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A low frequency relaxation oscillator is designed using a super-capacitor. An accurate analytical expres-
sion for the oscillation frequency is derived based on a fractional-order super-capacitor model composed
of a resistance in series with a Constant Phase Element (CPE) whose pseudo-capacitance and dispersion
coefficient are determined using impedance spectroscopy measurements. Experimental results confirm
our theoretical analysis.

� 2016 Elsevier GmbH. All rights reserved.
1. Introduction order model composed of a linear resistor R in series with a CPE,
Low frequency oscillators are important for many applications
and particularly for biomedical, electronic and instrumentation
devices [1,2]. The design of such oscillators is difficult mainly
due to the large values of capacitors and resistors required to
achieve low oscillation frequencies [3]. Several circuit design tech-
niques and structures have been reported in the literature to avoid
the use of such impractically large component values [4–9]. How-
ever, recent developments in material science and mainly in
carbon-based energy storage devices have resulted in capacitors
with values exceeding 1 Farad, which are commercially available
from several vendors. These capacitors are known as super-
capacitors [10] and are also referred to as ultra-capacitors or elec-
tric double layer capacitors [11]. They are energy storage devices
with diverse applications ranging from energy storage for wind
turbines [12], and other renewable energy sources [13], hybrid
and electric vehicles [14], to wireless sensor nodes [15]. The impe-
dance of super-capacitors usually shows frequency-dependent
behavior that can be modeled by a capacitance dispersion phe-
nomena (due to distributed surface reactivity, inhomogeneity,
fractal/rough geometry, and porosity) in the form of a Constant
Phase Element (CPE). Thus, the most widely used model for a
super-capacitor is that shown in Fig. 1 [16], which is a fractional-
0

with an impedance given by:

ZðsÞ ¼ R0 þ 1
Casa

ð1Þ

where Ca is known as the ‘‘pseudo-capacitance” with units
Farad�sec(a�1) and a is the dispersion coefficient (0 < a < 1). For
ideal capacitive behavior, a ’ 1 and Ca has the exact units of Farads.
However, super-capacitors exhibit appreciable deviation from ide-
ality with a as low as 0:3 for some devices [17] indicating that it
is incorrect to assume a behavior of a normal capacitor. Character-
izing a super-capacitor requires using Electrochemical Impedance
Spectroscopy (EIS) or any alternative technique such as that
recently reported in [18].

In this work we investigate the possible use of a commercial
super-capacitor to construct a very low frequency oscillator. To
the best of the authors’ knowledge such an application for super-
capacitors has not yet been reported. Using the model of (1), we
analytically derive an expression for the oscillation frequency.
After measuring the parameter set ðR0;Ca;aÞ using impedance
spectroscopy, we clearly confirm that without using (1) and if a
super-capacitor is treated as a normal capacitor based only on
the vendor rating, the experimentally measured oscillation fre-
quency cannot be explained. In particular, the rating of commercial
super-capacitors is reported by vendors at DC whereas for an oscil-
lator application, even at ultra-low frequencies, the vendor rating
is in-sufficient to model the charge/discharge behavior of
the device. This can lead to significant design errors, as will be
/dx.doi.
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Fig. 1. Super-capacitor impedance model.
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Fig. 3. Impedance spectroscopy measurement results for the 1F NEC/TOKIN super-
capacitor.
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illustrated in the next sections. Furthermore, we report on the use
of a super-capacitor to realize an ultra-low frequency resonance
network and provide experimental results.

2. Low frequency oscillator

The classical and popular relaxation oscillator shown in Fig. 2 is
selected. Here, we employ a 1 Farad NEC/TOKIN (Unit#
FGR0H105ZF) super-capacitor device; shown within Fig. 2. Accord-
ing to classical analysis of the circuit, a square-wave is generated at
Vout with a frequency xo ¼ 1=RC, where R ¼ R1R2=R3 . The super-
capacitor datasheet indicates that the nominal capacitance of
1Farad is measured at DC. If we rely on this value and select
R1 ¼ 10X with R2 ¼ R3, then the expected oscillation frequency
would be approximately 16 mHz. One would expect that such a
very low frequency is close enough to DC and hence the datasheet
value of 1 Farad can be safely adopted.

Using a Biologic VSP-300 electrochemical workstation equipped
with an impedance analyzer, we measured the super-capacitor
parameters using Potentiostatic Electrochemical Impedance Spec-
troscopy (PEIS) mode in the frequency range 10 Hz–1 kHz, with
10 points per decade, and again in the frequency range 2.5 mHz–
100 mHz. From the measured data, a least-square fitting algorithm
was used to estimate ðR0; Ca; aÞ according to the model of (1), as
shown in Fig. 3. The same model was also used to characterize
different super-capacitors in the time domain [17]. It was found
that in the range 1 Hz–1 kHz, ðR0; Ca; aÞ � ð7:6; 0:214; 0:29Þ
which indicates that the super-capacitor is far from being
an ideal capacitor. In the range 2.5 mHz–100 mHz we found
ðR0; Ca; aÞ � ð15:6; 0:533; 0:9Þ indicating the super-capacitor
behavior is approaching that of an ideal capacitor, although Ca is
about half the rated value provided by the manufacturer. Based
on these measurements, it would be wrong to apply the oscillation
frequency expression xo ¼ 1=RC for the circuit in Fig. 2 with a
super-capacitor device. The accurate expression is derived by
applying the condition

R0 þ 1
Caðjx0Þa

����
���� ¼ R1R2

R3
¼ R ð2Þ

which occurs at the switching instant. Noting that

ðjx0Þa ¼ xa
0 cos

ap
2

� �
þ j sin

ap
2

� �� �
ð3Þ
Fig. 2. Low frequency oscillator using a super-capacitor.
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with the constraint R > R0. It is clear from (5) that x0 is very sensi-
tive to the difference term ðR2 � R2

0Þ. For R2 � R2
0, (5) simplifies to

x0 ¼ ð1=RCaÞ1=a ¼ ð1=RCÞja¼1 ð6Þ
as expected. It is important to note here that super-capacitors of the
same rating and from the same vendor may have appreciable
differences in their model parameters. It is thus recommended to
accurately obtain a model for the super-capacitor physically being
employed, either using Impedance spectroscopy or any other
technique [18].

3. Experimental verification

The circuit in Fig. 2 was tested with TL081 op amps and
R2 ¼ R3 ¼ 1 kX. At R1 ¼ 10 X, the observed waveform is shown in
Fig. 4(a) with a measured frequency of 1.38 Hz. Using (5) with the
measured impedance spectroscopy values of ðR0; Ca; aÞ �
ð7:6;0:214;0:29Þ yields the very close value f 0 ¼ x0=2p ¼ 1:42 Hz.
A 50 X resistor was then placed in parallel with the 10 X yielding
R1 � 8:3 X. As predicated by (5),x0 increases significantly when R1

approaches R0 andwemeasured a frequency of 114 Hz close enough
to the 137 Hz indicated by (5), as shown in Fig. 4(b). Finally, we used
R1 ¼ 50 X.Withx0 expected to be in themHz range, due to the large
of R1, we used the impedance spectroscopy measurements in this
frequency range ðR0; Ca; aÞ � ð15:6; 0:533; 0:9Þ. Accordingly, (5)
indicates a 4.9 mHz waveform frequency while we observed an
oscillation frequency of 12.4 mHz, as shown in Fig. 4(c). The differ-
ence between the theoretical value and themeasured one is attribu-
ted to the heavy loading effect of the super-capacitor (as it
approaches its near-ideal capacitive behavior with a � 0:9) on the
op amp. This loading effect increases the op amp output resistance
which can no longer be ignored. This output resistance adds up to
the super-capacitor resistance R0 making it effectively higher. From
(5) and substituting with R0 ¼ 40 X instead of 15:6 X leads to an
oscillation frequency of 9.5 mHz while substituting with R0 ¼ 45 X
leads to a frequency of 14.8 mHz meaning that the op amp output
resistance is between 25 X and 30 X. The loading effect can also be
sing a super-capacitor. Int J Electron Commun (AEÜ) (2016), http://dx.doi.
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Fig. 4. Experimental results of the low frequency oscillator at (a) 1.4 Hz (R1 ¼ 10 X),
(b) 114 Hz (R1 � 8:3 X) and (c) 12.4 mHz (R1 ¼ 50 X).
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clearly seen in Fig. 4(c) as the amplitude of the output signal has
increased to 3:25 V compared to 3:05 V in Fig. 4(a) at 1:38 Hz, and
2:95 V in Fig. 4(b) at 114 Hz. In conclusion, the loading effect of
super-capacitors on op amps, which increases significantly at very-
low frequencies, should not be ignored.
Fig. 5. Experimental results of the low-frequency resonance network using a super-
capacitor and three different inductors; (a) Nyquist plot of the impedance and (b)
Bode-plot of the phase.
4. Low frequency resonance

In this section, we further investigate the use of a super-
capacitor to obtain an ultra-low frequency series resonance net-
work composed of an ideal inductor L and a super-capacitor. It
was shown in [19,20] that the general formula for the resonance
frequency xr , assuming a fractional-order capacitor whose impe-

dance is Casað Þ�1 and a fractional-order inductor whose impedance
is Lbsb

� �
, is given by
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xr ¼ sinðap=2Þ
sinðbp=2Þ

1
LbCa

� � 1
aþb

ð7Þ

Note that we may use the definition of Ceff ¼ Ca
xða�1Þ

sinðap=2Þ and further

define an effective inductance Leff ¼ Lb
sinðbp=2Þ
xð1�bÞ in which case (7)

reduces to the well-known expression

xr ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Leff Ceff

q
ð8Þ

Both Ceff and Leff are in proper Farad and Henry units whereas Ca

and Lb are pseudo-capacitance and pseudo inductances in units
Farad�sec(a�1) and Henry�sec(1�b) respectively.

Here, we use three different ideal inductors (b ¼ 1) of values
1 mH, 15 mH and 100 mH to test and measure the resonance fre-
quency when these inductors are respectively connected in series
with the 1 Farad NEC/TOKIN super-capacitor characterized earlier
in Section 2. Accordingly, (7) in this case reads as

xr ¼ sinðap=2Þ
LCa

� � 1
aþ1

ð9Þ

With the earlier measured values of Ca and a, (9) indicates a reso-
nance frequency of 57.65 Hz, 7.18 Hz and 1.67 Hz respectively for
the 1 mH, 15 mH and 100 mH inductors. In Fig. 5(a) we show the
Nyquist plot of the measured impedance in the three cases indicat-
ing that the imaginary part of the impedance does vanish
(ImðZÞ ¼ 0); i.e. resonance exists. Fig. 5(b) shows the phase Bode
plot from which the resonance frequencies were respectively
measured to be 63 Hz, 7 Hz and 2 Hz, close enough to the calculated
values based on (9).
sing a super-capacitor. Int J Electron Commun (AEÜ) (2016), http://dx.doi.
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5. Conclusion

The design of low frequency oscillators using super-capacitors
is possible yet challenging. The rated datasheet capacitance value
does not enable accurate calculation of the expected frequency.
An electrochemical station, or an alternative technique [18], must
be used to extract the pseudo-capacitance and more importantly
the dispersion coefficient of a super-capacitor within the targeted
frequency band of interest. The loading effect of supercapacitors
increases at low frequencies and should also be taken into
consideration.
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