/ þr� ½Aðr; h; tÞe/�; ð1Þ
where Bðr; hÞ is the toroidal component and
Bp ¼ r� Aðr; h; tÞ is the poloidal component. We can write
the velocity field as vþ r sin hXðr; hÞe/, where Xðr; hÞ is the
angular velocity in the interior of the Sun and v is the veloc-
ity of meridional circulation having components in r and h
directions. Then the main equations telling us how the
poloidal and the toroidal fields evolve with time are
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where s ¼ r sin h; kT is the turbulent diffusivity and
Sðr; h; tÞ is the dynamo source term.

The term sðBp:rÞX in (3) corresponds to process (i)
involving the generation of the toroidal field from the
poloidal field involving differential rotation. On the other

hand, the terms s�1ðv:rÞðsAÞ and kT r2 � 1=s2
� �

A in (2)

correspond to process (iii) involving the evolution of the
poloidal field due to the meridional circulation and the tur-
bulent diffusion together. It is the source term Sðr; h; tÞ
which incorporates the process (ii). Sometimes we have to
do some extra things to (2) as well (as described below)
in order to include the magnetic buoyancy of the toroidal
field B.

In the early aX dynamo model postulated by Parker
(1955) and Steenbeck et al. (1966), the source term is
S ¼ aB (see, for example, Choudhuri, 1998, Chapter 16).
Here a is a measure of helical turbulence and is usually
referred as the a-effect. Although the Babcock–Leighton
mechanism also can be encaptured by a superficially similar
a-coefficient, its physical interpretation is completely differ-
ent from that of the a-effect, which implies the twisting of
the toroidal field. When it was realized that the toroidal
field at the bottom of the convection zone is much stronger
than what was assumed earlier (Choudhuri and Gilman,
1987; Choudhuri, 1989; D’Silva and Choudhuri, 1993;
Fan et al., 1993; Caligari et al., 1995) and the traditional
a-effect would be suppressed, the Babcock–Leighton mech-
anism was invoked to take its place, with a similar-looking
a-coefficient having a different interpretation (Durney,
1997). Since the Babcock–Leighton mechanism primarily
takes place near the surface, the a-coefficient corresponding
to it is usually assumed to be confined near the solar
surface. Choudhuri et al. (1995) simply took S ¼ aB, with
a concentrated at the surface as expected. Even with such
a source function which did not include magnetic buoyancy
explicitly, they were able to get a periodic solution because
of the term
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in (3), which implied that the toroidal field generated at the
tachocline was advected by the meridional circulation to
the surface where the Babcock–Leighton mechanism oper-
ated on it. Küker et al. (2001) also followed this approach.

Although it is possible to construct a Babcock–Leighton
dynamo model in this way without explicitly including
magnetic buoyancy, this is certainly not very physical or
satisfactory. When the toroidal field becomes sufficiently
strong, its rise time due to magnetic buoyancy is expected
to be much shorter than the advection time by the merid-
ional circulation. So magnetic buoyancy is expected to
dominate over such advection and has to be included in
the model to make it more realistic. In the next Section,
we discuss two popular procedures for incorporating mag-
netic buoyancy—a non-local procedure and a local proce-
dure. We first discuss how these procedures are used in
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order to obtain regular dynamo solutions. Then we shall
point out in Section 4 that we get into added complications
when we want to study irregularities of the solar cycle.

3. Non-local and local treatment of magnetic buoyancy

The methods of specifying magnetic buoyancy in 2D
kinematic models of the flux transport dynamo can be
broadly classified into two categories: non-local and local.
Since the non-local treatment of magnetic buoyancy is
somewhat simpler, we discuss that first.

3.1. Non-local magnetic buoyancy

The Babcock–Leighton mechanism essentially involves
the generation of the poloidal field near the surface from
the strong toroidal field at the bottom of the convection
zone, which has risen due to magnetic buoyancy. A simple
way of incorporating it is to take the source term Sðr; h; tÞ
in (2) to have the form

Sðr; h; tÞ ¼ aðr; hÞBðr ¼ rbot; h; tÞ; ð4Þ
in which we usually take aðr; hÞ to be significantly non-zero
only near the surface, to ensure that Sðr; h; tÞ makes a con-
tribution only near the surface. Also, to get Sðr; h; tÞ near
the surface, we multiply aðr; hÞ not by the toroidal field B

there, but by the toroidal field Bðr ¼ rbot; h; tÞ at the bottom
of the convection zone. Since the rise time due to magnetic
buoyancy is small compared to the period of the dynamo,
we normally use the same t in S and B without introducing
any time delay.

To the best of our knowledge, the method of treating
magnetic buoyancy in this way was first proposed by
Choudhuri and Dikpati (1999) in their study of the evolu-
tion of the solar poloidal field. Afterwards, Dikpati and
Charbonneau (1999) adopted it for their flux transport
dynamo model. Some other authors have followed this
procedure in their dynamo calculations since that time
(Charbonneau and Dikpati, 2000; Guerrero and Muñoz,
2004; Charbonneau et al., 2005; Hotta and Yokoyama,
2010).

This method of treating magnetic buoyancy is a simple,
robust and stable method. It is found that dynamo models
based on this method of treating magnetic buoyancy
remain stable on changing the values of basic parameters
over wide ranges. However, in spite of its simplicity and
attractiveness, this method has the following unphysical
features.

(1) We expect the toroidal field to be unstable to mag-
netic buoyancy only after it has become sufficiently
strong. However, in the non-local method of treating
buoyancy, even a very weak toroidal field at the bottom
of the convection zone starts contributing to the source
term in (2). It is, in principle, possible to put a threshold
on the strength of the magnetic field even in the non-
local treatment, although very few authors following
this approach have done this (Charbonneau et al., 2005).
(2) As a result of buoyant rise from the bottom of the
convection zone, the toroidal field at the bottom of the
convection keeps getting weaker. The simple method
of treating magnetic buoyancy described above does
not incorporate this effect and most of the authors
who treated magnetic buoyancy in this way did not
allow the weakening of the toroidal field due to mag-
netic buoyancy. As we shall see in the next Section,
not doing this has serious consequences when we study
irregularities of the solar cycle such as the Waldmeier
effect.

It should be pointed out that the physics of how mag-
netic flux depletion takes place in the convection zone is
still rather poorly understood. The toroidal field of one
cycle has to be removed from the convection zone by the
time the toroidal field of the next cycle starts building up.

If the toroidal field has a strength of 105 G as suggested
by the flux tube rise simulations, then certainly it cannot
be destroyed by turbulent diffusion, which will be com-
pletely suppressed in the presence of such a strong mag-
netic field. Then magnetic buoyancy remains the only
viable mechanism for removing the magnetic field,
although how this happens is unclear. If the toroidal field
exists in the form of a flux ring going around the rotation
axis and a part of it rises to form active regions, then other
portions of the flux ring remain anchored at the bottom of
the convection zone and there is certainly not an overall
reduction of flux there. In fact, Rempel and Schüssler
(2001) have pointed out that some processes can actually
amplify the magnetic field in the anchored part next to
the rising portion of the flux tube. A scenario proposed
by Choudhuri (2003) is that only some parts of the toroidal

field become concentrated to 105 G and rise to form active
regions, whereas the magnetic field remains more diffuse
and much weaker in other regions. If these weaker fields
diffuse by turbulent diffusion, then the buoyant rise of con-
centrated magnetic fields may reduce the flux. Although we
do not understand many aspects of the physics of magnetic
fields at the bottom of the convection zone, the assumption
that the magnetic flux is depleted due to magnetic buoy-
ancy seems reasonable and is essential to explain certain
aspects of observational data, as we shall discuss in
Section 4.
3.2. Local magnetic buoyancy

In this approach, some toroidal magnetic field is trans-
ferred from the bottom of the convection zone to the solar
surface and then this toroidal field at the surface is expected
to produce the poloidal field locally. Magnetic buoyancy is
known to be particularly destabilizing within the convec-
tion zone (Parker, 1975; Moreno-Insertis, 1983). So, as
the toroidal field evolves according to (3), we check at peri-
odic intervals if the toroidal field at any point within the
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convection zone becomes stronger than a critical value Bc

and, if so, then some toroidal field from such region is
transferred to the surface. It may be noted that this proce-
dure introduces a limit to the growth of the dynamo by not
allowing B to grow much beyond Bc. As a result, the
dynamo can exhibit non-growing oscillatory solutions even
without introducing any kind of quenching. On the other
hand, in the non-local procedure described in Section 3.1,
it is absolutely essential to include some kind of quenching
(a quenching of the a-coefficient being the most common)
to stop the runaway growth of the magnetic field. After
the toroidal field is shifted to the top of the convection
zone, we have to prescribe some way of generating the
poloidal field from it. Two ways of doing this are described
in the next two paragraphs.
3.2.1. Local a parameterization

One way is to prescribe the source term Sðr; h; tÞ in (2)
simply as a product of aðr; hÞ confined around the surface
and the toroidal field Bðr; h; tÞ there, which has been shifted
there from those regions at the bottom of the convection
zone where B exceeded Bc in a way that ensured the conser-
vation of the toroidal flux (i.e. the amount of toroidal flux
deposited near the surface has to equal the amount of tor-
oidal flux removed from the bottom of the convection
zone). This method has been followed in several publica-
tions from our group (Nandy and Choudhuri, 2001,
2002; Chatterjee et al., 2004; Choudhuri et al., 2004,
2005; Chatterjee and Choudhuri, 2006; Choudhuri et al.,
2007; Goel and Choudhuri, 2009; Choudhuri and Karak,
2009; Karak and Choudhuri, 2011, 2012, 2013; Hazra
et al., 2015).
Fig. 1. The poloidal field lines of a double ring formed near the surface
due to magnetic buoyancy. Taken from Muñoz-Jaramillo et al. (2010).
3.2.2. Durney’s double ring method

The ideas of Babcock (1961) and Leighton (1969) were
followed more closely by Durney (1995) and Durney
(1997). Due to the action of the Coriolis force, the rising
flux tube gets tilted (D’Silva and Choudhuri, 1993) and
produces two sunspots of opposite polarity at slightly dif-
ferent latitudes. In an axisymmetric 2D formulation, we
have to average over longitude, which gives us two flux
rings of opposite sign at two slightly different latitudes.
The generation of the poloidal field is prescribed in the fol-
lowing way. Whenever B in some region within the convec-
tion exceeds a critical value Bc, we assume that a part of
this B gives rise to the flux ring above the region and we
put A appropriate for this flux ring in (2). Here we do
not discuss the details of how we find A appropriate for
a flux ring, except to mention that some assumption has
to be made about the magnetic field structure below and
above the flux ring. Presumably the bipolar sunspot pair
eventually gets disconnected from the toroidal flux ring at
the bottom of the convection zone from which it formed,
though it is not clear at the present time how and when this
disconnection takes place (Longcope and Choudhuri,
2002). Fig. 1 from Muñoz-Jaramillo et al. (2010) shows
the typical poloidal field structure assumed by them in their
dynamo model with Durney’s double ring algorithm.

It is found that the above two methods—local a param-
eterization and Durney’s double ring method—give quali-
tatively similar results (Nandy and Choudhuri, 2001).
However, Muñoz-Jaramillo et al. (2010) have argued that
the double ring method is a superior method from the con-
ceptual point of view.

It may be pointed out that the local treatment of mag-
netic buoyancy also has an element of non-locality in it.
Whenever we put some toroidal flux just below the surface
or a double ring at the surface, non-local considerations
(the value of the toroidal field near the bottom of the con-
vection zone) determine when and where this should be
done. However, once the toroidal flux or the double ring
has been put near the surface, its subsequent evolution is
governed by local physics. On the other hand, in the non-
local treatment, the source term explicitly has a dependence
on the magnetic field in a different location, as seen in (4).
Whether ‘local’ and ‘non-local’ are the best terminology to
describe these approaches can be questioned. However, it is
important to distinguish between these two approaches and
we have merely followed the terminology used by many
authors.
3.3. Comparison between the non-local and local methods

It would have been wonderful if the non-local and local
methods of treating magnetic buoyancy gave qualitatively
similar results. Unfortunately, that is not the case!When this
was first discovered by Choudhuri et al. (2005), it came as a
surprise to most of the researchers in the field, though now
from hindsight we feel that this should have been an
expected result. Fig. 2(a) and (b) show the poloidal field con-
figurations in two dynamo models in which magnetic buoy-
ancy is treated by non-local and local (a parameterization)



Fig. 2. (a) and (b) Poloidal field lines at a particular instant of time in two solar dynamo simulations. Both use the same combination of parameters which
were used to generate the standard model in Section 4 of Chatterjee et al. (2004). The only difference between the two runs is that (a) was generated by
using local buoyancy treatment and (b) was generated by using the non-local buoyancy treatment. Whereas (a) is taken from Fig. 14 of Chatterjee et al.
(2004), (b) is taken from Fig. 1 of Choudhuri et al. (2005). (c) and (d) are the time-latitude plots of the toroidal field at the bottom of the convection zone
for these two cases. It may be noted that, in the local treatment of magnetic buoyancy adopted by Chatterjee et al. (2004), the flux eruptions are treated
explicitly and one can generate a theoretical butterfly diagram of sunspots, as shown in Fig. 13 of Chatterjee et al. (2004). Since this is not possible in the
non-local treatment, we have plotted the values of toroidal field in both the cases for the sake of easy comparison.
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methods, but which are identical dynamomodels in all other
respects. The time-latitude plots of the toroidal field at the
bottom of the convection zone are shown in Fig. 2(c) and
(d). When we use non-local buoyancy, even the weak toroi-
dal fields produced at the high latitude start giving rise to the
poloidal field. This causes amulti-lobe structure of the poloi-
dal field in this case, shortening the period of the dynamo.
While the model with the local a parameterization gives a
period of 14 years, we get a period of barely 6.1 years on
using the non-local treatment of magnetic buoyancy. It is
possible to obtain solar-like solutions with the non-local
treatment of magnetic buoyancy with a completely different
set of parameters, as seen in the results of Dikpati and
Charbonneau (1999) and other authors. However, for the
set of parameters which give solar-like solutions with the
local treatment ofmagnetic buoyancy, we get a totally differ-
ent kind of result on changing to a non-local treatment of
magnetic buoyancy (while keeping all the other things
same).

Because of these big differences, we cannot avoid the
question as to which of these two methods is better. We first
note that both the methods are gross over-simplifications of
a complicated 3D process. In this sense, neither of these two
methods can be taken as a realistic depiction of magnetic
buoyancy. We believe that the local treatment is a more
physical and realistic depiction of what actually happens
in the Sun—a conclusion that will be further reinforced
from the discussion of the next Section. We have used this
method of local treatment in most of the calculations done
in our group. Unfortunately, this method is less robust and
less stable than the non-local method and seems to give
results only within a narrow range of various important
dynamo parameters. So, when we want to vary our dynamo
parameters over a wide range or when we use unusual
parameter specifications (such as a multi-cell meridional cir-
culation), we are often unable to obtain results with the
local a parameterization procedure and are forced to
use the more robust non-local procedure described in
Section 3.1 (Karak et al., 2014; Hazra et al., 2014).

4. Modelling irregularities of the solar cycle

The previous section outlined the various ways of treat-
ing magnetic buoyancy and pointed out the differences in
the periodic dynamo solutions we get with them. Within
the last few years, one of the goals of solar dynamo theory
has been to model the irregularities of the solar cycle. Only
very recently we realized that different formulations of
magnetic buoyancy may give radically different results in
this important field of study—especially when we consider
irregularities of the solar cycle caused by the variations in
the meridional circulation.

The duration of the solar cycle becomes more when the
meridional circulation slows down (Dikpati and
Charbonneau, 1999; Yeates et al., 2008). So it is expected
that variations in the meridional circulation will introduce
irregularities in the cycle. When this problem is studied
with the help of local a parameterization, the theoretical
results are broadly in agreement with observational data
(Karak, 2010; Karak and Choudhuri, 2011; Choudhuri
and Karak, 2012; Karak and Choudhuri, 2013; Hazra
et al., 2015). Before explaining how things change on
changing the method of treating magnetic buoyancy, let
us say a few words about the basic physics of the problem.
When a cycle becomes longer due to the slowing of the
meridional circulation, two competing effects take place.
The differential rotation has more time to generate more
toroidal field, trying to make the cycle stronger. On the
other hand, diffusion has also more time to act on the mag-
netic field and tries to make the cycle weaker. Which of
these two effects wins over depends on the assumed value
of the turbulent diffusion coefficient in the convection zone.

Most of the calculations in our group were done with a
value of turbulent diffusion around 1012 cm2 s�1 consistent
with mixing length argument (Parker, 1979, p. 629; Jiang
et al., 2007). With such a value of turbulent diffusion, the
effect of diffusion trying to make the longer cycle weaker
wins over the effect of differential rotation trying to make
longer cycles stronger. As a result, longer cycles tend to
be weaker. This naturally leads to an explanation of the
Waldmeier effect that the rise time of the cycle is inversely
correlated with the strength of the cycle (Karak and
Choudhuri, 2011). On the other hand, several papers from
Dikpati and her collaborators (Dikpati and Charbonneau,
1999; Charbonneau and Dikpati, 2000; Dikpati and
Gilman, 2006) used a value of turbulent diffusion about
50 times smaller. With such a value of turbulent diffusion,
the effect of differential rotation trying to make longer
cycles stronger wins over, giving the opposite of the Wald-
meier effect.

The better agreement with observational data on using
the higher value of turbulent diffusion clearly indicates that
this higher value must be closer to reality. However, we real-
ized only recently that an appropriate handling of magnetic
buoyancy is also required to get a match with observational
data. We basically need diffusion to be dominant so that
longer cycles are weaker. When we use a higher value of dif-
fusion and treat magnetic buoyancy through local a param-
eterization, this happens and we are able to explain effects
like the Waldmeier effect beautifully. However, when we
use the non-local buoyancy method, we get into trouble
even on taking the higher value of diffusion. In our calcula-
tions with local a parameterization, toroidal flux is removed
from the bottom of the convection zone as a result of mag-
netic buoyancy. On the other hand, in the non-local buoy-
ancy formulation used in several papers (Dikpati and
Charbonneau, 1999; Charbonneau and Dikpati, 2000), the
toroidal flux is never depleted as a result of magnetic buoy-
ancy. Because of this, the toroidal field keeps becoming
stronger when the cycle is longer and, even with a high value
of diffusion, we find that longer cycles tend to be stronger,
giving the opposite of the Waldmeier.

Since this aspect of the problem was realized only
recently and has not yet been reported in regular journal
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publications, we present some new results here. Fig. 3(a)
shows the Waldmeier effect (i.e. the anti-correlation
between the rise time and the strength of the cycles)
obtained with a dynamo model with a high value of
diffusion in the convection zone on using the local a param-
eterization. If we treat magnetic buoyancy through the non-
local method as given by (4), while keeping all other things
of the dynamo unchanged, then we get the opposite of the
Waldmeier effect, i.e. a correlation rather than an anti-
correlation. This is shown in Fig. 3(b). To verify that this
is indeed caused by not including the depletion of the
toroidal field by magnetic buoyancy, if we now modify
the non-local method slightly by putting the restriction that
the toroidal field is not allowed to grow beyond a limiting
value Bc (i.e. we put a specification in the code that when-
ever B > Bc we set B ¼ Bc), then we again get back the
2.2 2.4 2.6 2.8 3 3.15
50

100

150

200

M
ax

im
um

 S
un

sp
ot

 N
um

be
r 

1.65 1.85 2.05 2.25 2.45 2.65 2.8

50

100

150

200

1 1.1 1.2 1.3 1.4 1.5
40

60

80

100

120

140

160

180

Rise time (years)

r = −0.75 (99.99 %)

r = −0.79 (99.99 %)

(a)

(b)

(c)

r = 0.23 (89.22 %)

Fig. 3. The correlation between the rise time and the strength of the solar
cycle from a theoretical solar dynamo model using the same combination
of parameters as the high diffusivity model presented by Karak and
Choudhuri (2011). Only fluctuations in the meridional circulation are
included. The panels (a) and (b) are obtained by using respectively the
local treatment and the non-local treatment (without depletion in the
toroidal flux) of magnetic buoyancy. The last panel (c) obtained by using
the non-local treatment of magnetic buoyancy in which the toroidal field is
not allowed to grow larger than a critical value Bc. The panel (a)
essentially the same plot as Fig. 4(a) of Karak and Choudhuri (2011)
obtained with a different realization of the randomness.
Waldmeier effect. The result is shown in Fig. 3(c) which is
obtained by using the non-local buoyancy with the restric-
tion that B is never allowed to grow beyond Bc. We thus
have a rather peculiar situation. Although the non-local
magnetic buoyancy method is more robust and works for
a wide range of parameters, if this method is used blindly
while studying irregularities caused by the variations in
the meridional circulation, we are likely to get completely
wrong results. This should make it clear that none of the
presently used methods of treating magnetic buoyancy is
completely satisfactory. Each method has its limitations
and we have to keep these limitations in mind when inter-
preting the results obtained with a particular method.

5. The latitudinal distribution problem

So far we have discussed problems of a realistic 2D for-
mulation of magnetic buoyancy, which is an intrinsically
3D process. Now we mention another problem connected
possibly with magnetic buoyancy, which is still very poorly
understood. In a helioseismic map of differential rotation
(see, for example, Schou et al., 1998), it is clearly seen that
the radial differential rotation is concentrated more
strongly at high latitudes than at low latitudes—the sign
being different at high and low latitudes. Because of this,
the generation of the toroidal magnetic field from the
poloidal magnetic field is supposed to be more pronounced
at the high latitudes. At the low latitudes, the differential
rotation present there first has to ‘unwind’ the toroidal field
produced by the differential rotation of the opposite sign at
high latitudes and brought to the low latitudes by the equa-
torward meridional circulation. Only after that, the differ-
ential rotation at low latitudes can build up the toroidal
field. Hence, when we use the differential rotation discov-
ered by helioseismology, there is a propensity of stronger
toroidal field being produced at the high latitudes. If this
strong toroidal field is allowed to rise to the surface there
due to magnetic buoyancy, then we find sunspots at lati-
tudes higher than where they are seen. The first authors
to use helioseismically determined differential rotation
already noticed this problem (Dikpati and Charbonneau,
1999; Küker et al., 2001).

Nandy and Choudhuri (2002) proposed a solution to
this problem. They suggested that the meridional circula-
tion penetrates slightly below the bottom of the convection
zone, where the temperature gradient is stable against con-
vection and magnetic buoyancy is suppressed to a large
extent. If this is the case, then the strong toroidal field cre-
ated in the high-latitude tachocline may be pushed below
the bottom of the convection zone and may not be able
to rise to the surface due to the suppression of magnetic
buoyancy there, thereby inhibiting formation of sunspots
at high latitudes. Then the toroidal field would be advected
equatorward by the meridional circulation through layers
slightly below the bottom of the convection. Then, when
the penetrating meridional circulation again enters the con-
vection zone at low latitudes, the toroidal field is brought
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into the convection zone and magnetic buoyancy again
takes over to produce sunspots at low latitudes. This
Nandy–Choudhuri hypothesis became a source of contro-
versy—Gilman and Miesch (2004) arguing that it is not
possible for the meridional circulation to penetrate into
the stable layers below the bottom of the convection zone,
whereas Garaud and Brummell (2008) pointed out that
some penetration to a limited extent is possible. In many
dynamo calculations from our group, we have made the
meridional circulation slightly penetrating in order to con-
fine sunspots to low latitudes. As Chakraborty et al. (2009)
pointed out, one strong support for the Nandy–Choudhuri
hypothesis comes from the observation that torsional oscil-
lations begin at higher latitudes before the start of a sun-
spot cycle. Since torsional oscillations are presumably
driven by the Lorentz force of the dynamo-generated mag-
netic field, this observation clearly suggests that the strong
toroidal field builds up in the high-latitude tachocline a few
years before this field is advected to low latitudes and is
able to produce sunspots, in accordance with the Nandy–
Choudhuri hypothesis.

In a study of the evolution of the poloidal field (in which
the dynamo equation was not solved), Dikpati and
Choudhuri (1994) mimicked the behavior of the dynamo
by restricting the source term of the poloidal field to low
latitudes. Within the last few years, several authors have
solved the dynamo equation by artificially restricting the
Babcock–Leighton source term to low latitudes in this
fashion (Hotta and Yokoyama, 2010; Muñoz-Jaramillo
et al., 2010). While this procedure produces nice-looking
butterfly diagrams with sunspots restricted to low latitudes,
these authors provide no physical justification for this pro-
cedure. An analysis by Schüssler et al. (1994) suggested that
flux tubes stored at the bottom of the convection zone are
more likely to be unstable at lower latitudes. It is possible
that such considerations may provide a justification for
restricting the Babcok–Leighton process to low latitudes.
Curiously, based on their study of magneto-rotational
instability at the bottom of the convection zone, Parfrey
and Menou (2007) concluded that the lower latitudes are
more stable—which were found to be unstable in the anal-
ysis of Schüssler et al. (1994). Parfrey and Menou (2007)
argued that this stability is important for restricting the
dynamo action at lower latitudes. Certainly this issue needs
to be studied in more detail. In our opinion, we still do not
have a proper understanding of why sunspots are restricted
only to low latitudes. Although this is an old problem and
no significant progress has been made in the last few years,
we decided to add this Section because the existence of this
problem is nowadays often not appreciated or acknowl-
edged. We should keep this problem in mind and should
not sweep it under the rug.

6. Conclusion

Our discussion has been restricted to kinematic dynamo
models in which the velocity field is assumed to be given.
Although we so far do not have anything that can be called
the standard model of the solar dynamo even within the
framework of kinematic models (Choudhuri, 2008), flux
transport dynamo models developed by different groups
have lots of common features. While there is a controversy
on the nature of the meridional circulation at present, it is
still not clear whether a serious revision of existing dynamo
models will be required. Another uncertainty about the
value of turbulent diffusion seems to be resolved now in
favor of higher diffusivity (such that the diffusion time scale
is a few years) because only with such diffusivity it is pos-
sible to model various aspects of cycle irregularities
(Choudhuri, 2015). Whether turbulent pumping is impor-
tant for the solar dynamo is another question. However,
since the inclusion of turbulent pumping does not change
the results of high-diffusion dynamo models too much
(Karak and Nandy, 2012), this is presumably not a large
source of uncertainty.

As we have discussed here, the biggest uncertainty in the
flux transport dynamo at the present time arises from the
treatment of magnetic buoyancy. There have been two
widely used procedures for treating magnetic buoyancy in
2D kinematic models of the flux transport dynamo: (i)
the non-local treatment in which the toroidal field at the
bottom of the convection zone is assumed to contribute
directly to the generation of the poloidal field, without
itself being depleted, and (ii) the local treatment in which
a part of the toroidal field from the bottom of the convec-
tion zone is shifted to the top whenever it exceeds a critical
value. With magnetic buoyancy treated in either of these
ways, it is possible to arrange the parameters of the model
in such a way that the dynamo solution reproduces various
characteristics of the solar cycle. However, for the same set
of parameters, we get very different results on using these
different treatments of magnetic buoyancy. The non-local
treatment is more robust and is preferred when we want
to study the behavior of our system over a wide range of
parameters. On the other hand, the local treatment with
the toroidal field depletion at the bottom of the convection
zone allows the proper reproduction of results under irreg-
ular situations (such as the Waldmeier effect) and appears
the more physically realistic treatment.

This is certainly an unsatisfactory situation and presum-
ably we cannot model magnetic buoyancy sufficiently well
if we restrict ourselves only to strictly 2D situations. It
may be noted that, in the early studies of magnetic buoy-
ancy based on thin flux tube equation (Spruit, 1981;
Choudhuri, 1990), some physical effects could be studied
through 2D calculations (Choudhuri and Gilman, 1987;
Choudhuri and D’Silva, 1990; D’Silva and Choudhuri,
1991). However, a proper study of the tilt of bipolar
sunspot regions (which is responsible for the Babcock–
Leighton process) could be carried out only when the cal-
culations were carried out in 3D (D’Silva and Choudhuri,
1993; Fan et al., 1993; Caligari et al., 1995). Essentially,
magnetic buoyancy is inherently a 3D process and cannot
be included very satisfactorily in 2D kinematic dynamo
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models. Further advances in 2D kinematic models are unli-
kely to solve the problems we are facing now.

The ultimate goal of solar dynamo models is to con-
struct fully dynamically consistent 3D models, in which
the velocity fields are also calculated from the fundamental
equations (Karak et al., 2014). Beyond 2D kinematic mod-
els, however, there is an intermediate possibility—3D kine-
matic models, in which the mean velocity fields (such as
differential rotation and meridional circulation) are sup-
posed to be axisymmetric and are specified (i.e. not calcu-
lated from the basic fluid equations), but the magnetic
field is treated in a full 3D fashion and is allowed to evolve
non-axisymmetrically so that we are able to model the
formation of tilted bipolar sunspots and the Babcock–
Leighton process more realistically. The relatively few cita-
tions (according to ADS) to the first paper suggesting this
approach (Yeates and Muñoz-Jaramillo, 2013) indicate
that the importance of this approach is not generally recog-
nized. But we believe that this is going to be the next
important step in flux transport dynamo theory beyond
2D kinematic model. Only a few authors have so far pre-
sented results with this approach (Miesch and Dikpati,
2014). This approach, when developed and integrated with
a realistic dynamo model, should be more satisfactory than
the currently widely used two treatments of magnetic buoy-
ancy in 2D kinematic models. However, a 3D kinematic
model is not expected to immediately solve all the problems
connected with magnetic buoyancy in the 2D kinematic
model. For example, we have discussed in Section 5the
problem of why sunspots appear in lower latitudes. This
problem will not be solved with the 3D formulation of
magnetic buoyancy. Rather, we shall need a better under-
standing of the physics of the tachocline to address this
question. We thus expect a combination of more realistic
calculation of magnetic buoyancy coupled with a better
understanding of the tachocline to put the flux transport
dynamo on a more satisfactory footing.
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