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The equivalence between the neutron source and flux spectra is often implicitly used in practice although
many times the users are not even aware of this. This work identifies two conditions under which the
equivalence holds. Namely, if the neutron interaction between the source region and the volume where
flux is observed is negligible, and the neutron mean track length in the observed volume does not depend
on their energy, source and flux spectra are equivalent. Consequently, a flux determined on a closed sur-
face from a full system calculation can be replaced by an equivalent source for a simplified model includ-
ing only the region contained by the surface.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

The equivalence between the neutron source and flux spectra is
often implicitly used in practice although many times the users are
not aware of the conditions under which this equivalence holds.
One example of application is a pre-calculated neutron flux spec-
trum for definition of a source spectrum in simplified-geometry
model for reaction rate calculations (Trkov et al., 2009; Žerovnik
et al., 2015; ICSBEP, 2015).

For an arbitrary time-independent neutron transport problem
in vacuum, the ratio between the number of source neutrons and
any surface or volume averaged neutron flux is independent of
neutron energy as long as the spatial and angular distribution of
the source neutrons remains unchanged. This is obvious for this
particular case (i.e. vacuum) since only geometric parameters
define the flux/source ratio. When adding material which interacts
with neutrons, energy dependence is introduced in the ratio
through energy-dependent probabilities for neutron-nucleus inter-
actions (i.e. energy-dependent neutron induced cross sections).

Furthermore, the time-independent neutron transport in a
medium is affected by probabilities for interaction of the neutrons
with the surrounding material (reaction cross section) and the sys-
tem geometry, and not directly on neutron energy (or speed),
except for energy-dependent reaction cross sections. Since the
volume-averaged neutron flux is proportional to the track length
in the volume (so-called track length estimators used in Monte
Carlo codes such as MCNP (Goorley et al., 2012)), the neutron flux
in an arbitrary energy bin also depends only on the number of neu-
trons passing the volume, the incoming position and angle, and
macroscopic cross section in the volume in case the mean chord
length of the volume is not negligible compared to the mean neu-
tron free path in the material. It again does not depend directly on
neutron energy/speed but indirectly due to energy-dependent
reaction cross sections.

As rigorously shown below, the neutron source spectrum is thus
equivalent to the neutron flux spectrum and not to the neutron
density spectrum. Neutron density in any point/volume in the sys-
tem for a monoenergetic source and vacuum or energy indepen-
dent cross section is inversely proportional to the neutron speed.

Important implication of this finding is that one may directly
use the results of a calculated neutron flux for definition of a source
in the same geometry to propagate neutrons and save computa-
tional time. This work looks at the underlying principles of the
flux-source equivalence and tries to determine the conditions that
need to be satisfied for this equivalence to hold.

2. Definitions

Angular neutron density (Duderstadt and Hamilton, 1976):

nð~r; ~X; E; tÞ; ð1Þ
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where~r is the position of the observed neutron in space, ~X its direc-
tion, E its energy and t the time.

Angular neutron flux (Duderstadt and Hamilton, 1976):

Uð~r; ~X; E; tÞ � vðEÞnð~r; ~X; E; tÞ; ð2Þ
where vðEÞ is the neutron speed.

Neutron source spectrum can be expressed as:

NðEÞ ¼ S0msðEÞ; ð3Þ
where the S0 is the neutron source emission rate of the source and
msðEÞdE is the fraction of neutrons emitted with energy between E
and Eþ dE (so that

R
msðEÞdE ¼ 1).

3. Source and flux spectrum equivalence

Let us imagine a monoenergetic neutron source with emission
rate NðE0Þ with speed v ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2E0=mN

p
located in a volume V.

In a medium with negligible scattering the average neutron
density is:

n ¼ Nptp
V

; ð4Þ

where tp measures the neutron’s average time-of-flight through the
selected volume, and p is the fraction of source neutrons entering
the volume V. This time is connected to the average track length
in the selected volume ltr and speed v as:

tp ¼ ltr
v : ð5Þ

This means that the neutron density is not proportional only to
the source rate N at given energy E0 but also inversely proportional
to the neutron speed (or energy):

n ¼ Npltr
vV ; ð6Þ

On the other hand, the neutron flux by definition equals to:

U ¼ N
pltr
V

: ð7Þ

If ltr and p are energy independent, the flux spectrum is propor-
tional to the source spectrum. This is also demonstrated in Fig. 1.

The assumption of energy independent p is valid for a system
where the neutron transport from the source to the volume V is
not affected by neutron energy. In practice, this means that the
source has to be located within the volume V or optically close to
it and there is no significant room return. The assumption of
energy independent ltr is valid if the neutron transport in the vol-
ume V is not affected by neutron energy. This is always true for
any surface or optically thin volume. It follows that for any neutron
transport system, this equivalence can be used to simplify/acceler-
Fig. 1. The neutron source emits neutrons with two energies at the same rate. The densi
flux, however, is the same for both.
ate the neutron transport calculation in an enclosed region of inter-
est. A full scale model of the neutron transport system can be used
to calculate neutron flux on a surface (or thin volume) enclosing
the region of interest. The incoming (entering the region of inter-
est) neutron flux can directly be used for definition of a neutron
source on the surface of the simplified model of the system includ-
ing only the region of interest thereby accelerating the calculation
procedure.

3.1. Example: Reaction rates in 252Cf spontaneous fission spectrum

The 252Cf is used as a reference neutron source and its sponta-
neous fission spectrum is well characterized. It can be approxi-
mated with a Maxwellian spectrum (Snoj et al., 2012):

NðEÞ ¼ C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E exp � E

a

� �s
; ð8Þ

where C is normalization constant and a ¼ 1:42 MeV is model
parameter. Alternatively, one could use the spectrum calculated
by a sophisticated nuclear model, like the Madland–Nix model
(Madland and Nix, 1983), or use an evaluated neutron spectrum,
e.g. from the IRDF-2002 nuclear data library (IAEA, 2003).

The reaction rate of neutrons with a target can be described as:

Rð~rÞ ¼
Z
E
Rð~r; EÞUð~r; EÞdE; ð9Þ

where the R is the macroscopic cross section for interaction with
neutrons. Usually, the neutron flux spectrum needs to be calculated
at the target, before the integral can be evaluated. However, as
shown in Section 3, in some cases the neutron source spectrum
can be directly used instead of the flux. This makes calculations
for reference sources, like the 252Cf, more convenient, since only
normalization needs to be determined. In such simple cases, com-
putationally expensive Monte Carlo simulation is not needed.
4. Flux/source equivalence in Monte Carlo transport
simulations

In Monte Carlo particle transport codes such as MCNP, the total
average flux over a volume Vj is calculated as:

/j ¼
Z
Vj

dV
Vj

Z
E
dE
Z
4p

dX
Z
t
dtUð~r; ~X; E; tÞ: ð10Þ

In most applications, the system is in a steady state, thus the
integration may be performed over the entire time interval. Under
this assumption, the quantity /j is proportional to the neutron flux
in a cell j corresponding to the volume Vj. The /j corresponds to the
physical quantity of fluence, i.e. time integrated flux, by definition.
ty of the slow neutrons in the volume V is higher than that of the fast neutrons. The
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Fig. 2. Components of the spherical full system model.
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If the energy spectrum of the flux is needed, the integration can
be done over energy bins (intervals) Ek instead over whole energy
domain:

/j;k ¼
Z
Vj

dV
Vj

Z
Ek

dE
Z
4p

dX
Z
t
dtUð~r; ~X; E; tÞ: ð11Þ

This equation can be rewritten as:

/j;k ¼
Z
Vj

dV
Vj

Z
Ek

dE
Z
4p

dX
Z
t
dtvðEÞnð~r; ~X; E; tÞ

¼
Z
Ek

dE
Z
4p

dX
Z
Vj

dV 0

Vj

Z
s
dsnð~r0 þ s~X; ~X; E; tÞ; ð12Þ

where a new variable s ¼ vt was introduced. The time dependence

in nð~r0 þ sX; ~X; E; tÞ tracks the paths of neutrons with initial position
~r0, direction ~X and energy E. Therefore, the integration over volume
dV 0 should be performed over all possible positions of neutrons at
the beginning of the time interval, and depends on energy and
direction of travel of the neutrons. Integration over the path s is per-
formed within the chosen cell and the integration limits are func-
tions of energy, direction of travel, and initial position.

From the discrete Monte Carlo treatment of neutrons:

nð~r; ~X; E; tÞ ¼
XI

i¼1

dðE� EiÞdð~X� ~XiÞd3ð~r � ð~ri þ v it~XiÞÞ ð13Þ

it follows:

/j;k ¼
Z
Ek

dE
Z
4p

d~X
Z
Vj

dV 0

Vj

�
Z
s
ds
XI

i¼1

dðE� EiÞdð~X� ~XiÞd3ð~r0 þ s~X� ð~r0i þ v it~XiÞÞ

¼
XI

i¼1

Z
Ek

dEdðE� EiÞ
Z
Vj

Z
s

dV 0

Vj
dsd3ð~r0 �~r0iÞ

¼ 1
Vj

XI

i¼1

wk
i L

j
i ; ð14Þ

where L j
i is the path length of the i-th neutron in cell j;wk

i is 1 if neu-
tron is in energy bin k and 0 otherwise, and I is the total number of
starting neutrons. Applying the integrals over the solid angle X and
energy E imply s ¼ v it in order for the spatial d to collapse into the
form presented in the second line of Eq. (14).

By normalizing the flux to the number of starting neutrons

uj;k ¼
1
I
/j;k ¼

1
Vj

1
I

XI

i¼1

wk
i L

j
i

 !
ð15Þ

it can be seen, that the last part of this equation can be treated as an

expected value wk
i L

j
i . If the two factors can be treated as indepen-

dent variables, than we can use the property E½XY� ¼ E½X�E½Y � of
the expected value to write:

uj;k ¼
1
Vj

1
I

XI

i¼1

wk
i

 !
1
I

XI

i¼1

L j
i

 !
: ð16Þ

This holds when the mean chord length of the cell j as seen by
the neutrons does not depend on the energy of the neutrons. The
second term in this equation is the fraction of the neutrons with
energy in the energy group k or mðEkÞ and the third term is the
mean chord length �lch:

uj;k ¼
�lch
Vj
mðEkÞ: ð17Þ

Comparing this with Eq. (3), it can be seen that the neutron flux
as calculated by the track length estimator in Monte Carlo neutron
transport codes can be proportional to the source spectrum. Or
inversely, that the measured neutron flux spectrum in a cell can,
in some cases, be used as an effective neutron source spectrum
for that cell. For example, in MCNP this means that the results of
the neutron flux calculations by using the track length estimator
(F4 tally) represented by neutron flux in multigroup energy format,
can be directly used as source definition (SDEF card) in subsequent
runs, provided that the tally/source energy and angular resolution
and statistical uncertainties are within the acceptable limits for the
problem in question.
4.1. Example: Using simplified model for parametric study in a limited
region of interest

In Monte Carlo calculations, the user is often interested in
observables contained only in a small portion of the system. By
taking advantage of the flux/source equivalence it is possible to
simplify the model without inducing any biases (however, some
statistical uncertainty is propagated while usually not accounted
for) in order to save computational time. This can be done in two
steps. The primary model includes the full system without the
region of interest. The region of interest includes the volume of
the calculated quantities and the volume where some parameters
may be varied. The region of interest may not include or overlap
with the primary source. The primary source can either be a pro-
portional (fission) source or fixed (external) source. The secondary
model is the full system model, however without the primary
source. The secondary source is located on a surface (or combina-
tion of surfaces) enclosing the region of interest.

The inverse can also be done: the initial model including the full
system, and the simplified model including only the secondary
region (between the secondary source and the region of interest).
However, it is not as practical when modifying the secondary
region since it yields accurate results only in case that the change
of feedback from the secondary to primary region is negligible.

One has to be careful, however, not to increase the number of
source particles in secondary calculation beyond the number of
detected particles on the secondary source surface from the pri-
mary calculation. Otherwise the source particles start to correlate,
which is (usually) not accounted for in the final results, therefore
the statistical uncertainty may become underestimated.

A very practical example, where this approach is helpful, is
when trying to calculate reaction rates in a sample placed in an
irradiation channel of a reactor, possibly when using additional
internal shielding or transmission filters. The full reactor model
is very complex and most simulated neutrons do not even reach
the irradiation channel. Therefore, pre-calculating flux at the edge
of the irradiation channel and using this as surface source for the
secondary calculation can immensely increase the efficiency of
the parametric study.

For the proof of concept in this paper, a much simpler artificial
spherical model has been chosen (Fig. 2). A 14.1 MeV point neutron
source (corresponding to a deuterium–tritium neutron source),
shielded by 10 cm of iron and 20 cm of water at normal conditions,
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source neutron.
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was taken as a basis. This was then enveloped into a third sphere of
water with varying density and a fixed radius of 40 cm. The surface
of the 30 cm sphere has been taken for the secondary source, while
the neutron spectrum at 40 cm has been observed as a function of
the water density in the outer sphere. Cross sections were adopted
from the ENDF/B-VII.1 library (Chadwick et al., 2011).

First, the simplified model has been tested and compared
against the full system model. Fig. 3 shows that the variations of
the spectrum are mostly within the expected statistical fluctua-
tions. In this particular case, the figure of merit was increased by
a factor of 80 in spite of implementing simple variance reduction
techniques into the full system model.

After the simplified model was verified, it can freely be used for
a parametric study. The neutron spectra corresponding to different
water densities in the outer sphere are shown in Fig. 4. In all calcu-
lations, the peak from 14.1 MeV fusion neutrons is still present.
Expectedly, the full spectrum is lower for higher water densities
due to increased absorption, corresponding to a lower fluence
per primary source particle.

5. Summary and conclusions

In this work it was shown that under certain conditions, the
neutron source and flux spectra are proportional. Two important
assumptions were identified: no neutron scattering in the system
and neutrons mean track length in the selected volume not
depending on their energy.

This equivalence can and already is used in different scenarios,
for example using the neutron source spectrum in study of reaction
rates or self-shielding of the target, where flux spectrum should be
used otherwise. Or inversely, volume- or surface-averaged flux cal-
culated by a Monte Carlo simulation can be used as an effective
source spectrum for accelerating localized calculations.
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