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Reliability-based performance design
optimization for seismic retrofit of
reinforced concrete buildings with
fiber-reinforced polymer composites

Xiaokang Zou1, Qian Wang2 and Jiurong Wu3

Abstract
Fiber-reinforced polymer composites can be externally bonded to reinforced concrete members which provide an effective seismic
retrofit strategy for reinforced concrete structures. For seismic retrofit of a complex building structure, due to the large number of
structural members, an optimum design which ensures the use of the minimum amount of fiber-reinforced polymer to achieve a given
level of seismic performance is highly desirable for economic reasons. In addition, such an optimum design approach is best built on a
probabilistic basis so that various sources of uncertainties in the design process can be appropriately accounted for. This work there-
fore studies an efficient reliability-based optimization approach for the seismic retrofit design of reinforced concrete structures using
fiber-reinforced polymer composites. The structural performance is assessed at the system level using nonlinear pushover analyses. In
the proposed approach, the inelastic interstory drift ratios are modeled as indeterministic variables to consider the uncertainties of
earthquake loading. By contrast, the thickness of the fiber-reinforced polymer jacket is considered as a deterministic design variable.
The reliability-based design approach is formulated by minimizing fiber-reinforced polymer cost subject to prescribed structural relia-
bility constraints. Using the results of nonlinear static pushover analyses and reliability analyses, the reliability index constraints are
explicitly formulated with respect to the deterministic design variables based on the virtual work principle as well as Taylor series
expansion. A numerical optimality criteria method is derived and programmed to solve this reliability-based nonlinear retrofit design
optimization problem. A design example is included to illustrate the application of the new optimization approach.
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Introduction

It is well-known that many uncertainties are involved
in structural designs, especially in the case of seismic
resistant designs (Beck et al., 1998; Charney, 2000;
Frangopol, 1985; Gaxiola-Camacho et al., 2017;
Lagaros et al., 2008; Zou et al., 2010). The structural
responses under random excitations such as seismic
loads cannot be precisely predicted; therefore, such
design problems involve considerable uncertainties
(Ghobarah et al., 2000). Although the probabilistic
approach has been widely adopted in the design codes
of most countries, its application in building structures
is limited to structural member design using partial
safety factors. That is, current design codes primarily
focus on the ultimate safety check of structural mem-
bers including beams and columns. A structural design
based on current code procedures may not guarantee a
satisfactory level of system reliability. Indeed, a system

behavior has been regarded more important than a
member behavior because of the high redundancy in
building structures (Cheng et al., 1998; Kim and Wen,
1990).

Performance-based seismic design, which can
directly address the inelastic deformation induced in
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buildings by earthquakes, has become a standard for
seismic design (Applied Technology Council (ATC),
1996; Chan and Zou, 2004; Fragiadakis et al., 2006;
Gaxiola-Camacho et al., 2017; Lagaros et al., 2008;
Zameeruddin and Sangle, 2016; Zou et al., 2007a). The
pushover analysis method has been widely used in the
performance-based design procedure to assess the non-
linear seismic performance of structures (Zou and
Chan, 2005; Zou, 2012). Moreover, the performance
design procedure should be based on probabilistic
approaches, which account for the various sources of
uncertainties and approximations as stated in FEMA-
445 (FEMA, 2006). A system reliability-based design
approach should be employed directly, instead of using
the member level partial factor approach as adopted in
the design codes currently available. Furthermore,
since the peak seismic interstory drift over the lifetime
of a structure is uncertain, a performance parameter
can be used and directly related to the reliability index
of interstory drift (Beck et al., 1998).

Although the deterministic structural design optimi-
zation has been widely used (Chan and Zou, 2004;
Zou, 2012; Zou et al, 2014), the deterministic optimal
structures may usually have higher failure probabilities
(Frangopol and Klisinski, 1989). Structural reliability
analysis methods shall be integrated into the reliability-
based structural optimization process, in order to opti-
mize structures with uncertainties. In the past few
decades, reliability-based structural optimization has
gained much research attention. Reliability-based opti-
mization has special advantages over deterministic
design optimization by considering reliability con-
straints. It provides a good balance among the struc-
tural reliability, initial cost, and other objectives, where
specified performance requirements are satisfied.

Moses (1969) provided an early survey on
reliability-based optimal design, and it was presented
that the use of overall structural failure probability
together with reliability-based design should produce
more balanced designs and develop rational structural
safety. Several formulations of reliability-based design
optimization problems were proposed in the literatures
(Frangopol, 1997). Foley (2002) reviewed the state-of-
the-art and presented the vision of seismic
performance-based design optimization. Performance-
based optimization includes deterministic, semi-deter-
ministic, and reliability-based (fully probabilistic) opti-
mization. There is a need to develop reliability-based
performance design optimization for structures under
seismic loads (Bertero and Bertero, 2002; Charney,
2000). The randomness in the structural responses due
to the uncertainties in the seismic loads can be very
influential and must be considered (Ang and Cornell,
1974; Beck et al., 1998; Bertero and Bertero, 2002;
Wen, 1995). In addition, extensive research has been

performed on reliability-based optimization and appli-
cations to the design of structural systems (Chang
et al., 1994; Cheng et al., 1998; Frangopol and Moses,
1994; Kim and Wen, 1990; Li, 2003). In these works,
related reliability constraints are inexplicitly expressed
with respect to the design variables in reliability-based
optimization.

The seismic interstory drift ratio of reinforced con-
crete (RC) frames and its probability distribution were
studied by Li and Cheng (2002). Various types of
uncertainties were considered, including those from the
seismic loads, dead loads, live loads, structural member
dimensions, and material elastic module. It was con-
cluded that the seismic interstory drift ratios and the
earthquake action have the same type of probability
distribution, that is, extreme value type II. In the work
of Li (2003), it was found that in steel frames, the
probability distribution of the maximum elastoplastic
drift ratio is related to its mean value. Earthquake
loads and distribution are the dominant factors that
affect the uncertainties of structural responses, when
the mean drift is not large. This was also observed by
other researchers (Song and Ellingwood, 1999; Wen,
2001).

Fiber-reinforced polymer (FRP) composites have
been widely accepted in the retrofit of RC structures
due to the fact that they can provide effective confine-
ment to RC members to increase their strength and
ductility (Cao and Ronagh, 2014; Teng et al., 2003;
Teng and Lam, 2004; Shin et al., 2016; Yu et al., 2015;
Yuan and Wu, 2017). Retrofit design optimization
methods of RC structures using FRP jackets have been
studied in recent years (Choi, 2017; Choi et al., 2014;
Zou et al., 2007b). Zou et al. (2007b), developed a
computer-based deterministic optimization approach
for drift performance retrofit design of FRP-confined
RC structures subject to seismic performance criteria.
However, there is still a lack of research about
reliability-based retrofit design optimization of FRP-
confined RC structures. It is necessary to integrate ret-
rofit design optimization with reliability analyses for
nonlinear response of FRP-confined RC structures.

This research is intended to extend the deterministic
seismic design optimization method presented by Zou
et al. (2007b) to a reliability-based design approach. A
general framework of the reliability-based optimal
design is decomposed into three parts: nonlinear struc-
tural simulation, reliability analysis, and numerical
optimization. To consider the uncertainty of earth-
quake loading involved in designing a structure, the
structural interstory drift response is modeled to be
indeterministic, and its probability distribution, mean
value, and standard deviation are defined. In this prob-
abilistic approach, the failure probability is defined as
the occurrence that an interstory drift response is
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larger than its allowable limit. The reliability-based
design method is formulated to minimize the FRP cost
subject to the prescribed structural reliability con-
straints. A reliability constraint is considered when the
reliability index of the structure response has to fulfill
a certain minimum value. Using the results of the non-
linear structural analysis and reliability analysis, the
interstory drift reliability index constraints are expli-
citly formulated. A numerical optimality criteria (OC)
technique is then developed to solve this reliability-
based design optimization problem. To illustrate the
effectiveness of the reliability-based design approach, a
three-story building example is selected, and numerical
results are presented.

FRP-confined concrete

Lam and Teng’s model

Studies on FRP-confined concrete have been con-
ducted and various models are available in the litera-
ture (De Lorenzis and Tepfers, 2003; Lam and Teng,
2003a; Wei and Wu, 2012; Yu et al., 2015). Lam and
Teng (2003b) presented a model which is able to cap-
ture all major characteristics of the stress–strain rela-
tionship of FRP-confined concrete; therefore, it is
employed in this study. In this model, the entire stress–
strain curve is divided into two segments which are
represented using a parabolic function and a linear
function, respectively, as

sc =Ecec �
(Ec � E2)

2

4f 0co

e2
c for 0 ł ec ł et ð1aÞ

and

sc = f 0co +E2ec for et ł ec ł ecu ð1bÞ

where

E2 =
f 0cc � f 0co

ecu

ð2Þ

et =
2f 0co

(Ec � E2)
ð3Þ

The following notations are used for FRP-confined
concrete: sc is the axial stress, ec is the axial strain, f 0cc

is the compressive strength, and ecu is the ultimate
strain, respectively. For unconfined concrete, f 0co is the
compressive strength and Ec is the tangent elastic mod-
ulus, respectively. In equation (1), E2 is the slope of
the straight line segment having an intercept f0 = f 0co

on the stress axis; and et is the axial strain correspond-
ing to the point where the parabolic and linear seg-
ments meet. Note that

f 0cc

f 0co

= 1+ 3:3ks1

fl

f 0co

ð4Þ

ecu

eco

= 1:75+ 12ks2

fl

f 0co

� �
eh, rup

eco

� �0:45

ð5Þ

where eco (eco = 0.002) is the axial strain at peak stress
of unconfined concrete (Lam and Teng, 2003a); eh,rup
is the hoop rupture strain of the FRP jacket; and fl is
the equivalent confining pressure of FRP. Neglect the
confinement provided by the transverse reinforcement;
the equivalent confining pressure applied to a rectan-
gular cross section with width B and depth D is given
by (Lam and Teng, 2003b)

fl =
2Efrpteh, rupffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2 +B2
p ð6Þ

Efrp is the Young’s modulus and t is the thickness of
FRP, respectively. It is seen from equation (6) that fl is
linear with respect to t. In equations (4) and (5), two
shape factors are introduced to account for the effects
of the cross-sectional shape on concrete strength and
strain, namely, ks1 and ks2, as

ks1 =
B

D

� �2
Ae

Ac

ð7Þ

ks2 =
D

B

� �0:5
Ae

Ac

ð8Þ

where Ae and Ac are the effectively confined area of
concrete and total FRP-enclosed area of concrete,
respectively.

Strength of FRP-confined rectangular cross sections

The FRP-confined concrete model described in the
previous section has been applied to the analysis of
RC members subjected to combined axial force and
bending moment (Teng et al., 2002), and its predic-
tions have been shown to compare favorably with test
data (Yuan et al., 2008). For an FRP-confined RC
member with a rectangular cross section, the ultimate
moment strength Mu and curvature fu of can be
derived and calculated. A number of assumptions are
used: the plane cross section remains plane; the steel
behavior is assumed to be elastic–perfectly plastic; the
lateral confinement is only provided by the FRP
jacket; no longitudinal stiffness is provided by the
FRP jacket; compression is taken as positive; and the
extreme concrete compression fiber reaches the maxi-
mum strain in concrete, ecu, for the strength limit state.

Figure 1 illustrates the stress, strain, and force dis-
tribution of a rectangular column section at the
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ultimate state, where fs1, fs2, fs3, . and As1, As2, As3, .
are the stresses and the areas of steel, corresponding to
the strains, es1, es2, es3, ., and the steel reinforcement
depths, ds1, ds2, ds3, ., each of which represents the
distance from the centroid of steel to the extreme con-
crete fiber in compression. Two parameters, �a and �g,
are used to characterize the equivalent compressive
stress block of concrete (Yuan et al., 2008)

�a= 1+
E2ecu

2f 0co

� 2f 0co

3(Ec � E2)ecu

ð9Þ

�g =

1� �2f 03co + 3f 0coe
2
cu(Ec � E2)

2 + 2E2e3
cu(Ec � E2)

2

�4f 02co ecu(Ec � E2)+ 3E2e3
cu(Ec � E2)

2 + 6f 0coe
2
cu(Ec � E2)

2

ð10Þ

where E2, ecu, f 0cc and further �a and �g are found to be
functions of the thickness t of the FRP jacket. E2, ecu,
f 0cc are given by

E2 =
at

1:75eco + bt
ð11Þ

ecu = 1:75eco + bt ð12Þ

f 0cc = f 0co + at ð13Þ

where

a=
6:6ks1Efrpeh, rupffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2 +B2
p ; b=

24ks2Efrpeh, rupeco

f
0

co

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 +B2
p

 !
eh, rup

eco

� �0:45

ð14Þ

Based on the force equilibrium equation shown in
Figure 1, the neutral axis depth X is expressed as

X =

P�
PNsk

k = 1

fskAsk

�af 0coB
ð15Þ

where Ns is the total number of rows of steel reinforce-
ment; and Ask and fsk are the cross-sectional area and
stress of the kth row of steel reinforcement, respec-
tively. The ultimate moment strength Mu correspond-
ing to P is calculated based on moment equilibrium

Mu = �af 0coBX
D

2
� �gX

� �
+
XNs

k = 1

fskAsk

D

2
� dsi

� �
ð16Þ

and the ultimate curvature is determined as

fu =
ecu

X
ð17Þ

Similarly, the yield curvature, uy, can be obtained
based on the force equilibrium equation at the first
yield state (Zou and Chan, 2005).

Reliability-based optimal design problem
formulation

Objective function

Retrofitting of columns is a widely used upgrading
approach for the rehabilitation of RC moment–
resisting frames (Ghobarah et al., 2000). External FRP
jackets provide a very effective way of increasing the
strength and ductility of RC columns (Teng et al.,
2003). As shown in Figure 2, FRP composites are
wrapped in the hoop direction as jackets to improve
column confinement for enhanced strength and ducti-
lity. In this study, FRP cost is defined as the design
objective function. Since reliable data for assessing the
reliability of FRP cost are not readily available, the
design objective function is considered to be
deterministic.

For a FRP-retrofitted RC building whose structural
system topology is predefined, there are Nci (i = 1, 2,
3, ., Nci) columns, Nbi (i = Nci + 1, Nci + 2,
Nci + 3, ., Nci + Nbi) beams, and 2(Nci + Nbi)
potential plastic hinges. The plastic hinges are located

Figure 1. Section with strain, stress, and force distribution.
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at two ends of structural members, and FRP jackets
are used in the plastic hinge regions of columns. The
thickness, ti, of the FRP jacketing is treated as a design
variable in optimization. The cost of FRP composite is
minimized as

Minimize : FRPcost F(ti)=
XNci

i= 1

witt ð18Þ

wi is the cost or weight coefficient of FRP jacket and
wi = 4Lci(Bi +Di)r. Here, it is assumed that each col-
umn has a rectangular cross section; r is the unit volu-
metric cost of FRP jacket; and Lci is the length of the
confinement region for the plastic hinge at an end of
column i. The length Lci can be taken as the larger of
the plastic hinge length, 0.5d, and 12.5% of member
length (Teng et al., 2002). In this study, only FRP
jacket thickness required by moment hinge confine-
ment failure is considered as a design variable, while
the jacket thickness required by shear failure and lap
splice failure is considered invariant for simplicity.
Once the required thickness of FRP is determined, the
number of FRP layers can be further determined.

Design variables

Thickness of FRP jacket. For a given type of FRP compo-
site, the FRP thicknesses are selected as deterministic
design variables for the study of retrofitting RC build-
ings, while the structural member dimensions and steel
reinforcement areas are fixed. This provides a practical
approach that can reduce the size of the design optimi-
zation problem to a manageable level (Zou et al.,
2007b).

Equivalent static earthquake action and structural
responses. It has been well-recognized that the
response of structures to earthquakes is a random pro-
cess with relatively large uncertainties. In the nonlinear

pushover analysis, the equivalent static loads trans-
formed from dynamic earthquake loads are random
variables. The structural responses such as the inelastic
interstory drift responses and their allowable ratios are
also treated as random variables. The external earth-
quake loading actions usually have relatively larger
uncertainties than the uncertainties of structure prop-
erties such as the material properties and structural
stiffness (Cheng et al., 1998; Li, 2003; Zou et al.,
2010). Therefore, the structural stiffness can be
approximately taken to be deterministic in optimiza-
tion formulation. This results in that the statistical
properties and probability distributions of the struc-
tural responses caused by earthquake actions are the
same as those of the external actions.

Structural responses can be local responses such as
member strength or global responses including story
drifts. It is commonly recognized that among various
kinds of structural responses, interstory drift is an
important indicator in structural safety under earth-
quake loading. Furthermore, it is generally acceptable
to consider that the probability distributions of the
structural responses and earthquake actions are the
same, which are usually described by the extreme value
distribution Type II (GBJ68-84, 1984; Gao and Bao,
1985; Li and Cheng, 2002). In this research, the inters-
tory drift responses are taken as indeterministic design
variables and assumed to have the extreme value Type
II distribution.

Assuming an interstory drift ratio D�u has the
extreme value Type II distribution, its cumulative dis-
tribution function, denoted by FII(D�u), can be defined
as (Gao and Bao, 1985; Zou et al., 2010)

FII(D�u)= exp � a

D�u

� �k
� �

ð19Þ

and its probability density function fII(D�u) is

fII(D�u)=F 0II(D�u)=
k

a

� �
� a

D�u

� �k + 1

exp � a

D�u

� �k
� �

ð20Þ

where k is the shape parameter, and a is the largest
characteristic value of the initial variable D�u. To calcu-
late the mean value mD�u and standard deviation sD�u of
drift ratio D�u, the following equations are used

mD�u =aG 1� 1

k

� �
(k.1) ð21Þ

s2
D�u =a2 G 1� 2

k

� �
� G2 1� 1

k

� �� �
(k.2) ð22Þ

Figure 2. FRP jacket regions for column seismic retrofit
(elevation view).
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In equations (21) and (22), G denotes a gamma func-
tion such that G(x)=

Ð ‘

0
e�xxn�1dx, where x is a vari-

able. Based on equations (21) and (22), the solution of
k is determined by

G 1� 2
k

	 

G2 1� 1

k

	 
� 1+
s2

D�u

m2
D�u

� �
= 0 ð23Þ

k can be calculated based on equation (23) if the
sD�u=mD�u ratio is known. Substituting k into equation
(21) to solve a as

a=
mD�u

G 1� 1
k

	 
 ð24Þ

Upon the known values of a and k as well as the
standard value Du obtained from the pushover analy-
sis, the probabilistic distribution of D�u can be deter-
mined using equations (19) and (20). Since the
indeterministic variable D�u has the extreme value Type
II distribution, it is required to first transform it into
an equivalent normal distribution (Melchers, 1999).
The equivalent normal mean value, sN

D�u, and the equiv-
alent normal standard deviation, mN

D�u can be deter-
mined as

sN
D�u =

f F�1 FII(D�u)½ �
� �

fII(D�u)
ð25Þ

mN
D�u =D�u� sN

D�u �F
�1 FII(D�u)½ � ð26Þ

where F(:) is the standard normal probability distribu-
tion function and F�1(:) is the inverse of F�1(:); and
f(:) represents the standard normal density function.

Allowable interstory drift limits. The allowable story drift
limits, denoted by �d, follow extreme value distribution
Type I (Gao and Bao, 1985). The cumulative distribu-
tion function FI (�d) of Type I for �d can be defined by

FI (�d)= exp � exp �
�d � k

a

� �� �
ð27Þ

And the corresponding probability density function
can be written as

fI (�d)=F 0F(
�d)=

1

a
exp � exp �

�d � k

a

� �
�

�d � k

a

� �
ð28Þ

In equations (27) and (28), the parameters, a and k
can be determined as follows

a=
s�d

1:2825
ð29Þ

k =m�d � 0:5772a ð30Þ

In equations (29) and (30), m�d and s�d are the mean
value and its standard deviation of the random
variable �d, respectively. d is defined as a standard
value of �d.

Similarly, once values of a and k obtained from sta-
tistical analysis as well as the standard value d obtained
from the user or the requirement of design codes, equa-
tions (27) and (28) can be used to determine the prob-
abilistic distribution of the random variable �d. Similar
as equations (25) and (26), by transforming �d into an
equivalent normal distribution, the mean value and
standard deviation sN

�d
and mN

�d
of the equivalent nor-

mal distribution are obtained as

sN
�d =

f F�1 FI (�d)
 �� �

fI (�d)
ð31Þ

mN
�d = �d � sN

�d �F
�1 FI (�d)
 �

ð32Þ

Design constraints

Interstory drift reliability constraints. In reliability-based
optimum design of structures subjected to earthquake
loads, probabilistic or indeterministic design con-
straints are typically considered. The indeterministic
constraints are classified as member reliability con-
straints and system reliability constraints, respectively.
Structural member reliability is generally considered in
design codes as presented earlier. In contrast, there are
a large number of possible structural system failure
modes. It is commonly known that the interstory drift
failure modes are considered as structural system fail-
ure modes; and furthermore, the magnitude of inters-
tory drift is an important indicator of damage levels
and performance measurement of the structure. Thus,
the structural system reliabilities for the performance
requirements expressed by the structural story drift
reliabilities can be considered as the key indices in the
performance-based seismic design (Cheng et al., 1998).

The failure of a structure is defined as the event that
the structural response exceeds the acceptable limits
measured by the reliability index or failure probability.
In the reliability-based optimization, the major design
constraint specifies that the structural system must sat-
isfy a minimum level of reliability as represented by
specifying the reliability index bj of the jth interstory
drift ratio to be no less than a target value �bj

bj ø �bj ( j= 1, 2, 3, . . . ,Nj) ð33Þ

Nj is the total number of drift ratio reliability con-
straints. As the target value �bj increases, the FRP cost
increases and the expected structural failure loss
reduces. There is no specific value of �bj corresponding
to interstory drift response in current design codes. A
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suitable �bj should be determined based on a good bal-
ance between economic considerations and generally
accepted levels of risks (Cheng et al., 1998).

Plastic rotation and sizing bound constraints. Aside from
the above-mentioned probabilistic constraints, deter-
ministic design constraints should also be considered.
These include construction and FRP jacket thickness
requirements. In the optimization iterations, it is neces-
sary to ensure that up is within the specified upper limit
of plastic rotation, uU

p , for a given performance level.
That is to say, the plastic rotation constraints are
defined as

up, i ł uU
p (i= 1, 2, 3, . . . ,Nci) ð34Þ

In addition, the FRP thickness is imposed within
the minimum and maximum limits as

tL
i ł ti ł tU

i (i= 1, 2, 3, . . . ,Nci) ð35Þ

tU
i and tU

i are the upper and lower bounds of variable
ti, respectively.

Reliability analysis

The failure probability Pf can be expressed as

Pf = 1�F(b) ð36Þ

where b is the reliability index. The computation of
the failure probability requires the types of probability
distributions (e.g. extreme Type II) and the descriptors
(e.g. means, coefficients of variation, and variances) of
these random variables. In this work, the first-order
second-moment (FOSM) method is used to calculate
the reliability index or the failure probability corre-
sponding to a specified interstory drift limit. The
FOSM method is an efficient approach to estimate
reliability index b then to calculate failure probability
Pf. However, it should be noted that the FOSM
approach works only with equivalent normal distribu-
tions. After transforming non-normally distributed
random variables into equivalent normally distributed
variables, the reliability index b of the equivalent nor-
mal probability distribution is calculated as

b=
mN

�d
� mN

D�uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sN

�d

� �2

+ sN
D�u

	 
2

r =F�1(1� Pf ) ð37Þ

where sN
D�u and sN

D�u can be expressed, respectively, by
equations (25) and (26) with respect to the random
variable D�u; sN

�d
and uN

�d
can be determined, respec-

tively, by equations (31) and (32). As a result, the relia-
bility index b is formulated directly with respect to D�u.

In order to apply gradient-based design optimization
methods, D�u needs to be explicitly expressed with
respect to the FRP thickness, t.

Explicit formulation of inelastic
displacements

The story drift Du given in equations (25) and (26)
should be expressed using variable t. Details of the for-
mulation were addressed by Zou et al. (2007b), and
hence, only a brief presentation is given herein. The
virtual work principle is applied to express the push-
over displacements using the internal member forces
and moments obtained from the nonlinear structural
pushover analysis. The story displacement, uj, includes
the virtual work, uj,memb, in structural members and
the virtual work, ubeam

j, hinge and ucol
j, hinge, generated by the

plastic hinges at beams and columns, respectively. So

uj = uj,memb + ubeam
j, hinge

� �
+ ucol

j, hinge ð38Þ

in which

ucol
j, hinge =

XNci

i= 1

X2

h= 1

m0
pjhuph

" #
i

ð39Þ

In equation (39), m0
pjh is the virtual end moment at

the location of the hth hinge of a member due to a vir-
tual load applied at the location corresponding to the
story displacement, uj; uph is the plastic rotation at the
same plastic hinge, and uph equals zero if there is no
plastic hinge. In the design optimization iterations,
(uj,memb + ubeam

j, hinge) is treated as a constant since member
dimensions and reinforcement ratios are fixed, and the
FRP jackets are only used to confine the columns. The
emphasis here is on the displacement, ucol

j, hinge, due to the
plastic hinge formation in the FRP-retrofitted columns
and changed by the thickness change of the FRP jacket.

In this study, a bilinear curve A–B–C, as shown in
Figure 3, is used to model the moment–rotation rela-
tionship of a plastic hinge. The plastic rotation, up, is
determined as

up =
M �My

Mu �My

uU
p ð40Þ

where M is the internal moment, My is the yield
moment, and Mu is the ultimate moment resistance at
the plastic hinge, respectively. The yield moment is the
bending moment at the first yielding of the tensile
steel. In equation (40), uU

p is the ultimate plastic rota-
tion, as

uU
p =(fu � fy)lp ð41Þ
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In equation (41), fu and fy are the ultimate and
yield curvatures; lp is the plastic hinge length. Since the
confining pressure capacity provided by the FRP
jacket increases with an increase of FRP thickness, the
compressive strength and ultimate strain of confined
concrete (i.e. f 0cc and ecu) are significantly improved
resulting in an increase in Mu and uU

p , while the FRP
jacket has no effect on the value of My. The details of
the formulation of My, independent of t, were intro-
duced by Zou and Chan (2005).

It is found from equations (15) to (17) that X, Mu,
and fy can be expressed in terms of t due to the fact
that ecu, �a, and �g are all functions of t. As a result, up

in equation (40) can be expressed in terms of t. In order
to simplify the highly nonlinear formulation of up in
the optimum design process, a second-order Taylor
series expansion of up at an initial point t0 is written as
(Zou et al., 2007b)

up(t)= up t = t0j +
∂up

∂t
t = t0j (t � t0)+

1

2

∂2up

∂t2 t= t0j (t � t0)2

ð42Þ

where the gradient, ∂up=∂t, and the second-order deri-
vative, ∂2up=∂t2, can be analytically derived based on
equation (40). If the explicit plastic rotation up(t) is
substituted into equations (38) and (39), the interstory
drift, Duj, at the jth story level can also be expressed
with respect to the design variable, ti, as

Duj(ti)=Duj ti = t0
i

���
+
XNci

i= 1

∂Duj

∂ti
ti = t0

i

��� (ti � t0
i )+

1

2

XNci

i= 1

∂2Duj

∂t2
i

ti = t0
i

��� (ti � t0
i )

2

ð43Þ

Explicit formulation of design constraints on relia-
bility index given in equation (33) can be derived based
on equation (43). Finally, the reliability-based inelastic
structural design problem is formulated with respect to

the deterministic variable, t. The OC method can then
be iteratively applied to find an optimal design.

Reliability-based design procedure

The procedure of reliability-based structural optimiza-
tion is outlined as follows, and the flow chart for the
procedure can be found in Figure 4:

1. Assume initial value of the FRP thickness for
each column and estimate its upper and lower
bounds. Choose the appropriate target reliabil-
ity index �bj of interstory drifts. For each ran-
dom variable, determine the coefficient of
variation and the ratio of mean value over stan-
dard value;

2. Conduct nonlinear pushover structural analysis
and determine the standard values of random
variables;

Figure 3. Moment–rotation curve.

Figure 4. Flowchart of reliability-based structural design
optimization.
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3. Establish probability distributions of all ran-
dom variables. FII(D�u) and fII(D�u) are estab-
lished for D�u based on equations (19) and (20).
Also, FI (�d) and fI (�d) are determined for the ran-
dom variable �d using equations (27) and (28);

4. Use the FOSM method to perform the reliabil-
ity analysis. The actual probability distributions
are converted into equivalent normal distribu-
tions using equations (25) and (26) and equa-
tions (31) and (32);

5. Explicitly formulate the reliability-based opti-
mization problem, using equation (18) and
equations (33) to (35);

6. Carry out the design optimization using the
iterative OC method;

7. Perform the convergence check. If the change
in objective value and the constraint violations
are satisfied, stop the design; otherwise, go back
to Step 2 to start the next optimization cycle.

An illustrative example

A three-story, three-bay RC framework shown in
Figure 5 is employed to study the proposed reliability-
based inelastic design method. The material properties
are selected as follows: the unconfined compressive
strength of concrete is 21 MPa, and the yield strength
of steel reinforcement is 300 MPa. All beams are
250 3 600 mm with the top and bottom reinforce-
ment ratios of 1.1% and 0.9%, respectively. The exter-
ior columns (C1, C3, and C5) are 300 mm 3 300 mm
with a reinforcement ratio of 1.25% and the interior
columns (C2, C4, and C6) are 400 mm 3 400 mm
with a reinforcement ratio of 1%. The shear resistance
of the existing retrofitted frames was determined to be
greater than the shear demand based on the Chinese
design code (GBJ68-84). The behavior of the RC
building is governed by the flexural failure of frame
members.

The nonlinear structural pushover analysis is per-
formed using the SAP2000 software package
(Computer and Structures, Inc. (CSI), 2000) for

examining the retrofit effect and estimating the perfor-
mance of the original as well as the retrofitted struc-
tures. The pushover analysis incorporates vertical
gravity loads and lateral seismic loads as shown in
Figure 5. In the pushover analysis, the gravity loads
are remained unchanged, while the lateral loads are
incrementally updated and applied on the structure.
The initial lateral loads applied on the structure are
proportional to the product of the first mode shape of
the structure and the story mass. The beams and col-
umns are modeled as line elements with plastic hinges
at both ends of the members. The plastic hinges at
both ends of all beams are flexural moment hinges,
and their ultimate rotation uU

p is taken as 0.02 rad
(ATC, 1996). The plastic hinges at both ends of all col-
umns are axial-moment hinges. The ultimate rotation
uU

p of these hinges is not a constant in the design opti-
mization process; its value varies with the thickness of
the FRP jacket.

The FRP composites are used to retrofit all the col-
umns in the RC building. The elastic modulus Efrp and
tensile strength ffrp of FRP are 230,000 and 3550 MPa,
respectively. At a hoop rupture strain of
eh, rup =0:00913, the tensile stress of FRP is 2100 MPa.
The distance Rc from the surface of the concrete to the
center of the reinforcements is assumed to be 50 mm.
The lower limit of the FRP thicknesses is assumed to
be the 0.0, and there is no upper limit used. The lower
limit value is taken as the starting point for each col-
umn in the inelastic design optimization. The objective
function is to minimize the FRP volume subject to the
reliability index constraints corresponding to inelastic
interstory drift responses. A ratio of 1% is used as the
allowable inelastic interstory drift limit. The conver-
gence criteria are met when the objectives for two con-
secutive design cycles are less than 0.5% and the
difference between the displacement and the limiting
value for an active drift constraint is within 0.5%.

Based on the research results by Gao and Bao
(1985), Li and Cheng (2002), and Zou et al. (2010),
during a 50-year return period, it is found from statis-
tical study that the relationship between the mean
value mD�u and standard value Du is mD�u = 0:597Du; the
coefficient of variation dD�u (i.e. the ratio of standard
deviation sD�u over mean value mD�u) is 1.267, that is,
the relationship between the standard deviation sD�u

and mean value mD�u is sD�u = 1:267mD�u. Thereby, sD�u

is derived as

sD�u = 1:267 3 0:597Du= 0:756Du

Substituting dD�u = 1:267 into equation (23), k can
be calculated as 2.35. Substituting this and
mD�u = 0:597Du into equation (24) and solve for para-
meter aFigure 5. A three-story three-bay RC retrofitted frame.
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a=
0:597Du

G 1� 1
2:35

	 
 = 0:385Du

Therefore, FII(D�u) and fII(D�u) given in equations
(19) and (20) can be expressed with respect to the ran-
dom variable D�u as

FII(D�u)= exp � 0:385Du

D�u

� �2:35
" #

fII(D�u)=F 0II(D�u)=
0:249

D�u3:35
� 1

Du

� �
exp � 0:385Du

D�u

� �2:35
" #

Once the standard value Du is obtained from the
pushover analysis, the probabilistic distribution of D�u
can be determined and further transformed into an
equivalent normal distribution using equations (25)
and (26), namely, sN

D�u and mN
D�u, which are written with

respect to D�u as

sN
D�u =

f F�1 e�
0:385Du

D�uð Þ2:35h in o
0:249
D�u3:35 � 1

Du

	 

exp � 0:385Du

D�u

	 
2:35
h i

mN
D�u =D�u�

f F�1 e�
0:385Du

D�uð Þ2:35h in o
0:249
D�u3:35 � 1

Du

	 

exp � 0:385Du

D�u

	 
2:35
h i �F�1 e�

0:385Du
D�uð Þ2:35h i

In addition, based on the research results of Gao
and Bao (1985), during a 50-year return period, the
relationship between the mean value m�d and standard
value d is m�d = 1:02d; the coefficient of variation is
0.399, that is, the relationship between the standard
deviation s�d and mean value m�d is s�d = 0:399m�d.
Therefore

s�d = d�dm�d = 0:399 3 1:02d = 0:407d

The parameters a and k in equations (29) and (30)
are rewritten as

a=
0:407d

1:2825
= 0:3173d

k = 1:02d � 0:5772 3 0:3173d = 0:837d

As a result, FI (�d) and fI (�d) in equations (27) and
(28) are rewritten as

FI (�d)= exp � exp �
�d � 0:837d

0:317d

� �� �

fI (�d)=
1

0:317d
exp � exp �

�d � 0:837d

0:317d

� �
�

�d � 0:837d

0:317d

� �

Similarly, equivalent normal mean value and stan-
dard deviation, sN

�d
and mN

�d
, are obtained based on

equations (31) and (32). Upon formulating sN
D�u, mN

D�u,

sN
�d
, and mN

�d
, reliability analysis is conducted using the

FOSM method. Then, the corresponding mean value,
standard deviation, the value of the random variable
D�u can be obtained. Eventually, the reliability index b

has an explicit expression with respect to the interstory
drift ratio and furthermore with respect to the design
variable, the thickness of the FRP. The target index is
assumed to be 1.2 corresponding to the failure prob-
ability of 11% in this example.

Three cases are selected to commence the reliability-
based optimal design in order to study the effect of dif-
ferent initial thicknesses on the convergence of the final
design. These are defined as

1. Case 1. A deterministic design—deterministic
inelastic interstory drift constraints are consid-
ered. The initial design values are the lower
bound thickness of 0.0 mm;

2. Case 2. A reliability-based design—in the opti-
mization formulation, interstory drift reliability
index constraints are considered. The optimal
FRP thicknesses found by the deterministic
design in Case 1 are taken as the initial values.

3. Case 3. A reliability-based design—in the opti-
mization formulation, interstory drift reliability
index constraints are considered. The lower
bound thickness of 0.0 mm is taken as the ini-
tial starting point.

Figure 6 plots the convergence histories of the three
cases. The design convergence of the deterministic and
probabilistic optimal designs is found to be smooth
and steady. It is also found that although the starting
points in Case 2 and Case 3 are different, the final
optimal design objectives are almost the same, that is,
3.402 3 1022 m3 for Case 2 and 3.410 3 1022 m3

for Case 3. It indicates that the reliability-based opti-
mal structure design is slightly dependent on initial val-
ues, as the case of the deterministic optimal design.
Besides, the FRP volumes of Cases 2 and 3 are found
to be higher than that of 2.046 3 1022 m3 in Case 1.
The main reason lies in that the target reliability index
of 1.20 specified in Cases 2 and 3 is indeed higher than
1.0 that is found from the deterministic drift design
(i.e. Case 1), resulting in a higher FRP volume.

Table 1 lists initial and final FRP thicknesses in the
three design cases. The FRP values in Cases 2 and 3
are found to be larger than those in Case 1. It is also
seen that Cases 2 and 3 result in similar optimal FRP
thicknesses although their initial FRP values are quite
different. It further indicates that in reliability-based
design optimization, the optimal FRP distribution is
also independent of the initial values. Table 2 presents
the standard value Du, normalized mean value mN

D�u,
and normalized standard deviations sN

D�u of D�u before
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and after design optimization. After optimization, Du,
mN

D�u, and sN
D�u in Case 2 are similar as those in Case 3,

although their initial values are rather different.
Figure 7 presents the comparisons of the initial and

final reliability indices among the three cases. The

reliability index constraints of the first and second
stories are initially violated in Cases 2 and 3. In partic-
ular, the initial first-story drift reliability index is found
to be 0.7 which corresponds to the failure probability
of 44% as shown in Figure 7. The results of the

Figure 6. Design histories.

Table 1. Initial and optimal thickness of FRP jacket.

Element
type

Story
level

Member
group

Case 1 Case 2 Case 3

Initial
tfrp (mm)

Optimal
tfrp (mm)

Initial
tfrp (mm)

Optimal
tfrp (mm)

Initial
tfrp (mm)

Optimal
tfrp (mm)

Columns Third C5 0.000 0.000 0.000 0.000 0.000 0.000
C6 0.000 0.000 0.000 0.000 0.000 0.000

Second C3 0.000 0.282 0.282 0.968 0.000 0.947
C4 0.000 0.956 0.956 1.943 0.000 1.997

First C1 0.000 0.773 0.773 0.919 0.000 0.979
C2 0.000 1.792 1.792 2.553 0.000 2.376

FRP: fiber-reinforced polymer.

Table 2. Normalized mean values and standard deviations of variable D�u.

Cases Story level Initial state Final state

Du (m) mN
D�u (m) sN

D�u (m) Du (m) mN
D�u (m) sN

D�u (m)

Case 2 3 0.01623 20.01704 0.02365 0.01842 20.01280 0.02304
2 0.03607 0.00998 0.01928 0.03204 0.00608 0.01991
1 0.03599 0.00991 0.01930 0.03260 0.00665 0.01982

Case 3 3 0.01365 20.02246 0.02427 0.01844 20.01277 0.02303
2 0.03646 0.01033 0.01923 0.03190 0.00572 0.01997
1 0.04726 0.01870 0.01805 0.03206 0.00610 0.01991
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reliability-based designs in Cases 2 and 3 show that all
the reliability indices are close to �bj = 1:2. Such a
result indicates that in the reliability-based inelastic
structural optimal design, the lateral load resisting sys-
tem can still be improved by the optimization algo-
rithm to distribute the FRP thickness of all columns so

that lateral inelastic drifts are reduced and the reliabil-
ity index constraints are satisfied. Moreover, it is
found that in Case 1, the final indices of the first- and
second-story levels are about 1.0 (corresponding to a
failure probability of 16%), which is less than �bj = 1:2
(corresponding to the failure probability of 11%). It is

Figure 7. Initial and final reliability indices.

Figure 8. Inelastic interstory drift ratios.
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clearly demonstrated that deterministic design optimi-
zation results do not guarantee a satisfactory reliability
index.

The inelastic interstory drift responses of initial and
final designs are shown in Figure 8. The final first- and
second-story drift ratios in Cases 2 and 3 are very simi-
lar but far less than the limit of 1%, while those in
Case 1 are close to the drift ratio limit of 1%. There
are smaller interstory drift values in the first- and
second-story levels in Cases 2 and 3. The reliability-
based designs result in stiffer structures with smaller
values of interstory drifts, due to the higher levels of
reliability imposed.

Conclusion

The reliability-based optimization problem for FRP-
retrofitted buildings has been formulated such that not
only it can minimize the FRP cost but also satisfy the
required reliability constraints due to the uncertainties
of seismic loadings. The proposed reliability-based
optimization technique integrates inelastic structural
analysis using the pushover analysis method, reliability
analysis using the FOSM method, and an optimization
technique using the OC method. Although these are
three independent procedures, reliability-based optimi-
zation requires repeated applications of these three
procedures until the solution convergence is achieved.

The proposed algorithm converges smoothly and
steadily, and is weakly dependent on the initial sizes
selected to commence the design iterations; it is able to
optimize a reliability-based FRP-retrofitted RC build-
ings and to distribute its lateral stiffness to satisfy
interstory drift reliability index constraints with a min-
imum FRP cost. In addition, the reliability-based
design is able to ensure optimal reliability designs of
building structures through the consideration of design
constraints that fulfill a target value of the required
reliability index for each story, which cannot be
achieved in a deterministic optimal design. The pro-
posed design optimization method provides a founda-
tion for future development; other types of
uncertainties such as structural modeling uncertainties
can be further considered and incorporated.
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