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1. Introduction

In a series of papers [1,2] one of us (RP) argued that to resolve the measurement paradox in
uantum mechanics gravitational effects have to be taken into account. The arguments do not rely
n gravitational fields being strong, and in fact only use Newtonian gravity. Newtonian gravity has
ecently been incorporated into the framework of twistor theory [3]. This version of twistor theory
escribes all Newton–Cartan space–times and is not constrained by the self-duality obstruction
hich has so far prevented incorporating the full Lorentzian Einstein equations into the twistor

ramework.
Moreover, whatever it is that actually goes on physically when the wave-function collapses,

.e. the reduction of the quantum state, or R-process-this being taken to be an objective physical
rocess-must have a curious ‘retro-active’ aspect to it if taken to be a ‘classically real’ physical
rocess (see [4]). Such ontological puzzles do not present difficulties in the Newtonian limit, so
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it makes sense, at our present level of understandings to concentrate on the Newtonian situation,
where such issue of the precise timing of the R-process can be evaded.

Quantum theory is inherently non-local, and this non-locality is likely to prevail in any modifica-
ions resulting from incorporating gravitational fields. Newtonian twistor theory is also non-local:
pace–time points correspond to extended and global objects (rational curves) in the twistor space.
t is hoped, and has been suggested in [5], that combining quantum non-locality with Newtonian
wistor non-locality can shed light on the role of gravity in quantum state reduction. In this paper
e aim to make a connection between the two theories.
Our focus will be the principle of equivalence applied to a quantum particle in a gravitational

ield, which results in a time-dependent phase difference between wave functions in different
eference frames. The Schrödinger equation for a particle moving in a uniform field given by
= (0, 0, g) where g is a constant is

ih̄
∂ψ

∂t
= −

h̄2

2m
∂2ψ

∂z2
− mgzψ. (1.1)

This is the Newtonian reference frame, and the corresponding ψ has in [2] been called the
Newtonian wave function. The same particle can be considered in the freely falling frame - called
the Einstein frame - related to the Newtonian frame by the transformation

z = Z +
1
2
T 2 g, t = T . (1.2)

The corresponding Schrödinger equation is

ih̄
∂Ψ

∂T
= −

h̄2

2m
∂2Ψ

∂Z2 , (1.3)

nd using the chain rule one finds

ψ(z, t) = Λ(z, t)Ψ (Z, T ), where Λ = e
−

im
h̄

(
t3g2
6 −tgz

)
. (1.4)

he non-linear time-dependence of the phase factor leads to a discrepancy between the notions of
ositive and negative frequencies in Newtonian and Einsteinian frames. Extrapolating these ideas
o quantum field theory would lead to two different vacua in two different Hilbert spaces which
oses a problem for the standard QFT framework.
In Section 2 we shall argue that the cubic time dependence in the phase ambiguity (1.4) is also

resent in non-uniform gravitational fields given by a general Newtonian potential V : R3
→ R. We

shall employ the Eisenhart lift, where the Schrödinger equation arises as a null reduction of the wave
equation on the curved plane-wave background in 4+ 1 dimensions. The diffeomorphism between
the Newtonian frame, and the Einstein frame in Riemann normal coordinates, where the Newtonian
connection vanishes at a point is generated by a translation along the parallel null direction, which
in turn gives rise to a phase difference

Λ(x, t) = exp
(
−

im
h̄

( t3

6m2 |γ|
2
+

t
m

x · γ
))
, where γ = ∇V |x=0.

he vector γ contains the non-vanishing components of the Newtonian connection, and in Section 2
e shall also discuss the interplay between quantum phase and the curvature of this connection.
In Section 3 we shall focus on the uniform field, where stationary states in the Newtonian frame

orrespond to solutions of the Airy equation. This equation admits a twistor description [6] in terms
f cohomology classes invariant under a 3–dimensional abelian subgroup of the full conformal group
f Minkowski space–time M . We shall show that the action of this subgroup preserves a light-ray in
, and a point on it. The twistor function representing the Airy cohomology class is the exponential
f a cubic in a twistor variable parametrising α–planes through a point in M . This cubic dependence
ormally resembles the time dependence of the phase ambiguity (1.4). In Section 3.1 we shall explain
his by the twistor–Fourier transform to the momentum space.

In Section 4 we shall review non-relativistic twistor theory [3], with an emphasis on the inverse
wistor function for the uniform gravitational field. Using this twistor function to deform the
2



M. Dunajski and R. Penrose Annals of Physics 451 (2023) 169243

r
m
t
b

2

f
e
A
2
b
p

a
S

a
w
K

w

patching relations of the non-relativistic twistor space leads to a holomorphic instability: the
normal bundle of non-relativistic twistor curves jumps from O ⊕ O(2) to O(1)⊕ O(1) which is the
elativistic normal bundle of curves in the non-linear graviton construction [7]. We shall use this
echanism to suggest a proposal for a twistorial collapse of the wave function: while the space–

ime geometry may bifurcate during the collapse, the twistor space remains a complex three-fold,
ut one four-dimensional family of rational curves needs replacing by another such family.

. The phase shift for non-uniform gravitational fields

The phase ambiguity (1.4) is of little concern as either the Einstenian, or the Newtonian wave
unction can be chosen to describe the particle, and used consistently to model its quantum
volution. The problem arises if the gravitational field itself is involved in quantum superposition.
n example considered in [2] is a massive object placed in a superposition in two locations 1 and
, each with its own uniform gravitational field g1 and g2. An Einsteinian wave function can still
e considered at a point p and (as the overall gravitational field of the earth cancels out) there is a
hase difference of the form (1.4) with g2 replaced by |g1 − g2|

2 and gz replaced by (g1 − g2) · x.
In this section we shall show that the cubic time dependence in the phase ambiguity is not

n artifact of adopting a uniform gravitational field, and is present for general potentials in the
chrödinger equation.
We shall use a geometric setup, where the time-dependent Schrödinger equation arises from

null Kaluza–Klein reduction.1 Consider a plane-wave metric in 4 + 1 dimensional manifold M5

ith local coordinates xµ = (u, t, xi) with a null isometry which we chose to be generated by a null
illing vector K = ∂/∂u and the line element

G = 2dudt + 2
V (x, t)

m
dt2 − dx · dx. (2.5)

where m is a constant with the dimension of mass. Let φ(u, t, x) be a complex-valued function
hich satisfies the wave equation with respect to the metric G, and is invariant under K

□Gφ = 0, K (φ) = −
imφ
h̄
.

Solving the invariance condition as

φ(u, t, x) = e−
imu
h̄ ψ(t, x) (2.6)

and substituting this to the wave equation yields the Schrödinger equation2

ih̄
∂ψ

∂t
= −

h̄2

2m
∆ψ + Vψ. (2.8)

1 Such reduction have been studied in various context following [8,9]. A closer examination reveals that they go back
to Eisenhart [10].
2 According to the proposal of [1], a superposition of two states corresponding to lumps of matter should spontaneously

collapse to stationary states of the Schrödinger–Newton system for a quantum particle moving in its own gravitational
potential [11]

ih̄
∂ψ

∂t
= −

h̄2

2m
∆ψ + Vψ, ∆V = 4πGm|ψ |

2. (2.7)

The anzats (2.6) gives the first equation in (2.7). Imposing the Einstein equation with the null dust energy–momentum
tensor

Rµν = 4πG|φ|
2θµθν , where θ = dt

yields the second equation in (2.7). Thus the Schrödinger–Newton system (2.7) arises from a coupled system consisting
of the Einstein equation with a null energy–momentum tensor, and the invariant wave equation for the (tt) component
of this tensor.
3
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The null geodesics in (M5,G) project to paths on the four-dimensional space of orbits N of the null
sometry ∂/∂u in M5. These paths satisfy the Newton equation

m
d2x
dt2

= −∇V ,

and are unparametrised geodesics of the Newton–Cartan connection with the non-vanishing con-
nection components

γ i
tt =

1
m
δij
∂V
∂xj
, i, j, . . . = 1, 2, 3. (2.9)

The curvature tensor of this connection is given by

r itjt =
1
m
∂γ i

tt

∂xj
, (2.10)

ith all other components vanishing identically.

.1. Uniform gravitational field

If the gravitational field is uniform

V = −mg · x (2.11)

hen the connection components (2.9) are constant, and equal to −g i, and can be set to zero locally
y going to the accelerating frame T = t,X = x − (1/2)gt2 which is what we did in (1.2).
eometrically this corresponds to the fact that the curvature of the Newtonian connection (2.10)
anishes for constant g.
The corresponding Eisenhart metric (2.5) is also flat. The calculation below shows that a

ransformation to flat coordinates involves a non-constant translation of the u–coordinate which,
t the level of (2.6), corresponds to a non-constant phase shift of ψ . The metric admits five-

dimensional Abelian group isometries generated by the Killing vectors Ku, Kt , Kj, where j = 1, 2, 3
and

Ku =
∂

∂u
,

Kt =
∂

∂t
+ tg j ∂

∂xj
+

(1
2
|g|2t2 + g · x

) ∂
∂u
,

Kj = −
∂

∂xj
− gjt

∂

∂u
, j = 1, 2, 3.

hese Killing vectors correspond to translations in the flat coordinates, and their metric-dual
ne-forms are necessarily gradients:

G(Ku, ·) = dT , G(Kt , ·) = dU, G(Kj, ·) = dX j,

where

T = t, U = u − tg · x +
1
6
|g|2t3, X = x −

1
2
gt2 (2.12)

nd using (U, T , X i) as coordinates yields

G = 2dUdT − dX2.

erforming the inverse coordinate transformation at the level of wave functions (2.6) from the
lat coordinates, where the Schrödinger equation has zero potential, to the Newtonian coordinates
u, t, x) where the potential is (2.11) gives

Φ(U, T ,X) = e−
imU
h̄ Ψ (X, T )

= e−
imu
h̄ Λ(x, t)Ψ (X, T ) (2.13)

−
imu −

im
h̄

(
1
6 |g|2t3−tg·x

)

= e h̄ ψ(x, t), where Λ(x, t) = e .

4
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This is in agreement with the phase shift (1.4) where [12]

ψ(x, t) = Λ(x, t)Ψ
(
x −

1
2
gt2, t

)
.

.2. Non-uniform gravitational field

In the general non-uniform, but weak, gravitational field we can chose the normal coordinates
entred at some point p in N , such that γ i

tt (p) = 0. The transformation to these coordinates can be
performed at the level of the Schrödinger equation with the potential V . The equivalence principle
does not allow a transformation to a free-falling Einsteinian frame (there will be tidal effects caused
by non-zero curvature which cannot be transformed away, as the curvature is a tensor), but the
cubic time dependence in the phase factor (1.4) turns out to be universal. The free-falling Einstein
frame is replaced by the Riemann normal coordinates Xα = (U, T , X i) such that

G = 2dUdT − dX2
+

1
3
Rµαβν(0)XαXβdXµdXν + O(|X |

3), (2.14)

where Rγ µαβ is the Riemann curvature of G, and the index has been lowered with G. The Riemann
coordinates are given in terms of the original Newtonian coordinates xµ = (u, t, xi) by

Xµ = xµ +
1
2
Γ µ

αβ (0)xαxβ +
1
6
(Γ µ

αγ (0)Γ γ
βδ(0) + ∂δΓ

µ
αβ (0))xαxβxδ + O(|x|4) (2.15)

here Γ µ
αβ are the Christoffel symbols of G in coordinates xµ. The quantities

γ i
= δik∂kV |x=0, r ij = δik∂j∂kV |x=0 (2.16)

ncode the Newtonian connection, and its curvature at a point p with coordinates (0, 0). Computing
2.15) for the Eisenhart metric (2.5) with V = V (x, t) gives

T = t,

X i
= xi +

t2

6m
(xj∂j∂kV + 3∂kV + t∂kV̇ )δik,

U = u +
t3

6m2 |∇V |
2
+

t
3m

xixj∂i∂jV +
t
m

xi∂iV

+
t3

6m
V̈ +

t2

2m
(V̇ + xi∂iV̇ ),

here the derivatives of V in these formulae are evaluated at (0, 0). Assuming that V does not
xplicitly depend on t , and using vector (2.16) notation on R3 this becomes

U = u +
t3

6m2 |γ|
2
+

t
3m

xT r x +
t
m

x · γ, X = x +
t2

6m
rx +

t2

2m
γ . (2.17)

his transformation puts the Eisenhart metric in the Riemann coordinates form (2.14) but it does
ot preserve the form of the metric, as it brings up the curvature terms proportional to rijTX idX jdT
nd rijT 2dX idX j. Therefore we shall truncate (2.17) to

U = u +
t3

6m2 |γ|
2
+

t
m

x · γ, X = x +
t2

2m
γ . (2.18)

n particular the (x, t)–dependent shift in the null direction u results in the phase-shift of the
Schrödinger wave function as

e−
mU
h̄ Ψ (X, T ) = e−

mu
h̄ ψ(x, t),

or

ψ(x, t) = Λ(x, t)Ψ (x +
t2

γ, t)

2m

5
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with the phase factor

Λ(x, t) = e
−

im
h̄

(
t3

6m2 |γ|
2
+

t
m x·γ

)
, γ = ∇V |x=0.

he non-vanishing connection and curvature of the Eisenhart metric are

Γ i
tt = γ i

tt , Γ u
tj =

1
m
∂V
∂xj
, Ri

tjt = r itjt , Ru
itj =

1
m

∂2V
∂xi∂xj

,

where γ i
tt = m−1δij∂jV and r itjt = ∂jγ

i
tt are the non-vanishing components of the corresponding

Newtonian connection and curvature on N . Therefore if G is flat, then so is the Newtonian
connection. Moreover if (T ,U, X i) is a Riemann normal coordinate system centred at a point P ∈

M5, then (T , X i) are normal coordinates on the Newtonian space–time centred at π (P), where π
is the projection from the plane-wave space–time to the Newtonian space–time. The truncation
(2.18) agrees with the Riemann coordinates up to the lowest order term, and still ensures that the
Newtonian connection vanishes at p. The corresponding frame of reference is a curved analogue
of the free-falling Einstein frame. The Einstenian and Newtonian wave functions differ by a time-
dependent phase factor which – if the equivalence principle is taken seriously – leads to ambiguities
in a definition of positive and negative frequency.

3. Twistor theory of the Airy equation

The stationary states of a quantum particle in the linear potential (1.1) are ψ(z, t) = T (t)W (z),
here

T = e−itE/h̄ and
d2W
dz2

+

(2m2g
h̄2 z +

2mE
h̄2

)
W = 0,

where E is a constant. Setting ζ = (2m2g/h̄2)
1/3

(z + E/(gm)) in the time-independent Schrödinger
quation we recognise the Airy equation

W ′′
+ ζW = 0. (3.19)

The Airy equation arises as a symmetry reduction of the wave equation on the 3+1-dimensional
inkowski space. This leads to a twistor description [6] of (3.19). The details are as follows. The
ave equation

1
c2
∂2φ

∂t2
−
∂2φ

∂x2
−
∂2φ

∂y2
−
∂2φ

∂z2
= 0. (3.20)

n the Minkowski M space with the metric

η = c2dt2 − dx2 − dy2 − dz2

s solvable in terms of the twistor contour integral formula [13]

φ(x, y, z, t) =

∮
Γ⊂CP1

f ((z + ct) + (x + iy)λ, (x − iy) − (z − ct)λ, λ)dλ, (3.21)

here Γ ⊂ CP1 is a closed contour in the twistor line Lp ∼= CP1 corresponding to a point p ∈ M
ith coordinates (ct, x, y, z). In [6] it was pointed out that solutions to (3.20) invariant under a
ertain three-dimensional Abelian subgroup H of the conformal group of (M, η) are characterised
y the Airy functions. The computations in [6] have been carried in the complexified setup, and
ere we summarise the results imposing Lorentzian reality conditions. The subgroup H ⊂ SU(2, 2)
s generated by a null translation, a non-null translation and a combination of a rotation, a Lorentz
oost and another non-null translation which we chose to be

V1 =
1( ∂

+
1 ∂ )

,

2 ∂z c ∂t

6
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V2 =
∂

∂y
,

V3 =
1
2

( ∂
∂z

−
1
c
∂

∂t

)
+

( x
c
∂

∂t
− ct

∂

∂x

)
+

(
x
∂

∂z
− z

∂

∂x

)
.

Now consider a function φ : M → R such that

V1(φ) = φ, V2(φ) = 0, V3(φ) = 0.

We find that the general solution of this invariance condition is

φ = exp
(
(ct + z) + 2(ct − z)x +

2
3
(ct − z)3

)
W (ζ )

here

ζ = −2x − (ct − z)2.

mposing the wave equation (3.20) on φ gives the Airy equation (3.19)
We now move to the contour integral formula (3.21). Any generator of the conformal group of
gives rise to a holomorphic vector field on the twistor space PT = CP3

−CP1. Using the twistor
ncidence relations we can find the generators of H ⊂ SL(4,C) as vector fields on PT . LetΩ = fdλ be
he integrand in (3.21), where the twistor function f represents a cohomology class H1(Lp,O(−2)).

Imposing the invariance condition

LV1Ω = Ω, LV2Ω = 0, LV3Ω = 0,

educes (3.21) to the integral formula

W (ζ ) =

∮
Γ⊂CP1

exp
(1
3
λ3 + λζ

)
dλ (3.22)

or the Airy equation. Two linearly independent solutions to the Airy equation result from different
hoices of contours which pass through the essential singularity of the twistor function at λ = ∞.
Integrating the vector fields (V1, V2, V3) to one-parameter subgroups on PT we find that the

esulting subgroup H of SL(4,C) is generated by matrices of the form⎛⎜⎝ 1 p q r
0 1 p q
0 0 1 p
0 0 0 1

⎞⎟⎠ .

he projective action of H can now be seen to preserve the flag

α ⊂ L ⊂ β

n PT , where β is a plane of the form [∗, ∗, ∗, 0], L is a line [∗, ∗, 0, 0] and α is point [∗, 0, 0, 0]. In
he Minkowski space β corresponds to a β–plane, the line L corresponds to a point and the point
corresponds to an α–plane [14]. The intersection of α and β planes is (assuming these planes

ntersect in a non-empty set) in a null ray. The twistor incidence then implies that this null ray
ontains the point in M corresponding to the line L. Therefore the subgroup H of the conformal
roup on M preserves a light ray and a point on it.

.1. Twistor–Fourier transform

The general solution of the Airy equation is given by the twistor contour integral formula (3.22).
he twistor function eλ

3/3+λζ is formally similar to the phase factor (1.4), except the exponential in
he latter is cubic in time, and the exponential in the former is cubic in the twistor variable λ. The

iscussion below reconciles this.

7
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In the Newtonian frame the Fourier transform of the Schrödinger equation (1.1) leads to the
eneral solution

ψ =

∫
R
k
(
p −

mg
h̄

t
)
e
i
(

−
h̄2

6m2g
p3+pz

)
dp (3.23)

= Λ(z, t)
∫
R
k(p)e

i
(
p(z− 1

2 gt
2)− h̄

2m p2t− h̄2

6m2g
p3

)
dp,

here

Λ = e
im
h̄

(
−

t3g2
6 +gtz

)

where k is an arbitrary function of one variable p−mgt/h̄. To get from the first line to the second we
ave made a change of variables p → p+mgt/h̄, and took all the p–independent terms outside the
ntegral. Now consider the initial configuration ψ(z, 0) = ψ0(z) with the Fourier transform ψ̂0(p),
o that

ψ0(z) =

∫
R
ψ̂0(p)eipzdp.

omparing this with (3.23) evaluated at t = 0 gives

k(p) = eip
3 h̄2/(6m2 g)ψ̂0(p).

Substituting this into (3.23), and introducing coordinates (Z, T ) by (1.2) gives

ψ(z, t) = Λ(z, t)
∫
R
ψ̂0(p)ei(pZ−

h̄2
2m p2T )dp. (3.24)

o recognise the integral term in (3.24) we note that the free Schrödinger equation (1.3) in the
insteinian frame of reference has the general Fourier solution

Ψ (Z, T ) =

∫
R
Ψ̂0(p)ei(pZ−

h̄2
2m p2T )dp. (3.25)

herefore, assuming that ψ and Ψ agree at t = T = 0, and comparing (3.24) and (3.25) gives

ψ(z, t) = Λ(z, t)Ψ (Z, T )

in agreement with formulae (1.4).
We finish off with a comment about bound states (although it may not be relevant, or even

applicable to the argument in [2]). The Einsteinian wave function Ψ is a plane wave, so it is not
ormalisable. Let us consider the Newtonian wave function ψ instead. It is a linear combination of
he two Airy functions Ai and Bi. The Bi function diverges for large ζ , so we shall consider ψ to be
multiple of Ai. Imposing the boundary condition ψ(0, t) = 0 gives Ai((2/(h̄2g2 m))1/3E) = 0. The
et of zeros of the Airy function Ai is discrete, and this leads to a discrete set of energy levels. The
inear potential V = z for z > 0 and V = ∞ for z < 0 (known as the quantum bouncer) with this
boundary condition has been used to model ultracold neutrons in the Earth gravitational field [15].

4. Inverse Newtonian twistor function

The Newtonian twistor space [3,16] consists of a complex three-manifold PT∞ = O ⊕ O(2)
hought of as the total space of rank-two holomorphic vector bundle over CP1 (here O(n) → CP1

enotes the holomorphic line bundle whose sections are homogeneous polynomials on C2 of degree
) together with a cohomology class

f(−4) ⊂ H1(PT∞,O(−4)). (4.26)

he points of the corresponding Newton–Cartan space–time N are holomorphic sections of PT∞ →

P1. The global twistor function T coordinating the O factor gives rise to a closed one-form (the
8
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clock) θ on N which we chose to be θ = dt . This gives a fibration of N over the real-line (the
time axis) which in turn gives the simultaneity of events in N . There is a degenerate contravariant
metric on N defined by declaring a vector in TpN to be null iff the corresponding section of the
normal-bundle of Lp ⊂ PT∞ has a zero. Thus null vectors are tangent to the fibres of constant t in
N . If the homogeneous coordinates on PT∞ are (T ,Q , πA′ ) ∼ (T , s2Q , sπA′ ) where s ∈ C∗, then the
twistor lines are

T = t, Q = xA
′B′

πA′πB′ , (4.27)

where xA
′B′

= x(A
′B′) are three coordinates on the spatial fibres on N . The condition that δQ = 0 has

a repeated root leads to the flat metric

h = (∂/∂x)2 + (∂/∂y)2 + (∂/∂z)2 = δij
∂

∂xi
⊗

∂

∂xj
.

inally to recover the Newtonian connection we consider the group H0(Lp,N ⊗ (⊙2N )), where Lp
s the twistor line corresponding to a point p ∈ N , and

N = O ⊕ O(2)

s the normal bundle to Lp. A decomposition of this group contains a factor H0(Lp,O(2)), which by
he Serre duality is isomorphic to H1(Lp,O(−4)), and f(−4) is an element of this.3 It gives rise to a
pin 1 field on N given by

gA′B′ =

∮
Γ⊂CP1

f(−4)πA′πB′π · dπ,

nd finally to the Newton–Cartan connection with the only non-vanishing components

γ i
tt = g i

= δij
∂V
∂xj
,

where we identify a three-dimensional vector index i with a pair of symmetric spinor indices using
he isomorphism C3

= Sym2(C2). The function V on N is the scalar potential for gA′B′ given by

V =

∮
Γ⊂CP1

f(−2)π · dπ, where f(−4) =
∂ f(−2)

∂Q
.

This is a particular case of the twistor integral formula (3.21), and we find that V is harmonic with
respect to the inverse metric h on the three-dimensional constant time fibres of N .

Specifying to the uniform gravitational field g = (0, 0, g) or V = gz, we find the inverse twistor
function

f(−2) =
gQ

(π · o)2(π · ι)2
,

where (o, ι) is a pair of constant spinors. This can be verified by restricting f(−2) to the twistor line
4.27), and computing a residue. The gravitational field corresponds to the cohomology class which
plits as a coboundary, and thus represents a trivial cohomology class. This is a manifestation of the
ewtonian equivalence principle: the constant gravitational field can be eliminated by moving to
he accelerating frame.

.1. The wave function collapse

A puzzling feature of the space–time picture of the wave function collapse (called the R–process
n [1,2]) is the lack of knowledge as to when the state reduction takes place. It is reasonable to

3 This is discussed in detail in [3], where it is also shown how PT∞ arises form a limiting procedure of a one-parameter
f nonlinear graviton twistor spaces. In this limit the normal bundle of the twistor curves jumps from O(1) ⊕ O(1) to
⊕ O(2). Cohomology classes defining these nonlinear graviton twistor spaces as complex manifolds give rise, in the

imit, to the cohomology class f
(−4)

9
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Fig. 1. Twistor collapse of the wave function.

ssume that it happens in between two times t0, and t1, and introduces enough curvature that the
+ O(2) Newtonian twistor space is deformed.4 While this may correspond to a discontinuous

ump in the space–time structure we propose that the twistor space survives the reduction (see
lso [18]), but the 4-parameter family of curves with O+O(2) normal bundle disappear, and needs
o be replaced by a new family according to the following mechanism.

1. The cohomology class f ∈ H1(PT∞,O) is used to deform the patching relation for the T
direction on PT∞. This cohomology class is related to f(−4) in (4.26) by

f(−4) =
∂2f
∂Q 2 ,

and is non-zero only between T0 and T1 on the twistor space, which correspond to times
t0, t1. Therefore it is smooth, but not analytic.5

2. Outside the [T0, T1] interval, there exist a global twistor function T , and the twistor curves
are confined to constant T slices (each such slice is the total space of the O(2) bundle over
CP1). At T0 we cover a line by two open sets (called U and Ũ on Fig. 1), and deform

T̃ = T +
1
c
f (Q , T ),

where the deformation parameter is proportional to the inverse of the speed of light. This
makes the normal bundle N of the curves jump to O(1) + O(1), and illustrates the general
phenomenon that if H1(CP1, End(N )) ̸= 0, then general Kodaira deformations do not preserve
the type of the normal bundle. In our case this cohomology group equals C. The blue O+O(2)
curves corresponding to the Newtonian space time before the measurement disappear. At
T1 another non-relativistic limit is taken, and the new O + O(2) family emerges from the
Newtonian limit of the (red on Fig. 1) O(1) + O(1) curves . These are the green curves on
Fig. 1.

Thus, although the space time seems to bifurcate and collapse in the R-process, the twistor space
is one complex three-fold. The curves in the R-process change their holomorphic type.

4 It has been noted long time ago [17] that holomorphic jumping lines in the twistor space correspond to discontinuous
changes in space–time geometry.
5 This part of the proposal goes beyond the holomorphic realm of twistor theory. This may be justified at physical

grounds as, unlike the unitary Schrod̈inger evolution, the wave function collapse is not a holomorphic process. More work
s needed to justify that the essential features of the Kodaira deformation theory [19] still apply.
10
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