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on this result, one can compute the dimensional value in terms of a computer algebra system directly.
Furthermore, for a general Bayesian network, we show that dimension of the corresponding toric ideal
offers an upper bound of Euclidean dimension. In addition, we illustrate how to use Vapnik-Chervonenkis

dimension to estimate generalization error in binary classification.
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1. Introduction

Markov networks and Bayesian networks, also known as undi-
rected and directed acyclic graphical models respectively, are
widely used in many fields, such as machine learning and bioinfor-
matics [8,12,22,24,25]. We know that a statistical model is a family
of probability distributions, it is a (part of) real algebraic variety
from the viewpoint of algebraic geometry [26]. In particular, con-
sider discrete data, a statistical model is the set of all solutions
of some polynomials in the probability simplex [15,27]. There are
two ways to describe Markov networks and Bayesian networks, ei-
ther by conditional independence statements or by a factorization
of probability distributions. This corresponds to the computational
algebraic geometry principle that some varieties can be described
using either defining equations or parametric equations [see §3.3
of 9]. We know that these two representations are inequivalent
for Markov networks without positivity assumptions on probability
distributions [see Proposition 3.8 and Example 3.10 in 22], while
these two ways are equivalent for Bayesian networks [see Theorem
3.27 in 22].

Classification is one of the main problems in machine learning.
To improve classification, there has been a growing body of work
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on Markov networks in the computer vision community [21], in
social and affiliation networks [39] and in classifier learning [30].
Ghofrani et al. proposed a new probabilistic classifier based on de-
composable models and applied it to two real-world internet traf-
fic data sets [16]. Bayesian networks are another powerful tool for
classification due to their simplicity and accuracy [4,6,11,13]. Naive
Bayes classifiers, a special case of Bayesian network classifiers, are
a popular classification tool for processing discrete data [4,34,35].
For more about discrete Bayesian network classifiers, please see
a comprehensive survey published recently [3]. Several research
groups combined kernel method and probabilistic models, for in-
stance, Ben-David et al. [2], Altun et al. [1], Taskar et al. [31],
Chechik et al. [5]. A major advantage of this technique is that one
can construct a wide variety of more flexible classifiers.

The generalization performance of a learning method is ex-
tremely important in practice, because it provides a measure of the
quality of the ultimately chosen model. One can use the Vapnik-
Chervonenkis (VC) dimension to construct an estimate of general-
ization error [32], where the VC dimension is an approach of mea-
suring the complexity of a class of functions by assessing how wig-
gly its members can be [19]. Another measure of complexity of a
class of functions, called Euclidean dimension, is the minimum di-
mension of the Euclidean space equipped with the standard dot
product, into which these functions can be embedded. Given a
Markov network (Bayesian network) N, one can get a concept class
Cy induced by it. Since VC dimension and Euclidean dimension
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are two important indexes to assess the classification ability of a
Markov network (Bayesian network). Three natural questions arise:
(1) Whether the two dimensional values can be obtained from the
dimension of a model as a (smooth) sub-manifold of Euclidean
space? (2) Are the two positive integer numbers always equal?
(3) How to calculate these dimensional values? In this paper, we
study the classification capability induced by a Markov network
(Bayesian network) without considering the training data, the algo-
rithm and the construction of the network graph. We aim to solve
the three questions above.

Kearns and Schapire [20] studied a formal model of general
concept learning, they focused on learnability and uniform con-
vergence of probabilistic concept classes, and provided many ef-
ficient algorithms. Using tools in algebraic geometry, Geiger et al.
[17] formulated necessary and sufficient conditions for an arbitrary
discrete distribution to factor according to a general exponential
model. Garcia et al. [14] studied the algebraic geometry of dis-
crete Bayesian networks. Nakamura et al. [23] established the up-
per and lower bounds on Euclidean dimension for Bayesian net-
works on binary random variables, and determined the exact val-
ues of Euclidean dimension for some special classes of Bayesian
networks. For Bayesian networks with k-valued vertices, Yang and
Wu [37] studied fully connected Bayesian networks and Bayesian
networks without V-structures. For each Bayesian network be-
longs to these two cases, they showed that the two dimensional
values are identical and offered an explicit formula to compute
this dimension. Varando et al. [33] used linear combinations of
products of Lagrange basis polynomials to evaluate the expressive
power of Bayesian network classifiers. In absence of V-structures,
they showed that the polynomial representation provides complete
characterization for the type of Bayesian network classifier.

Motivated by the work of Geiger et al. [17] and Garcia et al.
[14], in this paper, for a general (non-complete) discrete Markov
network, we show that the two dimensional values are identical
and they equal dimension of the toric ideal corresponding to this
Markov network. Since Bayesian networks without V-structures
can be viewed as chordal graphs, we provide two new character-
izations of partial results of Yang and Wu [37] and Varando et al.
[33]. Moreover, we present upper bounds of Euclidean dimension
(and thus upper bounds of VC dimension) for Bayesian network
classifiers.

In Section 2, we introduce basic definitions and notations. Our
main result is presented in Section 3. In Section 4, we show that
VC dimension, Euclidean dimension and dimension of the toric
ideal corresponding to a general discrete Markov network are the
same number, and present upper bounds of Euclidean dimension
for Bayesian network classifiers. We demonstrate the application
of our results in estimating generalization error of binary classifi-
cation. Section 6 is devoted to discussion.

2. Preliminaries

In this section, we give formal definitions for concepts appear in
this article. Discrete Markov networks and Bayesian networks and
related notations are introduced in Section 2.1 and Section 2.2, re-
spectively. VC dimension and Euclidean dimension of a family of
functions which follow notations in Nakamura et al. [23] are pre-
sented in Section 2.3. Basic concepts and results in algebraic geom-
etry are reviewed in Section 2.4. Algebraic geometry characteriza-
tion of discrete Markov networks is provided in Section 2.5. Alge-
braic geometry of Bayesian networks is summarized in Section 2.6.

2.1. Discrete Markov networks

Let G= (V,E) be an undirected graph (UG), where V is the ver-
tex set and E is the set of undirected edges. We consider simple

Fig. 1. A UG G;.

()

Fig. 2. A DAG G,.

UGs. A Markov network N = (G, P) consists of two components,
where G is a UG and P is a class of probability distributions. Given
a UG G, a clique is a maximal complete subgraph of G, and we use
Kk to denote the set of all cliques of G. G is said to be a chordal
graph if and only if every cycle of length 4 or more has a chord.

Let X1, ..., Xy be discrete random variables where X; take values
in the finite set [d;] ={1,2,...,d;}, and X =[d{] x [d2] x ---[dn],
where d;>2. An undirected graphical model P is defined as the
collection of distributions on X of the form

Prexs = P(X1. ... %0) = P(x) o [] ¥ (®). (1)
Kekg

where x;e[d;], x= (x1,...,%;) and ¥ (x) is a potential function

that depends on x only through the values of variables in K. We

focus on the collection of positive probability distributions in P,

denoted as P*.

Example 2.1. Note that G; in Fig. 1 is a chordal graph. Suppose
X,‘E{O, ]}, fori= 1,3, and X2 E{O, 1, 2} VP 6./\/] = (Gl,P1), Po21 &
Yix, %) (0. 2)¥(x, x, (2, 1).

2.2. Discrete Bayesian networks

A directed acyclic graph (DAG) G = v, 7:‘)) is a directed graph
with no directed cycles. Each vertex X;eV represents a random
variable and a directed edge (X;,X;) € E represents the condi-
tional dependence between X; and X;, where V = {X;, ..., Xn}. i, j €
{1,..., n}, and i#j. If (X, X;) € f) X; is called a parent of X;. We
use PA; to denote the set of parents of the vertex X;.

The class of probability distributions P induced by a DAG I
consists of all distributions on X of the form

n
Pxyoxy = P(X1, ..., %) =P(X) = HPi(Xi|Xpa(i)), (2)
i=1
where x; €[d;], Xpq(p) EnxjePAi[dj]v and Py(x|x,q;)) is the condi-
tional probability of X; =Xx; given PA; =x,,;. Given a DAG E)
N = (_G), P) is called a Bayesian network. As the case of a Markov
network, we consider P+ here.
Example 2.2. Consider the DAG 62 in Fig. 2, we assume all vari-
ables are binary, that is, X;e{0, 1}. For _G)z, PA3 = {X1,X,} and
—
VP e Ny = (G2, P2), pon = P1(0)PR,(1)P3(1]0, 1).

2.3. Concept classes, VC dimension, and Euclidean dimension

A concept class C over domain X is a family of functions of
the form f:x — {1, -1}. Each f € C is called a concept, that is, a
concept over a domain X is a Boolean function over .. A finite set
S=1{s1.5...., sm C &} is said to be shattered by C if for every m-
dimensional binary vector b € {1, —1}™, there exists some concept
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f eC such that f(s;) =b; fori=1,2,...,m. The VC dimension of C
is given by

VCdim(C) = sup{m| there is some S C X shattered by C and
IS| = m}.

We use the sign function for mapping a real-valued function g to
a =+ 1-valued concept signog, where V c € R, sign(c) =1 if ¢>0;
otherwise, sign(c) = —1.

Given a concept class C over domain X and a r-dimensional Eu-
clidean space equipped with standard inner product, if there ex-
ist r-dimensional collections of vectors (us)fec. (Vx)xex in R" such
that

VfeC Vxe X, f(x)= sign(ufrvx) holds,

we say that the concept class C can be embedded into a r-
dimensional Euclidean space, where u? denotes the transpose of
us. The smallest r such that C can be embedded into R' is called
the Euclidean dimension of C, denoted as Edim(C). For a concept
class C, if there is no finite-dimensional Euclidean space into which
C can be embedded, we say Edim(C) is infinite. For finite concept
classes, it is easy to see that Edim(C) < min{|C|, |X|}.

The concept class induced by the network N = (G, PT) is
the collection of all +1-valued functions on X of the form
sign(log(P(x)/Q(x))) for P,Q e P, and we use Cy to denote
this set. Note that, sign(log(P(x)/Q(x))) =1 if P(x)>Q(x) and
sign(log(P(x)/Q(x))) = —1 otherwise.

2.4. Basic concepts and results in algebraic geometry

We review some basic concepts from algebraic geometry, one
can see Cox et al. [9] for more details. All algebraic geometry ter-
minology we use which is not defined in this paper can be found
in [9].

We work in the polynomial ring R[y] = R[y1,¥2,...,¥q]- A sub-
set | C R[y]| is an ideal if it satisfies: (1) 0el, (2) if f, gel, then
f+gel, and (3) if fel and h € R[y], then hfel. Given an ideal
I € R[y], we can define a set

V(D ={yeR": f(y) =0 for all fel}

called real variety of I. Hilbert’s basis theorem shows that every I €
R[y] contains a finite set F = {fj,.... fim}. called an ideal basis of
I, such that every gel can be expressed as g(y) = Y1t (V) f;(v),
where {hq, ..., hn} c R[y]. The ideal generated by F is denoted by
(fro-s fm).

In this paper, we consider ideals generated by binomials,
namely, a set of polynomials each has precisely two terms. We use
kerz(A) to denote the integer kernel of A. The toric ideal I, as-
sociated with a g x d integer matrix A is generated by the binomi-
als yit -yt —yit -yt where u = (ug, ... ug). V= (Vy.....0g) €
N, and u—v e ker;(A). A toric variety is a variety that corre-
sponds to a toric ideal. One can see Sturmfels [29] for more about
toric ideals.

2.5. Algebraic geometry of discrete Markov networks

We identify & with the set {1,2,...,d} and define a probabil-
ity distribution to be a vector P = (py, p2,....Dg) € R‘io such that
p1+Da+---+pg=1, where d = [[yy d;. For a UG G, by (1), it is
natural to view the corresponding gr.’aphical model P as the image
of the monomial mapping ¢A© [17]:

. d d a; a; ajq
qu(a) t Ry — RS, (t1,....tq) (Htj”’ Ht},ﬂ’ ,..,ntjl )7
j j j

where, A(G) = (ajr) is a g x d matrix of nonnegative integers, q =
Eicerg [Txexc di- and t9=1fort>0.

For a UG G, the columns of A(G) are indexed by [Txevldil. and
the rows of A(G) are indexed by pairs consisting of a clique K and
an element of []y .. d;. Note that each entry of A(G) is 0 or 1, the
entry is 1 if and only if the element in the row index is equal to
the projection of the column index to the corresponding variables
in the row index, and the number of1/s in each column of A(G) is
the constant |«¢|.

2.6. Algebraic geometry of discrete Bayesian networks

For a DAG E) the rows of A(?) are indexed by pairs consist-
ing of a variable X; and an element of [y .x.p,[di] (a conditional

probability), g = Zx.v [, ex;upa; d;, and each column sum ofA(?f)
is n.

Example 2.3. (Example 2.2 continue). For N>,
—
A(Gy) =

q=12. Then

Dooo Poor Poio Poir Pioo Pior P10 Pin

t; = P, (0) 1 1 1 1 0 0 0 O
t, =P (1) o0 0 0 1 1 1 1
t; = P, (0) 1 1.0 0 1 1 0 O
ts =Py(1) o0 1 1 0 0 1 1
ts=P;000 |1 0o 0 0 0o o0 0 O
ts=P5(110,0) o 1 0o 0o 0o o0 0 O
t,=P,00,1) o 0o 1 0 0o o0 0 O
ts=P;(100,1) |0 o0 o0 1 0o o0 o0 O
to=P;0/1,0) O 0 0o 0o 1 o0 0 O
to=P1]1,00J]0 0o 0 0o 0o 1 0 0O
th=p0O1,) {0 0 0o 0o 0o o0 1 o0
tpb=P;(111,1) \0 0 0 0 O 0 0 1

A probability distribution P= (Pooo- Poo1, Poto Pot1- P10o- P1o1- P11os
p11) factors according to G, only if it lies in the image of the
associated monomial mapping

Pae, P REG = R, (0. t2) > (tilsts, titsle. fitaty, Dilats,

tatste, tatstio, tatatnn, tatatin).

For a Bayesian network N = (_G),P), the toric ideal IA(E’) we
defined here along the idea of Geiger et al. [17] is different from
the prime ideal ker(®) given in Garcia et al. [14], where & is
the ring homomorphism R[y;,y.....¥q] = R[t1.t2, ..., tg] com-
bined with natural constraints on ty,ty,...,t;, that is, the sum
of conditional probabilities under any condition is 1. For exam-
ple, N, in Example 2.3, Garcia et al. [14] view t; as 1 —t;, 1 for
i=1,3,5,7,9,11. It is obvious that IA(E) C ker(®).

Example 2.4. (Examples 2.1 and 2.2 continue). The results below
are computed using the computer algebra system Singular [10].
IA@) = (y1 —tit7.¥2 — t1tg. y3 — tate, Y4 — trt1o. Y5 — t3t11. Y6 —
t3t12, Y7 — tal7, yg — tals, y9 — tsto, Y10 — tst10. Y11 — teb11, Y12 —
tet12) NR[Y1. Y2, Y3, V4. Y5, Y6, Y7, Y8, Y9, Y10: Y11, Y12 = (V1Ys —
Y2Y7.Y3Y¥10 — YaY9. YsY12 — YeY11)-
IA(gz) = (y1 — tits3ls, y2 — tilsle. ¥3 — tilats, Y4 — t1lals, Y5 —
thtsty, Y6 — tatstin, Y7 — batatin. Yg — tatatiz) NR[Y1.Y2.¥Y3. Y4, Y5, V6.
y7,y8] = {0}

Remark 2.1. For us, the objective of interest is the complexity of
concept classes induced by discrete Markov networks and Bayesian
networks. So it is natural to explore the connections between con-
cepts in Section 2.3 and algebraic geometry of two kinds of graph-
ical models introduced in the last two subsections. We will pursue
this theme in Section 3 and Section 4.
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3. Main result

We introduce a definition of dimension of I and then present
the main result in this paper.

Definition 3.1. Let Ii(c) be the elimination ideal obtained from

Ipy by eliminating all unknowns in {yi,...,y4} corresponding to
elements in X \ S. The biggest m such that I/i(c) is the zero ideal is
called the algebraic elimination dimension of I, where m = |S|.

We denote the dimension of Iy by dim(ly)). In algebraic ge-
ometry, there are many ways to reformulate the concept of dimen-
sion of an ideal (or equivalently, dimension of a affine variety), and
Definition 3.1 is one of the interesting approaches [9]. If Ii(c) is
the zero ideal, then its variety is full-dimensional. Lemma 4.2 in
Sturmfels [29] states that dim(lc)) = rank(A(G)). The following
theorem is our main result in the paper.

Theorem 3.1. For every Markov network N = (G, P) with IA(E) +
{0}, we have dim(IA(C)) =VCdim(Cy) = Edim(Cy) = rank(A(G)).

Corollary 4.1 and Lemma 4.2 in Section 4 demonstrate that The-
orem 3.1 holds. A special case of Theorem 3.1 is that G is a chordal
graph. From the point of view representing conditional independence
relationships among variables, each chordal graph can be viewed as
a DAG [see Lemma 7.3 in 28], and every DAG without V-structures is
identical to a chordal graph. The corollary below provides two new
characterizations of the results of Yang and Wu [37] and Varando
et al. [33].

Corollary 3.1. Given a Bayesian network N = (E,P) with 1 ) +
{0} and T has no V-structure, we have dim( ) =VCdim(Cy) =

Edim(Cy) = rank(A(G)).
As an illustration, consider the following example.

IA(_G’)

Example 3.1. (Example 2.1 continue). G; in Fig. 1 is a UG
(a chordal graph), and rank(A(G;)) = VCdim(Cy;) = Edim(Cy; ) =
dim(lA@)) =0.

Theorem 3.1 in Yang and Wu [37] shows that for a fully
connected Bayesian network with each variable has k levels,

vedim(Cy) = Edim(Cy) = k"~ 1. If I, = = {0} and C has no V-

L= .
structure, that is, G is a fully connected Bayesian network, then

C can be viewed as a complete UG, we have rank(A(_G))) =
dim(IA(E)) =d, and VCdim(Cy) = Edim(Cy) =d — 1.

4. Proof of Theorem 3.1 and related results

In this section, we prove Theorem 3.1 and provide some related
results.

4.1. Bounding VC dimension by dimension of the toric ideal
corresponding to a discrete Markov network

In this subsection, we show that dim(l,) yields a lower bound
for VCdim(Cy) of discrete Markov networks.

For each unknown that corresponds to an element in S, we
set it equal to an arbitrary positive real number, then we get a
partial solution. What is interest is whether the partial solution
can be extended to a complete solution. Based on the fact that
each row of A(G) which corresponds to an element in X \ S can
be represented linearly by rows of A(G) and the representation is
unique, one can see that for a toric ideal corresponding to a dis-
crete Markov (Bayesian) networks the answer to the question of
real extension of a partial solution is yes in some situations.

Proposition 4.1. Suppose Iy ) #{0} and S c X is one of the subsets

with the biggest cardinality such that I/S%(G) = {0}. Let each unknown

&) ®

Fig. 3. A UG G;.

corresponding to an element in S be an arbitrary positive real num-
ber, then this partial solution can be extended to exactly one complete
solution.

Note that the complete solution in Proposition 4.1 corresponds
to a strictly positive probability distribution, that is, dividing each
component of the complete solution by the sum of all compo-
nents, which is called a normalizing constant. For discrete Markov
networks, the well-known Hammersley-Clifford theorem states that
a strictly positive probability distribution (y1,¥a,....¥q) € P+ if
and only if (y1.¥2,....Y¥q) is a solution of all quadratic bino-
mials corresponding to all the saturated conditional independence
statements (a finite subset of IA(E)) [17]. If we fix m—1 un-
knowns in {yq),¥o)..--»Yam}. that is, yiy =Y >0 for je
{1,2,....,m}\ {i}, Proposition 4.1 shows that the normalizing con-
star}t (Z;-’L]#,-}y(j)o +Yai + Z;Lmﬂ Y(jy) is a function of y;), where
ie{l,2,..., m}.

Example 4.1. Consider Gs in Fig. 3, IA@) = (y1¥4 — ¥2¥3). Suppose
Yo =3, ¥y3=2 and y4 =1, the partial solution (3,2,1) can be ex-
tended to the complete solution (6,3,2,1), and then (% 18 1)E
Pf.

For a Markov network AN = (G, P) with L # {0}, the
Hammersley-Clifford theorem implies that each y; is either a
linear function or a hyperbolic function of y; (that is, be of

the form y;y =ayq or yg) = }%, where a>0, b>0), then the
1
normalizing constant function is either the form g;(y) =ko +
k . .
kiyi or &) =ko+kiyu + ﬁ) where je{m+1,...,d}, ie
{1,2,...,m}, k;>0 for [ = 0,1, 2. A basic observation is that there
exists at least one yg € {y(1).¥).----¥m} such that the nor-
malizing constant has the form g;(y()) = ko + k1Y) + % when
each unknown in {y(),y). .-, Yem} \ V) is specified a positive
number.

Lemma 4.1. Given a Markov network N = (G, P) with Ly #1{0}.
we have dim(IA(C)) < VCdim(Cyr).

Proof. Suppose dim(IA(C)) =m and S ={s1,55,...,5m} C X satis-

fies IZ(C) = {0}, we need to show that Vb e {1,-1}™, there ex-
ist two positive distributions P, Q such that sign( g((ss‘))) =b; for
i=1,2,..., m. It suffices to consider the following two cases.

Case 1, b=+(1,1,...,1). Without loss of generality, we as-

sume the normalizing constant is a function of y.) with the

I .
form g (ya)) = ko + kiyq) +y% when y0.....Ympo are given.
Note that kg, ki, k, are determined by yqo...-, Ymyo, and

one can choose a yyo € (0, /%) and a small € >0 such that

Yy +€< /%. Let P, Q be two distributions corresponding to
Y1)0-Y@)0s -+ Yamyo and Yayo + €, Y230, - - -» Y(mo- respectively. We
know that each function y = kg + k1x + k72 is strictly decreasing

on (0, ,/%), and strictly increasing on ( ’,:—f,+oo), where ko >0,

k] >0, kz >0, x € (0, +00). Then, £1 (y(l)O) > 21 (y(l)o +€)>0, we

: P(sp)y _ o Q6D i —
have 31gn(Q(s’l_)) = —1 and sign( P(s,-x) y=1fori=1,2,...,m.

Case 2, b=(1,1,...,1,-1,...,-1), that is, if ie
{1,2,...,my}, bj=1; else bj=-1, where my<m is a
positive integer. Let P Q be two distributions corre-
sponding 0 Y(1)0.¥(2)0: - - -» Y(img)0s Ymy 41305 -+ - Yamyo ~ and
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Y1y)0:Y@)0: -+ -»Ymp)o- Ymy+1)0 T €my+15 - Ym0 + €m, re-
spectively, where {€p,41..... €m} are m-—mq; small pos-
itive numbers, Yy is a large number belonging to the
strictly increasing interval of the normalizing constant func-
tion of V) Y@)0s - - -+ Y(mp)0> Yy +10 + €my+1s -+ Yamyo +
€ms Y (mit)s - - Y())- that is, a function of y(;y denoted by g1Q(y(1)).

If €8 0/1y0) = &2/ (1y0). then sign(g((ssfi))) =b fori=12,....m
where g’l’(y(l)) is the normalizing constant function of
V) Y205 - - - Ymp)0s Yang +1)05 - - > Yamy0s Y ma1)s - - - Y (d))-

If gq(y(l)o)<g$(y(1)0), there exists an €>0 such
that g’;(ymo):g‘]z(ymo—e) as long as each element in
{€m,+1,.--.€m} is small enough and y) is an interior of
the strictly increasing interval of the normalizing constant
function of y;). Denoting the distribution corresponds to
Yo —€.Y2)0 - Ym0 Yny+1)0 + €my415 - - Yampo +€m as Qq,

then sign(gl(z?)) =b;fori=1,2,....,m

If g’;(y(1)0)>g$(ymo), the form of strictly increasing in-

terval of the normalizing function g%(y(m)) is ( ',:—f +00) or
(0. 400), hence there is an € >0 such that g8 (y(1)0) = g, (V(my) =
83 (V(myo + €m + €), where k; >0, ky >0 (In fact, g&(y(n)) can be
replaced by any g?(y(j)), where je {m;+1,...,m}). Denoting
the distribution corresponds to y(1y0,¥2)0: - > ¥ m;)0: ¥ (my+1)0 +

S Ympo+€m+€ as Qp, then sign(é’l(f;?))zbi for i=

€my+1s -+
1,2,....m

Case 1 and Case 2 together complete the proof of this conclu-
sion, because all the 2" — 2 values (except the two values in Case
1) of b containing 1 and —1 can be the form of Case 2 through
rearranging the order of s; fori=1,2,...,m. O

Lemma 7 of Nakamura et al. [23] states that VCdim(C) <
Edim(C) holds for every concept class C. Immediately, we have the
following result.

Corollary 4.1. For every Markov network N = (G,P) satisfying
L # {0}, we have dim(l (c)) < VCdim(Cy) < Edim(Cyy).

Consider Markov network and the case that L = {0}, 1 \©) = = {0}
if and only if G is a complete graph. If I A = = {0}, then dim(I (G)) =
d, and P* is the collection of interior points of the probability sim-
plex, we have VCdim(Cy) = Edim(Cy) =d — 1.

4.2. An upper bound of Euclidean dimension

In this subsection, using dim(I4)), we study an upper bound of
Euclidean dimension of the concept class induced by a Markov (or
Bayesian) network .

Lemma 4.2. Given a Markov (or Bayesian) network N =
have Edim(Cy) < dim(ly())-

(G, P), we

Proof. Edim(Cy) = m means that there are two matrices U, |xm
and V,,, 4 such that

fi(x1) fi(x2) fi(xq)
f2(x1) fr(x2) f2(xq) )
: : : = (sign((UV);;)). (3)
fies®1)  fiew (x2) fiewl (%)
and Y U, s Vixq satisfying r <m —1, (3) does not hold, where

fieCyv,and 1 <i<|Cy|, 1<j=d.

& ®

Fig. 4. Two DAGs with V-structures.

YV P, QeP™ (1<i<|Cy|]) such that fi(x)=
sign(log(P:(x)/Q;(x))), consider the |Cy| x d matrix
P P P
log(sz(*X;;)) log(%;zgg}) log(%lli(}‘;})
log(gzz(fcll)) lOg(QZz();Zz)) log(é(xdp) @)
Pe, 1 (x1) Pe,1 (X2) Py (Xa)
IOg( - \(Xl)) lOg(Q\L\ \(Xz)) ]Og(Q\c |(Xd))

If dim(IA(G)) <m -1, without loss of generality, we assume
dim(lyy) =m—1. Then, ¥ y(),...,¥(m). there is at least one bi-
nomial f e Iy NR[Y @y, -.., Y] such that f(P(xq),...,P(xq)) =
0 and f(Q;j(x1),..., Qi(x4)) =0 for 1 <i<|Cy| Thus, we know
that the rank of the matrix in (3) is less than m — 1. This fact con-
tradicts V U|C\ Ixrs Vixa satisfying r <m —1, (3) does not hold. The
conclusion is confirmed. O

Lemma 4.2 provides an upper bound of Euclidean dimension
of concept classes induced by Markov networks and Bayesian net-
works. Although the upper bounds are larger than real ones for
some Bayesian networks with V-structures, we note that the up-
per bound is sharp.

Example 4.2. Consider 64 and E)S in Fig. 4. Suppose that |X;| = 2
for i =1, 2,3, 4. Using the computer algebra system Singular [10],
we obtain that dlm(I N )_ 9, dlm(l )_ 11. Yang and Wu

[38] showed that VCdlm(CN4) = Edlm(CN4) =8 and VCdim(Cys;) =
Edim(Cy;) = 11.

Remark 4.1. For general Bayesian networks, Yang and Wu
[37] provided lower bounds of VC dimension and upper bounds of
Euclidean dimension. Examples presented in Yang and Wu [38] in-
dicate that both the two bounds are sharp. Classifying the relation-
ship between the upper bounds appeared in Yang and Wu [37] and
the one posed in Lemma 4.2 is an interesting problem.

In fact, for a general Bayesian network, neither the prime ideal
ker(d) presented in Garcia et al. [14], nor the toric ideal we de-
fined in Section 2.6 is suitable to connect corresponding VC dimen-
sion and Euclidean dimension.

5. Application of VC dimension in estimating classification
error

Hastie et al. [19] told us that the VC dimension can be used to
construct an estimate of (extra-sample) prediction error, and there
are different types of results. However, as they pointed out, the
difficulty is how to calculate the VC dimension of a class of func-
tions. In this section, we introduce a result in binary classification
through an example which comes from Han et al. [18].

Example 5.1. Table 1 presents a training set of class-labeled tu-
ples randomly selected from the AllElectronics customer database.
The data tuples are described by discrete variables age, income,
student, credit-rating. Age and income have three levels, student
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Table 1
Class-labeled training tuples from the AllElectronics customer database.

RID Age Income  Student Credit-rating Class: buy-computer
1 Youth High No Fair No
2 Youth High No Excellent No
3 Middle-aged High No Fair Yes
4 Senior Medium No Fair Yes
5 Senior Low Yes Fair Yes
6 Senior Low Yes Excellent No
7 Middle-aged Low Yes Excellent Yes
8 Youth Medium No Fair No
9 Youth Low Yes Fair Yes
10 Senior Medium Yes Fair Yes
1 Youth Medium Yes Excellent Yes
12 Middle-aged Medium No Excellent Yes
13 Middle-aged High Yes Fair Yes
14  Senior Medium No Excellent No

oficlcRe e/e»e\a

G

Fig. 5. Naive Bayes ((E;;) and a tree augmented naive Bayes (57) classifier structures
with 4 predictor variables.

and credit-rating have two levels. The class label variable, buy-
computer, has two levels. Given the training data, estimation of
prediction error is our goal.

Generalization error (denoted by Erry) is the prediction error
over an independent test sample. Consider binary classification, if
we fit N training points using a class of functions {f(x, o)} having
VC dimension h, then with probability at least 1 — n over training
sets [page 116 in 7]:

__ ¢ 4.err
ErrTgerr-i-i 1+.,/1+ - ,

where & = a; h“"g(az’\’/h),fj”""g(”/‘l), 0<a; <4, 0<ay <2; err is the
training error, o is a parameter vector. This bound hold simultane-
ously for all members f(x, @), with a; = 4 and a; = 2 corresponding
to the worst-case scenarios.

Return to Example 5.1, if one predicts the class label of a tuple
using a naive Bayes classifier or a tree augmented naive Bayes clas-
sifier, the values of h are 14 and 28, respectively (see _G)G and _G)7
in Fig. 5, they can be viewed as UGs from the viewpoint of rep-
resenting conditional independence relationships), and meaningful
upper bounds for generalization error can be obtained when the
sample size N is sufficient large. To offer an upper bound for pre-
diction error, our results can be used to UG or DAG augmented
naive Bayes classifiers, that is, the class C is considered as a root
vertex parent of every predictor variables. Meanwhile, we note
that, for a Bayesian network with at least one V-structure, if we
use dim(l)) to estimate generalization error, the upper bound
may be rather loose.

6. Discussion

In this paper, we mainly provide three equivalent characteriza-
tions of VC dimension of concept classes induced by Markov net-
works through viewing dimension of a toric ideal as a bridge be-
tween VC dimension and Euclidean dimension, and present up-
per bounds for Euclidean dimension of concept classes induced by
Bayesian networks. This concrete connection between algebraic ge-

ometry and machine learning allows one to compute VC dimension
of the concept class induced by a Markov network in terms of a
computer algebra system directly. We illustrate the utility of our
results in calculating prediction error in binary classification. For
Bayesian networks without V-structures, based on levels of each
variable, Yang and Wu [37] and Varando et al. [33] offered explicit
formula to compute Euclidean dimension and thus VC dimension
of induced concept classes. A natural question arises, is there an
explicit formula for VC dimension of concept classes induced by
Markov networks? .

For a general Bayesian network (G, 7P) (with at least one V-
structure), as far as we know, no other result illustrates the re-
lationship among dimension of the model, VC dimension and Eu-

clidean dimension of concept class induced by (_G), P) except Yang
and Wu [38] for the Bayesian networks with less than four vari-
ables. As mentioned in Remark 4.1, it seems difficult to tackle the
problem given in Yang and Wu [36] using dimension of ideals, that
is, whether the VC dimension is equal to the Euclidean dimension
remains open.
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