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GRAPHICAL ABSTRACT

ABSTRACT

This study proposes a model for the erosion cutting profile to predict the cutting depth under different
process parameters for abrasive waterjet (AW]) cutting. The model follows the Gaussian distribution
and is experimentally validated. Additionally, the effects of the dimensional characteristics and process
parameters on the kerf geometry were analyzed. It was found that the water pressure, abrasive flow rate,
and focusing tube traverse speed changed the slope of the kerf wall without changing the kerf width.
However, the standoff distance (SOD) changes the kerf width, whereas the slope of the kerf wall induces
minor changes. Furthermore, based on the first-order derivation of the extracted kerf profile, the relation-
ship between jet energy, cutting depth, and kerf width was analyzed. The experimental results revealed
that: 1) the relationship between the reduction in the jet energy distribution and cutting depth is non-
linear; 2) the jet energy distribution is smallest at the kerf top edge and bottom section. The predictive
cutting depth model and jet energy distribution will enable the subsequent optimization of process

parameters in the AW] process.
© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

machining technologies and holds great promise for the next gen-
eration of low-cost [1], high-efficiency [2], and pollution-free pro-

Since its inception as an emerging versatile and cool-machine cessing technologies [3]. However, the cutting depth and energy
processing technology, abrasive waterjet (AW]) machining has distribution are high-precision machining parameters in AW]J. For
been acclaimed for its extraordinary advantages over traditional practical applications, controllable and precise cutting depths are
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a topic of great interest.
The cutting depth model has been widely studied by several
researchers from various perspectives. Previous research exploring
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Nomenclature

o Angle of erosion [°]

o Angle of erosion for erosion peak [°]

O Angle of erosion at top of kerf [°]

Op Density of particle [g/cm?]

Pw Density of water [g/cm?]

u The focusing tube traverse speed [mm/min]

T Momentum transfer efficiency [-]

of Material flow stress [MPa]

C Fraction to take into account when the cutting wear is
terminated with only partial reference to the total jet
diameter [-]

do Orifice diameter [mm]

ds The corresponding kerf width at half the cutting depth
[mm]

d; The jet diameter [mm]

dy The kerf width [mm]

h Any cutting depth [mm]

he The effective cutting depth [mm]

H The limit cutting depth [mm]

k Set the slope value of the kerf profile to reflect the effec-
tive cutting depth requirement [-]

Mg Abrasive flow rate [g/min]

P Water pressure [MPa]

Rf Roundness factor of particles [-]

SoD Standoff distance [mm]

w Standard deviation [-]

Vo The velocity of high-speed water jet formation from
high-pressure water [mm/min]

Ve A characteristic erosion velocity of abrasive [mm/min]

sV The material removal rate [mm?>/min]

erosive processes adopted a mathematical model using the erosion
model and impact damage to develop the maximum cutting depth
[4]. Huang et al. [5] developed a modified erosion model using
kinematic jet-solid penetration to predict the cutting depth based
on different erosion methods along the kerf. Paul et al. [6] intro-
duced the concept of a generalized kerf shape by AW] to develop
the total cutting depth, which considers the along-kerf width and
increasing cutting depth. Mohankumar et al. [7] used modified
process parameters to attain the peak cutting depth and develop
a semi-empirical equation using Buckingham'’s theorem. Niranjan
et al. [8] experimentally and systematically determined the cutting
depth using a profile projector to investigate the effects of process
parameters. Ketan et al. [9] experimented with an AA2014 alloy to
establish a predictive cutting depth using a fuzzy-logic technique.
Recently, surface roughness and cutting depth have also been stud-
ied. Ozcelik et al. [10] used different cutting parameters to develop
a cuttability abacus to predict the cutting depth and surface rough-
ness. Aydin et al. [11] investigated the machinability of granite to
relate the cutting depth to the cutting wear zone using a Taguchi
orthogonal array. Nie et al. [12] studied the effect of different water
pressures on the cutting depth to analyze the topographic charac-
teristics and formation mechanisms of the cut faces. Yuvaraj et al.
[13] used the variation in the erosion angle to analyze its effect on
the cutting depth and machining quality. Aydin et al. [14] con-
ducted an experimental investigation to evaluate the cutting pro-
cess, cutting depth, surface roughness, and kerf angle of granite.

In recent years, mathematical models of kerf profiles have been
developed by several researchers. Feng et al. [15] assumed a cosine
function for the kerf profile in a single-pass milling. Laurinat et al.
used a modified cosine function to analyze different kerf profiles,
compared the experimental and theoretical profiles, and estab-
lished a law for the kerf profile between the focusing tube speed
and standoff distance. Valicek et al. [17] used the projection
method of the rotation plane and the normal vector to analyze
the different stages of material removal to understand the material
removal mechanism of AW] machining under varying surface
topographies.

Paul et al. [18] used the difference in machining surface quality
to divide the kerf profile into two regions, and then modeled the
different cutting depths based on the profile characteristics of dif-
ferent machining regions and variations in the jet flow for a ductile
material. Aiming at the material removal of the jet structure,
Hlavac [19] used the theoretically determined physical interrela-
tions between the parameters and characteristics of an AW] to

determine the striation model of material properties, cutting
depth, and cutting parameters to compensate for the negative
effects of jet retardation inside the kerf and suppression of stria-
tions on the kerf walls. Srinivasu et al. [20] analyzed the effects
of the tilting angle and traverse feed of the focusing tube on geo-
metric and dimensional kerf variations. The profile produced by
the kerf converts the cosine function into a more elliptical shape
by varying the tilting angle of the nozzle. Hlavac et al. [21,22]
adopted the difference between the top and bottom kerf widths
and the angle between the tangent to the striation curve and
impinging jet axis to compensate for the characteristic phe-
nomenon of AW]J cutting, which is aimed at eliminating the defects
of jet erosion. Theoretically, a change in the erosion geometry is
achieved by changing the local impact angle of the jet, thus
enabling the machining of complex surfaces, and the variation in
the kerf slope is analyzed by the jet plume [23].

According to the literature above, predictive models for cutting
depth have been extensively studied under the erosion process and
cutting parameters. However, studies associated with the qualita-
tive model of kerf shape in the erosion process by the AW]J are lim-
ited. In addition, the hypothesis that the micro-cutting erosion
model is approximate to the erosion profile has rarely been
explored. This is because the jet energy dissipates as the cutting
depth increases and the machined quality deteriorates.

In this study, a Gaussian distribution profile was assumed by
the kerf width for any cutting depth in micro-cutting, material
removal of micro-cutting, and kinematic jet-solid penetration
along the variation in kerf width. In addition, the effects of the pro-
cess parameters on the kerf geometry and its dimensional charac-
teristics during the AW] process were analyzed. Furthermore, to
clarify the change in the erosion profile, the slope of the kerf profile
based on the first-order derivative was analyzed by numerical
extraction of the kerf profile. Additionally, a cutting depth model
based on jet energy variation was proposed so that the cutting
depth could be guaranteed based on different processing quality
requirements. Finally, the predictive model was verified and found
to correlate well with experimental values.

The predictive model for cutting depth was studied based on a
Gaussian distribution, with particular emphasis on the distribution
of jet energy. To achieve this scope, the following aspects were
investigated: Section 2 introduces the theoretical model of cutting
depth and the first-order partial derivative model based on the
Gaussian distribution of the kerf profile; In Section 3, three ductile
material properties (Section 3.1), image processing and kerf profile



J. Chen, Y. Yuan, H. Gao et al.

extraction (Section 3.2) are introduced in detail; In Section 4, the
verification of the cutting depth model with Gaussian distribution
(Section 4.1) and analysis of the jet energy distribution and its pro-
cess parameters on the energy variation (Section 4.2) are pre-
sented; Section 5 summarizes the cutting depth model and its
energy distribution.

2. Analytical approach

In AW] machining, different kerf shapes reflect the machining
capacity of different material removals under different machining
conditions. Therefore, it is helpful to divide the cutting depth into
different machining areas by analyzing the erosion profile. As the
cutting depth increases, the jet becomes unstable and is easily
deflected at the bottom. This process cannot fully guarantee pene-
tration of the workpiece and causes secondary erosion damage to
the bottom contour. A model based on the geometry of the erosion
kerf and the process parameters was established to optimize the
cutting depth during the jet machining of a workpiece..

Hlavac et al. [24] used hydrodynamics and unconventional
views on liquid jet formation inside the nozzle to determine the
velocity profile. Based on the geometry of the kerf during impact,
various profiles of the kerf are assumed to have a Gaussian distri-
bution in the micro-cutting process, as shown in Fig. 1.

2
h=H.em (1)
where h, H, and d,, represent the cutting depth, cutting-depth
limit, and kerf width. d; represents the corresponding kerf width
at half the cutting depth, and w :\/%_4 represents the standard

deviation.

The variation in the kerf width based on the Gaussian distribu-
tion was similar to that of the kerf, whereas the variation in the
cutting depth profile was similar to that of the Gaussian distribu-
tion width. Therefore, the relationship between the kerf width d,,
and cutting depth h can be expressed as follows:

_ 2dsvVInH —Inh
VIn2

In steady micro-cutting, the material removal rate is deduced
using the geometrically determined displacement, as follows [25]:

oV=5h-dy-u 3)

dw 2)

where u represents the focusing tube traverse speed.

Fig. 1. Typical kerf geometry for ductile materials.
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Hashish [26] used the Finnie micro-machining model to estab-
lish a material removal model for impact abrasives with small
impact angles.

R .d..m 25
oV = 7. [fiju} . {@} -sin2a - Vsino (4)
n Pr Uc

where 7, represents the velocity from the high-pressure pump
through the sapphire tiny aperture, determined by vy =17 - , /%;
vc represents the characteristic erosion velocity of the abrasive,
3/5

determined using v¢ =

o d;j represents the jet diameter,
P

determined using d; = 0.24 - d, - v/SOD; R{/® represents the round-
ness factor of the particles.

Material removal by the jet is the accumulated result of erosion
by a large number of abrasive particles in the jet. To obtain the jet
removal material erosion rate, the calculation was performed by
the material removal of single particles[27]:

. {ﬂ} ” oS (5)

Uc

SV — 14-C-m,

T Pp- O
where o represents the angle of impact. C is given by
C=(1- %), where o and o, represent the angle of the maximum
erosion rate and erosion angle at the top of the kerf determined
using o = — 155, respectively.

14mg )

Tppd2, 1 v

When the erosion process of the jet is in the steady-state phase,
the calculation based on the overall material removal rate with an
abrasive is theoretically obtained in agreement with the geometric

aspect of the calculated displacement rate:
25
dh-u-[Zx/i-dw-\/lnH—lnh]:M[@} a5 (6)
T-pp-0¢ |V

where the cutting depth, h =0, the jet velocity 7o =0.

From Eq. (6), the erosion rate evaluated according to jet physics
is equal to the geometric erosion, which can be obtained using the
following formula to obtain the limit cutting depth:

/Hdh-u- [2v2d, - VinF T
0

. 25 (0
) e [ oo @)
T P, O Ve o
Thus, the limit cutting depth can be expressed as:
25
28 mg-C V2P/p,, 15
H= V2n2 ' 024dy/50D | 3.0R0S o (8)
2y i
Table 1

Material properties of Aluminum alloy 6061 and 304 stainless steel and Ti-6Al-4 V
[28-30].

Material type Aluminum alloy 304 stainless Ti-6Al-
6061 steel 4V
Vickers hardness (Hy) 95 241 330
Yield Stress (MPa) 276 275 883
Ultimate tensile stress 310 585 1035
(MPa)
Density (g/cm?) 2.7 7.92 443
Chemical composition Al 98% Si 1.0% Ti 90%
Mg 0.9-1.3% C 0.09% Al 55—
Si 0.5-0.9% Cr 18-21% 6.8%
Ni 8.0-10.6% V 3.5-
4.5%
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Fig. 2. Experimental setup.

Table 2
The machining process and its detailed values.
Value
Pressure inside the pumping system (MPa) 410
Water orifice diameter (mm) 0.25
Focusing tube length(mm) 76.2
Focusing tube diameter (mm) 1.06

Impact angle 0°

Abrasive material type Australian garnet
abrasive flow rate (g/min) 120/180/240
Abrasive material average grain size 0.270 mm (80 mesh)

To clarify the variation in the erosion profile, the first-order
derivative is further analyzed by numerical extraction of the kerf
profile:

2 25
ih:_dw'e_m' 28 . mu'c . \/ZP/:OW 'OC]'S
ad,, w2 V212 Py I 0.24;&\15(7) 3-02-:?-6 t

9)

With the continuous variation in the kerf geometry, the width
of the kerf also varies continuously, resulting in a change in the
width of the kerf, which also reflects the dissipation law of the
jet energy; therefore, the effective cutting depth is obtained by
the width of the kerf:

oh

o, >k=h.
where Kk is the value of the slope of the kerf profile expressed as

the machining energy of the jet and h, is the cutting depth corre-

(10)

Fig. 3. Image processing and kerf profile extraction.

4
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sponding to when the slope of the profile is greater than k, which is
also the effective cutting depth.

3. Experimental setups
3.1. Materials

Aluminum 6061 alloy, 304 stainless steel, and Ti-6Al-4 V were
selected as samples for the AW] machining experiments and were
cut into samples of 200 mm x 30 mm x 15 mm. The material
properties of the specimens are presented in Table 1.

3.2. Experimental procedure and analysis

The experiment was performed on an APW system an AW] cut-
ter, which has an output of 420 MPa using a high-pressure pump.
The machining process and its detailed values are listed in Fig. 2
and Table 2, respectively.

To obtain the kerf shape, it is first necessary to extract the initial
kerf profile using the VHX-600E of Keyence, as shown in Fig. 3. The

Fig. 4. Validation of the model (the predicted vs. experimental values).

Fig. 5. Photograph of kerf cross-sectional geometry at different abrasive pressures: (a) P =320 MPa and (b) P =360 MPa and (c) P = 400 MPa.

5
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(a) P=320 MPa
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(b) P=360 MPa

(c) P=400 MPa

Fig. 6. Comparison of experimental and predicted cut depths of kerfs at different water pressures.

Fig. 7. Slope of kerf profile at different water pressures.

kerf image was imported into MATLAB to accurately optimize the
kerf profile, including the conversion of RGB to grayscale, binariza-
tion, and image filling. Furthermore, profile fitting of the extracted
contour was performed using the step-by-step approximation
method, and the actual tracking and kerf profiles formed by all
contour feature points obtained by step-by-step approximation
were compared.

4. Result and discussion
4.1. The model verification

In this model, the effective jet diameter can be treated as the
top of the kerf width, which varies according to the effective jet
diameter changes owing to different standoff distances (SODs). In
[31,32], the threshold velocities for the aluminum 6061 alloy,
304 stainless steel and Ti6Al4V were 90, 75, and 45 m/s respec-
tively. It was also observed that the material flow strength and
elastic modulus in the model showed a positive correlation com-
pared to the analytical and experimental values. Additionally, the
flow modulus was four times lower than the elastic modulus. Fur-
thermore, to evaluate the abrasive particle removal process, it was
observed that the grinding process particles followed a predefined
trajectory for material removal, which mainly included processes
such as micro-cutting and plowing [33]. The erosion removal of
material during AW] erosion is theoretically similar to the particle
removal process during grinding. However, the velocity of abrasive
particles in AW] was free-flowing, and better [34]. Very little heat
was generated during the ablation. Therefore, the energy required
for particle removal of material in AW] can be assumed to be the
minimum energy of particles in grinding processing, and this
model analysis adopts 13.6, 10.5, and 4.5] emm?> for the three
materials, respectively.

In Fig. 4, the correlation coefficients between the experimental
and predicted values for the aluminum 6061 alloy, 304 stainless
steel, and Ti6Al4V are 96.43, 99.12, and 97.53%, respectively, which
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Fig. 8. Misting effect of jet energy.

Fig. 9. The photograph of kerf cross-sectional geometry at different abrasive flow rate: (a) ma =120 g/min and (b) ma = 180 g/min and (c) ma = 240 g/min.

are high compared with the predictive model and experimental
results.

4.2. Analysis of the jet energy distribution

Although the previous cutting depth models also consider dif-
ferent variations in the kerf geometry, they are also variations in
linear profiles [35,36]. A more comprehensive model for the cut-
ting depth can be developed by assuming a more consistent model
of the variation in the kerf and jet energy. Furthermore, To study
the effect of the variation in the jet energy on kerf profiles under
different process parameters, the 2D geometry of kerf was used
for the experimental analysis.

Fig. 5 shows the kerf profiles based on different water pressures.
From the profile analysis of a kerf with different water pressures, it
can be observed that the profile is approximated as a Gaussian dis-

tribution. As the water pressure increases, the kerf geometry does
not increase uniformly along the erosion depth, and the erosion
width gradually decreases. First, the disintegration of abrasive par-
ticles inside the mixing chamber and the focusing tube affected the
size and distribution of abrasive particles, thus weakening the
kinetic energy of the abrasive particles and reducing the erosion
energy of the abrasive water jet [37,38]. Additionally, jet diver-
gence decreased the erosion angle along the external edge of the
jet plume. However, a larger erosion angle was observed closer
to the jet axis, indicating higher erosion energy. A smaller erosion
angle could be found far from the eroding axis; The opposite was
true for erosion energy. As shown in Fig. 6, the experimental cut-
ting depths at various water pressures coincided well with the pre-
dicted values.

In the jet erosion process, the jet energy distribution depends
on the AW] machine and cutting depth. In this study, the first-
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(a) my=120g/min
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(b) m;=180g/min

(c) my=240 g/min

Fig. 10. Comparison of experimental and predicted kerfs at different abrasive flow rate.

Fig. 11. Slope of kerf profile at different abrasive flow rate.

order derivative of the kerf profile was used to analyze the varia-
tion in jet energy, as shown in Fig. 7. The slope of the kerf is min-
imum at both the top and bottom kerf, and the slope of the kerf
profile starts to increase and then decreases at the erosion range
from the top edge of the kerf profile to the bottom of the profile.
The jet interacts with air, resulting in the consumption of jet

energy. When the jet erosion process is formed in the plane along
the radial direction of the jet, the greater the contact area between
the jet and air away from the axis, thus causing the jet velocity at
the outer edge to be much lower than that in the core region of the
jet, as shown in Fig. 8.

Additionally, the abrasive particles at the jet boundary have a
low erosion capacity, and owing to their interaction with air, can-
not produce significant erosion energy. In the central area of the
jet, the abrasive erosion angle is almost perpendicular to the work-
piece surface and there is no loss of velocity in the jet. Therefore,
the abrasive interaction in the core area enhances the erosion
capacity of the jet and increases the slope of the kerf profile. At
the erosion boundary of the jet, the erosion angle increases with
cutting depth, and the erosion slope decreases. As the cutting
depth increases, the erosion energy gradually decreases. Thus,
the energy distribution in the core area of the jet is gradually trans-
ferred to the outer edge of the jet, thus affecting the gradual reduc-
tion in the erosion angle of the abrasive and cutting depth owing to
the jet dispersion effect.

Furthermore, the variation in jet energy in both the top and bot-
tom with increasing water pressure was negligible based on the
first-order deviation of the kerf profile. In the region between the
top and bottom of the kerf, the slope of the kerf increases with
increasing water pressure, as shown in Fig. 7. Therefore, as the
water pressure increases, it causes an increase in jet energy and
erosion capacity, leading to an increase in the rising slope of the
kerf. This is because the increasing water pressure aids in the ero-
sion rate during the erosion of abrasive particles. Therefore, the
slope of the kerf profile increases with increasing water pressure.
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Fig. 12. The photograph of kerf cross-sectional geometry at different SOD: (a) SOD =2 mm and (b) SOD = 6 mm and (c) SOD = 10 mm.

Fig. 9 shows the different kerf cross-sectional geometries along
the jet axis at various abrasive flow rates in the range of 120-
240 g/min. From the extracted kerf profile, it is clear that the kerf
at the bottom tends to be flat and gradually shrinks into a “pocket
type” owing to the decreasing jet energy with increasing cutting
depth. Fig. 10 shows the kerf profile obtained by a single-factor
experiment at different abrasive flow rates. The experimental cut-
ting depths at various abrasive flow rates were in good agreement
with the predicted values. As can be seen from Fig. 10, the effect of
the variation in abrasive flow rate on the variation in the geometric
profile of the kerf depends on the various water pressures. An
explanation is provided in Fig. 11, which shows a schematic of
the kerf profile slope at various abrasive flow rates. The slopes of
both the top and bottom kerf widths are close to 0. The slope
increases at higher abrasive flow rates, which can be attributed
to variations in the erosion angle of the axial travel distance for
the particle at the focusing tube tip and the radial particles in
the jet column.

Fig. 12 shows the experimental results of different kerf profiles
obtained at different SODs. Fig. 13 shows a comparison between
the predicted and experimental profiles. As expected, the variation
in the SOD produces variations in the cutting depth and kerf width.
The experimental cutting depths at various SODs agree with the
predicted values. The various kerf widths can be attributed to the

comprehensive impact of: (i) the non-uniform distribution of jet
energy, which produced a non-uniform kerf shape, resulting in a
variation in the local erosion angle by single abrasive; and (ii) jet
divergence owing to the change in the SOD. The kerf formation
at various SODs is shown in Fig. 14. The slope has symmetric and
violent fluctuations at both ends of the kerf and a large range of
peak values. As the SOD increases, the slope of the kerf decreases.

As shown in Figs. 15 and 16, the cutting depth decreases with
increasing focusing tube traverse speed. However, different focus-
ing tube traverse speeds result in different kerf geometries. This
may be attributable to the variation in the slope owing to the vari-
ation in the focusing tube traverse speed. In addition, the major
influence of the focus tube traverse speed on the machining pro-
cess is the determination of the exposure time the number of par-
ticles eroding per unit time per unit area.

The relation of the kerf width and cutting depth displays that
the absolute value of the slope in first-order derivatives
increases and then reduces when the cutting depth increases.
The slope of the kerf profile is close to 0 in the segment of the
kerf at the bottom section and the top edge, indicating that the
lower the slope of the kerf profile, the lower is the cutting ability.
Based on the above analysis, the slope of the kerf profile can be
used to optimize the cutting depth. Therefore, the predictive
model for the cutting depth adopts the aforementioned guideli-
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(a) SOD=2mm (b) SOD=6mm

(c) SOD=10mm

Fig. 13. Comparison of experimental and predicted kerfs at different standoff distance.

Fig. 14. Slope of kerf profile at different standoff distance.
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Fig. 15. Comparison of experimental and predicted kerfs at different focusing tube traverse speed: (a) it = 100 mm/min and (b) pt =300 mm/min and (c) p = 500 mm/min.

Fig. 16. Slope of kerf profile at different focusing tube traverse speed.

11
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nes for practical AW] machining to predict the cutting depth at
fixed process parameters.

5. Conclusion

This study proposes a mathematical model of cutting depth
based on the ductile material erosion process, in which the jet
energy distribution follows a Gaussian function. This analytical
model analyzes the change in kerf width following the cutting
depth through micro-cutting and plastic deformation, which is
explained using a Gaussian distribution. In addition, first-order
partial derivatives of the profile prediction model of the cutting
depth and kerf width were performed to analyze the distribution
of jet energy and its jet decline process. The study is summarized
as follows:

(1) Kerf profiles, such as binarization and image filling, are char-
acterized by digital image processing and statistical analysis
of their surface morphology. The extracted profiles were
profile-fitted using a stepwise approximation. The stepwise
approximation of the kerf profiles strongly corresponds to
the predicted profiles.

(2) Combined with the Gaussian distribution of the jet cutting
depth and width, the mathematical model calculates varia-
tions in the erosion angle and jet energy at different cutting
depths during micromachining. The correlation coefficients
between the experimental and predicted values of the alu-
minum 6061 alloy, 304 stainless steel, and Ti6Al4V are
0.9643, 0.9912, and 0.9753, respectively, which shows that
the predicted value is highly correlated with the experimen-
tal value.

(3) Based on the first-order partial derivatives of the kerf profile,
it is clear that the slopes of the kerf profile vary at different
profile widths. At the kerf top edge and bottom, the slope of
the profile is the smallest and close to zero, whereas at the
kerf top edge and bottom, the slope of the profile increases
and then decreases, which verifies that the energy of the
jet plume is the lowest at the edge and bottom of the
kerf, whereas the energy is the highest within the kerf
profiles.
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