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ABSTRACT

Modeling flow and solute transport in large-scale (e.g.) on the order of 10> m heterogeneous porous me-
dia involves substantial computational burden. A common approach to alleviate the problem is to utilize
an upscaling method that generates models that require less intensive computations. The method must
also preserve the important properties of the spatial distribution of the hydraulic conductivity (K) field.
We use an upscaling method based on the wavelet transformations (WTs) that coarsens the computa-
tional grid based on the spatial distribution of K. The technique is applied to a porous formation with
broadly distributed and correlated K values, and the governing equation for solute transport in the for-
mation is solved numerically. The WT upscaling preserves the resolution of the initial highly-resolved
computational grid in the high K zones, as well as that of the zones with sharp contrasts between the
neighboring K, whereas the low-K zones are averaged out. To demonstrate the accuracy of the method,
we simulate fluid flow and nonreactive solute transport in both the high-resolution and upscaled grids,
and compare the concentration profiles and the breakthrough times. The results indicate that the WT
upscaling of a K field generates non-uniform upscaled grids with a number of grid blocks that on aver-
age is about two percent of the number of the blocks in the original high-resolution computational grids,
while the concentration profiles, the breakthrough times and the second moment of the concentration
distribution, computed for both models, are virtually identical. A systematic parametric study is also car-
ried out in order to investigate the sensitivity of the method to the broadness of the K field, the nature
of the correlations in the field (positive versus negative), and the size of the computational grid. As the
broadness of the K field and the size of the computational domain increase, better agreement between
the results for the high-resolution and upscaled models is obtained.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

solute plumes, as well as estimates of their early or late arrival
times. Thus, neglecting the effect of subsurface heterogeneity, and

It is of fundamental and practical importance to incorporate the
spatial heterogeneity of porous geological formations in the mod-
els of flow and transport in such media (Dagan et al., 1989; Ru-
bin, 2003; Sahimi, 2011). At the field scale (e.g. orders of 102 — 103
m), subsurface properties, such as the permeability, vary many or-
ders of magnitude across multiple length scales (e.g. from 1 m to
103 m or larger) (Dagan et al., 1989; Rubin, 2003; Sahimi, 2011). It
is well recognized that the spatial fluctuations of the permeabil-
ity field, i.e. many orders of magnitude difference between per-
meability values, have a significant role in the spreading rates of
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in particular the spatial distribution of the permeability, in numer-
ical simulation leads to erroneous prediction of solute transport,
which will have severe consequences for health risk assessment
(de Barros and Rubin, 2008; Maxwell et al., 1999), the likelihood of
extreme events (de Barros and Fiori, 2014; Dentz and Tartakovsky,
2010; Henri et al., 2015), and for reactive mixing (Dentz et al.,
2011; Luo et al., 2008).

In general, to obtain accurate predictions for solute mixing at
the field scale and calculate the properties that characterize the
process, such as the distribution of travel times and the disper-
sion coefficients, numerical simulation of flow and transport in
large-scale porous media requires a computational grid with high
enough resolution to represent the variability of the hydrogeologi-
cal properties (Ababou et al., 1989; de Dreuzy et al., 2007). Simula-
tion with such high-resolution computational grids entails solving


http://dx.doi.org/10.1016/j.advwatres.2016.07.013
http://www.ScienceDirect.com
http://www.elsevier.com/locate/advwatres
http://crossmark.crossref.org/dialog/?doi=10.1016/j.advwatres.2016.07.013&domain=pdf
mailto:moslehi@usc.edu
mailto:fbarros@usc.edu
mailto:f_ebrahimi@birjand.ac.ir
mailto:moe@usc.edu
http://dx.doi.org/10.1016/j.advwatres.2016.07.013

M. Moslehi et al./Advances in Water Resources 96 (2016) 180-189 181

several million discretized equations over thousands of time steps,
leading to a very high computational burden. The resolution of the
grid depends, of course, on the available data that are used to con-
struct the grid blocks. But, for the same of argument we consider
blocks whose linear size is 1 m. Thus, numerical simulation of
solute transport at the field scale might become prohibitively ex-
pensive, particularly when such highly-resolved models are subject
to uncertainty and must be cast within a Monte Carlo sampling
(Rubin, 2003; Sahimi, 2011). As a result, a key aspect of the simu-
lation is how to distribute the limited computational resources in
an efficient manner in order to reduce the simulation cost (Leube
et al.,, 2013; 2012; Moslehi et al., 2015). To alleviate the computa-
tional burden, upscaling methods are used.

Upscaling flow and transport in heterogeneous porous forma-
tions has been studied intensively for several decades. One may
divide the existing methods into those that are based on volume
(Wang and Kitanidis, 1999; Whitaker, 1999; Wood et al., 2003;
Wood and Valdés-Parada, 2013), ensemble (Koch and Brady, 1985;
Rubinstein and Torquato, 1989), or stochastic averaging (Attinger,
2003; Dagan, 1984; Gelhar and Axness, 1983; Neuman et al., 1987;
Rubin et al,, 1999). In the context of stochastic averaging, many
analytical methods have been developed to evaluate the effective
transport properties in a coarse-scale heterogeneous model, includ-
ing analytical perturbation (de Barros and Dentz, 2016; de Barros
and Rubin, 2011; Gelhar and Axness, 1983; Gutjahr et al., 1978)
and self-consistent (Dagan et al., 1989; Fiori et al., 2011; Rubin and
Gomez-Hernandez, 1990) methods. Alternatively, numerical simu-
lations (Ababou, 1988; Desbarats, 1987; Warren et al.,, 1961) and
the renormalization group transformations (King, 1989; King et al.,
1993; Mukhopadhyay and Sahimi, 2000) have been employed to
compute the effective conductivity of field-scale porous media.
Such works were reviewed by Renard and De Marsily (1997),
Wen and Gémez-Hernandez (1996), and Sahimi (2011).

In general, most of the coarsening process is carried out by
homogenizing the aquifer’s model through, for example, its hy-
draulic conductivity or the permeability attributed to the blocks of
a highly-resolved computational grid such that the upscaled per-
meability or conductivity field has identical symmetries as those
of the fine-scale field, as defined earlier (Desbarats, 1992; Durlof-
sky, 1991; Kitanidis, 1990). The size of the upscaled grid blocks is
determined by considering the available computational resources.
A drawback associated with the homogenization techniques is that
they coarsen the subsurface domain uniformly, which often leads
to large errors in the predictions for the flow and transport prop-
erties, especially in the presence of fractured regions or sink and
source. This is because many homogeneization methods average
out the effects of extreme events, such as fast flow paths or large
flow barriers. To address this issue, Durlofsky et al. (1997) pro-
posed to first scale up the permeability field by a homogenization
technique and then identify the high-velocity regions by solving for
single-phase flow in the homogenized grid. Such regions are then
discretized to the fine scale in order to capture the small-scale
variability that the field contains. Although the issue of uniform
blocks is addressed, the single-phase flow should still be computed
prior to the upscaling process.

An alternative method for upscaling is based on the wavelet
transforms (WTs) (Ebrahimi and Sahimi, 2002; 2004; 2006; Hei-
darinasab et al, 2004; Mehrabi and Sahimi, 1997; Rasaei and
Sahimi, 2008; 2009; Sahimi, 2003), which have been used to up-
scale heterogeneous porous media by coarsening the permeabil-
ity or hydraulic conductivity field. The method upscales the high-
resolution geological model of a porous formation non-uniformly,
which leads to preserving the important information on the spa-
tial distribution of the permeability field at all the relevant length
scales, but coarsens those parts of the computational grid that con-
tribute little to the flow field. Thus, the number of grid blocks in

the computational grid and, hence, the number of flow and trans-
port equations to be solved are reduced drastically without sac-
rificing any crucial information about the conductivity or perme-
ability field. Use of the WTs in various applications has been the
subject of intensive research over the past 25 years (Chui, 1992;
Heidarinasab et al., 2004; Holschneider, 1995; Meyer, 1992; Niev-
ergelt and Nievergelt, 1999; Sahimi, 2003), including the simula-
tion of flow and transport in large-scale porous media, such as oil
reservoir (Kikani et al., 1998; Lu et al., 2000; Moridis et al., 1996;
Rasaei and Sahimi, 2008, 2009; Sahimi, 2003; Sahimi and Hashemi,
2001).

The focus of this study is to extend the upscaling method by
the WTs, introduced originally by Mehrabi and Sahimi (1997) and
Ebrahimi and Sahimi (2002), to upscaling of solute transport in
disordered porous media. Their work focused on upscaling a per-
meability or conductivity field. In contrast, our primary goal is to
investigate the effect of multiple features, i.e. structural and geo-
metrical parameters, in the conductivity field on the overall trans-
port behavior, such as the arrival time, peak concentration and
spatial moments, and to demonstrate how geostatistical parame-
ters characterizing the heterogeneous fields influence the perfor-
mance of the upscaling using wavelet transformation. Furthermore,
we used the upscaled field to reconstruct the second central spatial
moment of the plume that represents global features of the trans-
port process. The spatial moment analysis has not be been ana-
lyzed in the previous works related to WTs. We show that upscal-
ing by the WTs efficiently coarsens the computational grid for sim-
ulating solute transport in subsurface domains, and reduces sub-
stantially the number of grid blocks. To demonstrate the accuracy
of the upscaling procedure via the WTs, flow and transport are
simulated in both the fine-resolution and the upscaled computa-
tional grids, and the results are compared.

The rest of this paper is structured as follows. In Section 2 we
formulate the class of problem under investigation. Section 3 de-
scribes the details pertaining to the WTs and the methodology
used for upscaling of the hydraulic conductivity or permeability
field. We then present the details of the numerical simulations in
Section 4. The results are presented and discussed in Section 5,
where we test systematically the performance of the WT upscal-
ing for a variety of disordered porous formations. The last section
summarizes the paper.

2. Problem statement

We consider a fully-saturated steady-state flow of an incom-
pressible and Newtonian fluid through a heterogeneous geological
formation. The hydraulic conductivity K(x) is spatially distributed,
where x represents the Cartesian coordinate system. We assume
that the flow is slow enough that the fluid velocity v(x) follows
the Darcy’s law

Ve, 0

where ¢(x) is the hydraulic head, and P is the porosity of the
medium, assumed to be uniform. As usual, the hydraulic head is
computed by solving the flow equation

V. [KX)VeXx)]=0. (2)

A constant hydraulic gradient in the mean sense is imposed on the
system such that, on average, the flow is uniform along the lon-
gitudinal direction. An inert solute is released and advected and
dispersed by the fluctuating velocity field and diffusion. The spa-
tiotemporal evolution of the concentration field is governed by the
advection-dispersion equation,

AC(x, 1)
at

vV(X) =

+v(x) - VC(x,t) =V . [D,(x)VC(x, )], (3)
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where ((x, t) is the solute concentration at point x at time ¢, and
D,(x) is the local dispersion tensor. Alternatively, transport can be
formulated in terms of the Langevin equation (Risken, 1984),

dxgt|a) = v[x(t]a)] + v/2Do7 (1), @

where x(t) is the position of the particles, a is the initial location of
the solute particle (i.e. x(0|a) = a) and x(t) is the Gaussian white
noise characterized by zero mean and covariance (n;(t)n;(t")) =
8;j0(t —t’) where §; is the Kronecker delta, (t) is the Dirac delta
distribution and ( - ) indicates the average over all noise realiza-
tions (i.e. n(t)). In order to obtain an accurate solution for ((x, t), a
highly-resolved (i.e. fine-scale) representation of K(x) is generated,
which is then upscaled while maintaining the key features of its
variations that produce the concentration field.

3. Methodology

Let us first briefly describe the WTs, and then explain the up-
scaling method.

3.1. Wavelet transformations

For an excellent introduction to the WTs and their properties
see Nievergelt (1999). We define the WT of the spatially-varying
permeability or hydraulic conductivity K(x), also referred to as the
wavelet detail coefficient, by

p@b)= [ KX Yy (X)dx = % [ " K®)[(x—b)/aldx.
(5)

where ¥(x) is usually called the mother wavelet. The choice of
Y(x) depends on the intended application and, in fact, the possibil-
ity of developing separate wavelets for each application is a great
advantage of the WT. Eq. (5) makes it clear that a > 0 is a rescal-
ing parameter, whereas b represents translation of the wavelet, and
that using the WT of K(x) enables one to analyze the spatial distri-
bution of the permeability at increasingly coarser (a > 1) or finer
(a < 1) length scales. As is well-known, D(a,b) contains infor-
mation on the differences between two approximations of K(x) in
two successive length scales. But, information about K(x) at a fixed
length scale is contained in another wavelet coefficient, the wavelet
approximate or wavelet scale coefficient, defined by

sab)=[ ™ pe (OKX)dx . 6)

where ¢4,(x) is called the wavelet scaling function and is orthogo-
nal to ¥ (x), with its definition being similar to that of v, (x). An
important property of the WTs, which is most useful to upscaling,
is that they are recursive; that is, they can be applied in succes-
sion to any set of properties produced by using the wavelets, to
generate another level of averages and another level of details.

Although we simulate and upscale two-dimensional (2D) com-
putational grids in this paper, they can be applied to 3D with equal
facility (Pazhoohesh et al., 2006). We utilize a square grid to each
square block of which a permeability (or hydraulic conductivity) K
is attributed. A one-level discrete WT is then applied to the per-
meability field. This means that we upscale the computational grid
by a factor of 2 by joining the neighboring blocks, except that the
upscaling is not uniform. If the center of a block is at x = (i1, i),
we associate with the WT of the permeabilities of that block a set
of four wavelet coefficients, three of which are the wavelet detail
coefficients, with the fourth one being the wavelet scale coefficient.
More precisely, we compute

D ir,ia) = [ Kyl (xyddy )

and
S;(iip) = [Q K(x.y) i, 5, (x.y)dxdy . (8)

where j is the upscaling level such that j =1 represents the ini-
tial resolved grid that we begin the computations with, and
represents the domain of the problem or the computational grid.
S;(i1,ip) carries information about K(x) associated with a block
with its center at x in the coarser grid, whereas Dj(.d)(i1,i2) is
a measure of the difference between K(x) in the current up-
scaled grid and those of the block’s neighbors in the previous
finer scale grid, with d =1,2, and 3 corresponding to the con-
trasts, respectively, between the blocks in the x, y, and the diagonal
directions.

3.2. Upscaling

To implement the upscaling, we introduce two thresholds, €g
and ep. The value of €5 is a measure of the permeability of the grid
blocks associated with the wavelet scale coefficient. For a given
level of upscaling [a given j in Eq. (7)], we compute the scale co-
efficients, normalize them with the largest coefficient, and then
set €s between 0 and 1 (or set it to be a fraction of the largest
of such coefficients if we do not normalize them). Likewise, after
computing the wavelet detail coefficients and normalizing them,
the threshold €p, which contains information on the contrast be-
tween the permeabilities of the neighboring blocks, is set between
0 and 1 (or a fraction of the largest detail coefficient in the com-
putational grid, if the coefficients are not normalized).

The upscaling procedure is as follows (Ebrahimi and
Sahimi, 2002; Mehrabi and Sahimi, 1997). The threshold €5 is
compared with the scale coefficient of each block with its cen-
ter at (iy, ip). If (the normalized) S;(i.iy) > €s. it means that
the block’s permeability K is large and significant. Thus, we do
nothing and move on to the next block. If, however, (the normal-
ized) S;(iy,i) < €s, the block’s (normalized) detail coefficients
D;d)(h, ip) are inspected and set to zero if they are smaller than
their threshold €p. Doing so implies that the neighbor of the block
centered at (iy, i) corresponding to the direction (d), which in the
finer-scale computational grid is just one horizontal, or vertical,
or diagonal block away from (iq, i), is merged with that centered
at (iy, ip) to form a larger block. Therefore, depending on the
broadness and structure of the spatial distribution of K(x) and the
numerical values of the two thresholds, a number of blocks in the
finer-scale grid are upscaled.

We then take advantage of the recursive property of the WTs,
and upscale the new grid further by applying the discrete WT to
the scale coefficients obtained at the previous level j (recall that
the scale coefficient contain information about the spatial distribu-
tion of the permeabilities at a fixed scale), and computing a new
set of four wavelet coefficients for each block of the grid in its cur-
rent state. The newly-computed (normalized) detail coefficients are
again set to zero if they are smaller than the threshold €p, and the
corresponding blocks in the grid are merged. The iterative process
for upscaling is repeated again until no significant number of the
grid blocks is upscaled (merged). Typically, for given values of the
two thresholds, three or four levels of coarsening j suffice to gen-
erate an upscaled grid that can no longer be upscaled significantly.
Therefore, the procedure yields very quickly the final upscaled grid.
It should be clear that larger thresholds result in larger number of
the grid blocks that are upscaled, and are set by both the required
accuracy and the amount of computational time that one can af-
ford.

The next step is computing the effective permeabilities of the
upscaled blocks. They may be computed by any of several meth-
ods. One way is by reconstructing the spatial distribution of the
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permeability of the upscaled grid. This means that we compute the
inverse WT of K(x) after upscaling the grid (given that many of the
detail and scale coefficients are now zero) and assign the perme-
ability of the enlarged upscaled blocks based on the reconstructed
distribution. What we use in this paper is based on the analogy be-
tween the laws of electrical circuits and fluid flow. Thus, for exam-
ple, an enlarged upscaled block that consists of four neighboring
smaller blocks, each having its own permeability, is replaced af-
ter upscaling by a larger block with an equivalent permeability K,
given by

_ 4(K1 + K3) (Ky + Kg)[KoK4 (K7 + K3) + K1K3 (Ko + Ky) ]
a (XL Ki) +3¢ ’

K, (9)

with
o = IGKy (Kl + K3) + K1K3 (K2 + K4)
¢ = (K +K2) (K3 + Kyg) (K7 + K3) (K2 + Ka)

and K; (i=1-4) are the permeabilities of the four blocks
(Ebrahimi and Sahimi, 2004). The key attribute of this method, in
addition to its simplicity, is that no important information about
the permeability field is lost, because the permeabilities of the
smaller blocks are used in a rigorous manner for computing K.
If the permeabilities are direction-dependent, as in anisotropic
porous media, then Eq. (9) is used once for each direction in or-
der to compute the equivalent direction-dependent permeabilities.

3.3. The wavelets

Because we work with 2D computational grids, we must spec-
ify 2D wavelets. One way of constructing 2D wavelets used in the
present paper is by tensor products of 1D wavelets, which pro-
duces a 2D wavelet scaling function, ¢;;, i, (x,y) =¢>if1 (x)</>if2 W),
and three wavelets:

YLy = ¢l vl )
YD xy) =900l )
YD&) =Y v o). (10)

The 1D discrete wavelets themselves are constructed by set-
ting a =2/ and b=2Ji in Eqgs. (5) and (6), where i and j are
both integer. By rescaling and translating ¥(x) and ¢(x) us-
ing ¥/ (x) =272y (2Jx —i), and ¢ (x) =2772¢(2Jx i), one
also constructs orthonormal wavelets that are non-zero over
only small intervals of x. The compact support of the wavelets
is important, because it makes the computations extremely
rapid.

An important set of wavelets, developed by Daubechies (1988),
consists of orthonormal wavelets of order M, and referred to as the
DBM. Their first M moments are zero, hence the name. Moreover,

L-1

) =V2) hip(2x 1), (1)
i=0
L-1

V() =v2) gip(x—1i), (12)
i=0

where L =2M, with h; and g; - referred to as the filter coeffi-
cients - are related by, g; = (=1)ih;_; ;, with i=0,1,--. ,L—1.
These coefficients are usually nonzero for only a few values of
i. For example, for the DB2 wavelet, one has, (hg, hy,hy, h3) =
(1/4v2)(1++3.3++/3,3-+3,1-v3), and (g0.81.82.83) =
(=h3, hy, —h1, hg). Note that in both cases the extra factor
1/+/2 is necessary to ensure the orthonormality of ¢ and
Y. Press et al. (2007) provide the numerical values of hy
for many wavelets. Based on our previous work for upscal-

ing of flow and transport (Ebrahimi and Sahimi, 2002, 2004,
2006, Heidarinasab et al., 2004; Mehrabi and Sahimi, 1997;
Rasaei and Sahimi, 2008, 2009; Sahimi, 2003), the results
reported in this paper were computed by using the DB4
wavelet, for which the filter coefficients (hg, h;y, hp, h3) are,
H(V2+6),(BvV2+6). BvV2-+6), (vV2-+3)]. We have
previously shown that the use of more complex wavelets will
not result in much improved results. Note that the scale and
translation parameters of the model wavelet, i.e. a and b, are set
by the physical constraints that one imposes on the wavelets,
which in turn depend on the particular application.

4. The spatial distribution of the permeability and numerical
simulation

We consider flow and transport in a spatially-heterogeneous
aquifer, and generate several broad distributions of the hydraulic
conductivity in an initially uniform computation grid with square
blocks of size Ax = Ay = A and various grid sizes L x L (i.e. size
of the computational domain). In all the simulations and for all
domain sizes L, we set A =1 m. We opt to generate the con-
ductivity fields according to a fractional Brownian motion (fBm),
which is a stochastic process that induces long-range correlations
in the hydraulic conductivity field. Our choice is not a limitation;
any other field with other types of correlation functions may be
adopted. It is important to note that the methodology described
in this paper is completely general and can be used with any
conductivity field, such as multi-Gaussian fields (Kitanidis, 1997;
Rubin, 2003), non-Gaussian fields (Zinn and Harvey, 2003) and
composite medium (Winter and Tartakovsky, 2002). It can also
be used with random fields characterized by Gaussian or expo-
nential covariance models. At the same time, we point out that
many field data acquired for oil reservoirs and aquifers display
the fBm-type correlations (Benson et al., 2002; Di Federico and
Neuman, 1998; Hewett et al., 1986; Molz et al., 2004; Neuman
et al, 2008; Riva et al., 2015; Sahimi, 2011; Sahimi and Tajer,
2005), after the original work of Hewett et al. (1986) who demon-
stated the existence of such long-range correlations in the poros-
ity logs. The two-point correlation function of the fBm is given
by

c(r) —c(0) ~r?t (13)

where r is the lag-distance and H is the Hurst exponent. For 0 < H
< 0.5, the field’s hydraulic conductivities are negatively correlated,
whereas for 0.5 < H < 1 they are positively correlated. Negative
correlations imply that a grid block with a high or low conduc-
tivity is less likely to be a neighbor to another grid block with a
high or low conductivity. The opposite is true for positive correla-
tions. To study the effect of the nature of the correlations - posi-
tive versus negative - simulations were carried out for four values
of H that are listed in Table 1 and referred to as the “First sce-
nario.” Note that a conductivity field with H < 0.5 represents a
much more heterogeneous porous medium than one with H > 0.5.
Furthermore, in order to examine the effect of the broadness of
the conductivity distribution on the effectiveness of the upscaling
method, three distinct orders of magnitude variations, S in the K
values were considered in the numerical experiments, which are
also listed in Table 1 and referred to as the “Second scenario.” Fi-
nally, the performance of the WT upscaling was investigated with
various domain sizes listed in Table 1 and referred to as the “Third
scenario.”

All the conductivity fields were upscaled with the thresholds
€s = €p = 0.9. Such high thresholds imply that a very large frac-
tion of the blocks are upscaled but, as we demonstrate below,
even they produce very accurate results. In the numerical simu-
lations described below the maximum level of upscaling was 3,
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Fig. 1. Comparison of (a) the conductivity field in the high-resolution model of size L = 512 m with the Hurst exponent H = 0.2 and the order of magnitude variations of

the K values, S =3, and (b) the corresponding upscaled field.

Table 1

Summary of the parameters used in the simulations. R is
the measure of the reduction in the number of grid blocks
defined by R = (ny —n¢)/ny x 100% and xcp is the location
of the control plane where the concentration breakthrough
curves are evaluated.

Scenarios L H S R(%) Xcp
First Scenario 512 0.2 3 97.80 350
512 04 3 98.08 350
512 06 3 9811 350
512 08 3 9827 350
Second Scenario 512 07 3 98.20 350
512 07 5 9657 350
512 07 7 9823 350
Third Scenario 256 07 3 97.71 150
512 0.7 3 9840 350
1024 07 3 9745 500

since higher levels of upscaling did not result in much coarser
computational grids. As an example, Fig. 1 presents a fine-scale
conductivity field used in the study with L =512 m, H=0.2 and
S = 3, together with the corresponding upscaled model. Let n. and
ny denote, respectively, the number of grid blocks in the coars-
ened field and in the initial fine-grid structure. We define R =
(ny —nc)/ny x 100% as the measure of the reduction in the num-
ber of grid blocks that we achieve by the WT upscaling. This quan-
tity is also listed in Table 1.

Flow is simulated by solving Eq. (2) in both the fine and coarse
permeability fields. No-flow boundary conditions along the trans-
verse boundaries are used, and a constant longitudinal head gra-
dient is imposed between the leftmost and rightmost sides of the
grid with their values being, respectively, 2 m and 1 m. As for
the transport simulation, we solve for the case in which we inject
a non-reactive tracer along a transverse line source. The tracer is
released with constant flow rate, ¢ =40 m?2/d, at the left side of
the computational grid.

We evaluate the breakthrough concentration of the plume at
a control plane (CP) with a longitudinal location x ¢p from the
line source. For each scenario, the value of xcp is listed in
Table 1. Solute transport is simulated by solving Eq. (3 or 4) by
a random walk method, with its detailed description reported in
Araktingi et al. (1993); Ebrahimi and Sahimi (2004); King and
Scher (1987). The longitudinal and transverse dispersion at the
local-scale were 0.546 m?2/d and 0.0045 m?2/d, respectively. For
each case, several realizations of the conductivity fields were gen-
erated and the results were averaged over all of them.

5. Results and discussion

Fig. 2 compares the plume’s snapshots in both the high-
resolution and upscaled computational grids for two distinct times.
The temporal evolution of the concentration is expressed in terms
of pore volume injected (PVI). The PVI is the fractional volume of
the fluid injected relative to the total pore volume of the pore
space. With uniform injection, as we do in this work, the PVI is
the dimensionless time. The size of the grid is L = 512 m with the
Hurst exponent being H = 0.2. The order of magnitude variations
in the hydraulic conductivity is S = 3. As Fig. 2 indicates, the con-
centration profiles in the upscaled field reproduce very accurately
the results obtained with the corresponding fine-scale geological
model.

We also analyzed systematically the influence of three impor-
tant parameters of the upscaling, namely, the Hurst exponent H,
the order of magnitude variations in the conductivities, S, and the
size L of the computational grid. The travel time of plumes is con-
trolled by the correlations and contrast between the conductivities
of the different zones of a porous medium. Thus, we highlight the
effects of H and S, as the Hurst exponent characterizes the nature
of the correlations between the conductivities, while S quantifies
the broadness of their spatial distribution.

Fig. 3 compares quantitatively the concentration profiles at the
CP in the highly resolved and coarsened computational grids for
four values of H. There is very little, if any, difference between the
profiles, demonstrating the accuracy of the upscaling algorithm.
Furthermore, in order to demonstrate the agreement between the
results obtained from the fine-scale and upscaled fields, goodness-
of-fit analysis was carried out and depicted in Fig. 4 for the case
with L =512 m, H=0.8 and S = 3. The equation of the straight
line fitted to the contaminant concentration data in Fig. 4 is y =
0.99x + 1.7 with R2 =0.9997, where y and x are associated with
the upscaled and fine-scale data, respectively. As Fig. 3 demon-
strates, for the K fields with H > 0.5, in which the conductivi-
ties are positively correlated and better connected flow and trans-
port paths exist, the breakthrough occurs earlier than that in the K
fields with H < 0.5. Note also the ability of the algorithm for cap-
turing the precise first arrival times (in the PVIs), which are critical
for risk analysis (Henri et al., 2015).

Fig. 5 presents the dependence of R, the percentage of the re-
maining grid blocks in the final upscaled computational grid, on
the Hurst exponent H. R is slightly larger for H < 0.5, since the
conductivity fields with negative long-range correlations represent
more heterogeneous porous media. But, overall, for all 0 < H <
1 the upscaled grid is extremely coarsened, having a very small
number of enlarged grid blocks and yet, as Figs. 2 and 3 indi-
cate, the accuracy of the concentration profiles in such grids is
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Fig. 2. Solute plume snapshots for the high-resolution and coarse-scale conductivity fields. The concentration C(x, t) was computed in both high-resolution and coarse-scale
conductivity fields for the parameters, L =512 m, H=0.2 and S = 3, and for (a) high-resolution field at PVI = 0.2; (b) coarsened field at PVI = 0.2; (c) high-resolution field
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Fig. 3. The results for the first scenario (see Table 1): Concentration breakthrough curves for the high-resolution fields with S=3 and dimension L =512 m and the
corresponding coarsened fields. Results shown for (a) H=0.2; (b) H=0.4; (c) H=0.6, and (d) H=0.8.
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98.2 |
98t

97.8F ©

0.2 0.4 0.6 0.8
H

Fig. 5. The percent reduction, R, of the number of grid blocks in the upscaled fields
and that of the grid representing the corresponding high-resolution fields, and its
dependence on the Hurst coefficient H in the first scenario (see Table 1).

completely comparable with that of the fine-scale grids. As pointed
out by Ebrahimi and Sahimi (2002, 2004, 2006), the wavelet
scale coefficients preserve the distribution of the high permeabil-
ity paths, while the wavelet detail coefficients preserve the grid
resolution where the permeability contrasts are high, such as the
interface between the low and high permeabilities. These are,
of course, precisely what are expected of any accurate upscaling
scheme. Thus, the WT upscaling is completely suitable for geolog-
ical domains displaying fast flow paths induced by the persistence
of high conductivities, but also for more heterogeneous porous for-
mations in which slow transport paths may develop.

Next, we examine the sensitivity of the upscaling scheme to
S, the order of magnitude variations in the hydraulic conductiv-
ity field, referred to as the second scenario in Table 1. Fig. 6 com-
pares the concentration profiles for S=3, 5 and 7. Even when
there are seven orders of magnitude variations in the values
of K, the breakthrough points (BTPs) are predicted accurately
by the upscaled scheme, and the concentration profiles in all
three cases in the coarsened and fine-resolution grids agree ex-
cellently. There is only a slight discrepancy between the fine-
and coarse-scale fields for S=7 around PVI=0.7, but all other
main features of the profiles are captured (including the first ar-
rival times) even for S = 7. In their study of frequency-dependence
conductivity in highly heterogeneous semiconducting materials in
which the local conductivities vary up to 15 orders of magnitude,
Pazhoohesh et al. (2006) demonstrated that, in fact, broader con-
ductivity distributions lead to more accurate results and more ef-
ficient computations, because only a very small fraction of highly
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Fig. 6. Results obtained for the second scenario (see Table 1). Comparison between
the concentration breakthrough curves for coarsened and fine scale conductivity
fields for H = 0.7 and grid size L = 512 m. Results reported for (a) S=3; (b) S=5,
and (c) S=7.

heterogeneous media contribute significantly to transport, and the
WT upscaling identifies them accurately.

We present in Fig. 7 the effect of the domain’s size L on the
upscaling procedure. It presents comparisons of the concentration
profiles in three computational grids with increasing sizes. Increas-
ing the size of grid results in more accurate, and hence computa-
tionally more efficient results. For L = 1024 m, the two profiles are
virtually identical.

Since the dispersion coefficients essentially represent the sec-
ond spatial moments of the concentration distribution, we also
computed Sy, the second central moment of the plume in the lon-
gitudinal direction that represents the spread of the solute body
around its centroid. The second central spatial moment Syy is given
by

S (t) = W (t) — [px (O] (14)
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Fig. 7. Results for the third scenario (see Table 1): The breakthrough curves for the
high-resolution conductivity fields with H=0.7 and S=3 and the corresponding
coarsened fields with (a) L =256 m; (b) L =512 m and (c) L = 1024 m.

where
-1 2
e () = Mo(f)P//szx C(x,y, t)dxdy . (15)
1
Ux(t) = m?/ /QXC(X, y, t)dxdy , (16)

with o (t) =P [ [ C(x,y, t)dxdy, which equals to the mass in the
domain, and the rest of the notation is as before. In Fig. 8 we
present the results for two cases. Fig. 8(a) depicts the results for
the case, H = 0.2 and S = 3, while Fig. 8(b) shows those for H = 0.7
and S = 7. The linear size of the grid for both cases was L = 512.
It is clear that there is very little, if any difference between the
computed second moments in the high-resolution and upscaled
grids, implying that the longitudinal dispersion coefficient is pro-
vided highly accurately by the upscaling method.

Note that in all the cases discussed, flow and transport were
simulated in the absence of sinks and sources. As demonstrated
by Rasaei and Sahimi (2008, 2009), who studied upscaling of two-
phase flow in oil reservoirs, in the presence of sinks and sources,

such as injection and production wells in such reservoirs, the grid
resolution strategy should be adaptive since, due to the high veloc-
ity gradients in their vicinity, more refined grid blocks are required
around them. Likewise, fully-refined grid blocks are required close
to the boundaries where we need to capture the details of the flow
and transport processes. To implement this, a simple constraint
is imposed on the upscaling process that prevents marked areas
around sources, sinks and boundaries from being coarsened.

The results reveal that the wavelet-based upscaling method is
accurate for a single disordered porous medium. This is not, how-
ever, a limitation as the method can be extended to stochastic hy-
drogeology. Using a Monte Carlo framework one can, after gen-
erating multiple realizations of the heterogeneous fields, upscale
the conductivity fields. Then, simulation of flow and transport pro-
cesses can be carried out through the upscaled conductivity fields.

6. Efficiency of the calculation

One purpose of the present work was to demonstrate that
if one upscales a heterogeneous conductivity field by the WT
method, simulation of solute transport in the upscaled field yields
results for the characteistics of the transport phenomenon that
are as accurate as those obtained with the original high-resolution
grid. This is independent of the numerical method that one uses to
solve the ADE. Clearly, if one uses an efficient and accurate numer-
ical scheme for solving the ADE, then the speed-up in the compu-
tations will be very large. In the present work, we used a simple
random walk method to solve the ADE, which is not necessarily
the most efficient method, but has the advantage that it avoids to
a large extent numerical dispersion associated with other meth-
ods that are used to solve the ADE. The previous work on up-
scaling of flow of two-immiscible fluids in large-scale porous me-
dia (Rasaei and Sahimi, 2008, 2009), which used a finite-volume
method, demonstrated that the speed-up in the computations is as
large as a factor of 5,000. We expect the same order of speed-up
if a similar numerical scheme is used. It was also demonstrated in
previous works (Rasaei and Sahimi, 2008, 2009), how to eliminate
possible numerical dispersion.

7. Summary

This work presents the application of a methodology for upscal-
ing of the spatial distribution of a hydraulic conductivity or perme-
ability field in a computational grid for simulation of solute trans-
port in spatially-heterogeneous geological formations. The method-
ology is based on the wavelet transforms that preserve the resolu-
tion of the high-conductivity paths, as well as that of the regions
in which there are sharp contrasts between the conductivities. The
performance of the method was tested for a wide range of the im-
portant parameters of the simulations, ranging from the order of
magnitude variations in the conductivities and the nature of their
correlations (positive versus negative), to the size of the computa-
tional grid. We demonstrated in all cases that the upscaled grid
constructed by the wavelet transform reproduces the concentra-
tion breakthrough curves very accurately when compared with the
same in the initial highly-resolved grids. In particular, the break-
through times are predicted extremely accurately. From a compu-
tational point of view, the wavelet transform upscaling method
generates non-uniform grids with a number of grid blocks that
represent, on average, only about 2.1% of the number of grid blocks
in the original high-resolution models. Thus, given any reasonable
method of solving the advection-dispersion equation, the upscal-
ing method results in an enormous reduction in the computational
time of such simulations.
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