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This paper presents a numerical study on the drained response of a shallow foundation subjected to pla-
nar combined loads. Plane strain conditions are assumed and different initial foundation depths and val-
ues of vertical penetration are considered. Data from centrifuge experiments of surface and buried
foundations available in literature, are used to assess the ability of the model to reproduce the essential
features of the experimentally observed behaviour. Interpreted within the context of existing work-
hardening plasticity models applied to the soil-foundation system and presented in terms of load–dis-
placement curves and load paths, the results of the numerical analyses provide new evidence of the
effects of the embedment on the yield surface for a shallow foundation.

� 2017 Published by Elsevier Ltd.
1. Introduction

It is now well established that work-hardening plasticity mod-
els [1–3] can describe accurately the plastic response of a shallow
foundation under planar static combined loads (V, M, H). These
models rely on the assumption that, following a given penetration,
w, a yield surface develops in the load space. For a foundation of
diameter D or breadth B (Fig. 1a) resting on a frictional material,
the yield surface can be described by the equation [4]
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which is a cigar-shaped envelope, parabolic in sections containing
the axis of vertical load (V, M/BH) and elliptical in planes at con-
stant vertical load (H, M/B). Parameters m0 and h0 provide the max-
imum moment and horizontal dimension of the surface, while
parameter a defines the rotation of its elliptical sections, as dis-
played in Fig. 1b. According to Eq. (1), the yield surface scales with
V0, the vertical load mobilised by the plastic component of penetra-
tion, while maintaining its shape unvaried. Single gravity and cen-
trifuge experimental campaigns have shown that this framework
essentially holds for foundations resting on the surface of homoge-
neous sandy samples [4–6].
The effects of the foundation embedment on the yield surface,
as mobilised by the foundation penetration, w, or initial depth, d,
and typically up to the foundation breadth (or diameter), have
been addressed since the end of the nineties, mostly based on
experimental observations.

For a shallow foundation resting on the surface of a loose sand
sample, the maximum horizontal dimension of the normalised
yield surface (Eq. (1)) was shown to increase linearly as a function
of the sole penetration, w [7]. This trend was also observed on
medium dense sand samples [8]. Results of tests on buried founda-
tions on very dense sand showed that the size of the normalised
yield surface expands following a linear trend as sole function of
the initial foundation depth, d, along both the horizontal and
moment dimension, with a similar rate [9]. Experiments on flat
plates provided with peripheral skirts on dense sand [10], showed
that the size parameters, while increasing with the skirts depth, d,
also decreases as a function of V0, reaching a minimum at the max-
imum allowable vertical load, Vpeak. A significant influence of the
effects of the skirts on the yield surface rotation (parameter a)
was also observed in the study. An increase in the normalised yield
surface size and rotation due to the presence of skirts about the
foundation perimeter was also observed in loose sand [11]. These
tests also showed that, in presence of very low values of vertical
load, the normalised yield surface might extend in the tensile
range of vertical load, a tendency also observed more recently on
dense sand [12]. Results of centrifuge tests on buried foundations
in sand samples of medium density displayed a normalised yield
surface function of the foundation initial depth, d, and penetration,
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Fig. 1. Combined loading capacity of a shallow foundation: (a) problem position and (b) schematic representation of the yield surface after [24,27].
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w [13]. In the tests, a rather large normalised yield surface, estab-
lished at low values of penetration (w/D < 0.05), was observed to
quickly reduce as the penetration increased (up to w/D � 0.1) to
resume its expansion at higher penetrations (w/D > 0.1). This trend
was attributed to a response dominated by the soil dilatancy at low
confining stresses and by the foundation embedment at compara-
tively larger values of penetration. As the experimental apparatus
enabled to explore only a small portion of the yield surface, these
effects could not be quantified, although a consistent and clear
trend was envisaged.

At present, a general expression for the yield surface for a bur-
ied foundation, which takes into account the initial depth and the
foundation penetration, which is not related to the definition of
Vpeak, is notably absent. This provides the motivation of this study
which aims at exploring the yield surface for a shallow foundation,
across a practical range of depth and penetration values, using a
simple numerical model, suitably developed and validated based
on experimental data available in literature [13].

The use of numerical models to investigate the undrained com-
bined bearing capacity of surface embedded foundations dates
back to the end of the nineties [14] and is now well consolidated
[15–17]. Besides, numerical investigation on the drained combined
capacity of an embedded foundation are more recent and relevant
to specific cases of study, such as mono-caisson for offshore wind
turbines [18] or bridge piers (d/D > 1) [19]. Within the context of
work-hardening plasticity models, numerical investigation have
concerned so far analyses of strip surface and buried foundations
under pure eccentric and pure inclined loads [20–22]. However,
in these preliminary studies, the ability of the model in capturing
the essential features of the foundation behaviour was not assessed
by comparison with experimental observations. A numerical work,
which proved the ability of a simple finite element (FE) model to
capture some aspects of the experimentally observed behaviour
of a buried foundation was presented in [23] and provides the
starting point of this study. In this study, the validation of this FE
model is extended further in presence of various load paths,
M/BH, depths of initial burial, d/B, and vertical load mobilisation,
V0. The FE model is then used to explore the effects of the embed-
ment on the yield surface of a buried foundation. Three depths
of initial burial (d/B = 0, 0.5, 1), two values of penetration
(w/B = 0.1, 0.2) along several load paths are considered, for surface
and buried foundations which fail according to a punching-shear
mode under pure vertical load. The applicability of Eq. (1) to the
numerical results is thus assessed and the size and rotation param-
eters are calibrated and expressed as function of d and w. Results
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find application across a wide range of case in which a buried foun-
dation is subjected to general loading conditions [24–26].

2. Details of the numerical study

Two-dimensional, large-strain finite element analyses (FEA)
were carried out to model the long-term, planar combined loading
response of a shallow foundation. To the scope, the commercial
software Abaqus was used [28]. The effectiveness of the modelling
choices, which moved from those introduced and discussed in the
work presented in [23], were validated based on selected results of
a set of centrifuge tests of buried footings on medium dense silica
sand samples. These tests, all presented and interpreted in a recent
publication [13], provided the experimental reference for the
numerical study.

2.1. Soil and foundation properties

The foundations were of breadth B, initial depth d/B = 0, 0.5 and
1 and modelled as solid rigid bodies. The interface between the
foundations and the soil was prescribed as fully rough in shear.
As depicted in Fig. 2, the mesh boundaries were placed at a dis-
tance of 5B from either side of the foundation and 5B from the soil
surface. The soil was discretised by four node, bi-linear, plane
strain, reduced integration, continuum elements (CPE4R) and mod-
elled as an elasto-plastic material yielding according to the Mohr
Coloumb failure criterion. Four nodes elements were used, as con-
vergence issues were observed due to strong mesh deformations,
using more accurate eight nodes elements in combination with
large-strain analyses [28]. Previous numerical studies, which has
considered shallow foundations on a Mohr Coulomb material, have
shown the approach to be effective for general loading problems of
a foundation, yielding results consistent with experimental data
[18,23] or in agreement with more sophisticated constitutive mod-
els [19]. Plane strain conditions were considered for simplicity, as
the foundation shape was shown to have negligible effects in pres-
ence of planar combined loading conditions [9]. Elasto-plastic
model parameters (E = 40 MPa, m = 0.3, /0 = 30�, w = 5�, c0 = 10 kN/
m3, c0 = 1 kPa) were selected to provide an overall satisfactory
agreement to the centrifuge data. Although with a slightly lower
value w, the parameters were also shown to essentially fit the
results of drained triaxial compression tests (RD = 40.5%, p0

0 = 50,
300 kPa), carried out on the silica sand used in the experiments,
as shown in Fig. 3, where the elastic modulus was E = 25, 45 MPa
for p0

0 = 50, 300 kPa respectively.
yield surface for shallow foundations embedded in sand. Comput Geotech
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Fig. 3. FE modelling of two drained compression triaxial tests on samples of silica sand.
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Fig. 2. Finite element mesh.
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2.2. Details on the numerical analyses

The foundation models were subjected to pure vertical, V, and
planar combined loading tests. All tests were displacement con-
trolled and carried out in large-strain in order to reproduce the
embedment-dependent increase in the foundation bearing
response. All foundation models (d/B = 0, 0.5 and 1) were subjected
to vertical load tests to describe the foundation vertical load - ver-
tical displacement curve up to a penetration ratio, w/B, equal to
0.2. In-plane combined load tests were all of the swipe type. A
swipe test allows the yield surface corresponding to a given verti-
cal penetration of the foundation to be identified in a single exper-
iment [4]. A vertical displacement is applied to the foundation to
set up the reference plastic displacement and the corresponding
reference vertical load, V0. The vertical displacement is then held
constant while the footing is driven along a rotational or horizontal
displacement path, hB/u, in a ‘swipe event’. Swipe tests were also
carried out in which the foundation was first displaced vertically
to a given depth to set up the reference vertical load, V0, and then
unloaded to a proportion of the reference vertical load, V/V0 before
a swipe event was carried out. So far, numerical swipe tests have
considered only pure horizontal and rotational (hB/u = 0, 1) paths
[20–23]. In this study, numerical swipe tests have been also
performed along various rotational to horizontal displacement
paths, hB/u, from different values V0. Along with the embedment
details (d/B, w/B), Table 1 provides the value of initial vertical
effective stress at a depth equal to B/2 below the foundation,
r0

V0 = c0(B/2 + d), the dimensionless reference vertical load,
V0/B r0

V0, and the dimensionless vertical load, V/B r0
V0, at which
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the swipe event was carried out, and assigned displacement path,
hB/u. Reference centrifuge tests used for the model validation are
also identified and labelled in the farthest right column of Table 1.

Eight different centrifuge swipe tests were selected with the
scope of validating the numerical model. The tests were all carried
out at 100g in the UWA drum centrifuge. A superfine silica sand
sample was prepared by dry pluviation prior to be saturated. The
sample uniformity and relative density (50 � %, c0 � 10 kN/m3)
were assessed by interpreting the results of a set of miniature cone
tests. Two different foundation diameters were considered in the
centrifuge study D = 50 mm and D = 30 mm, which corresponded
at 100g to prototype diameters of 5 m and 3 m. The loading test
were all carried out to ensure the results were not affected by
the boundary conditions. Further experimental details are found
in [13]. The list of experiments used for the purpose of model cal-
ibration is provided in Table 2, where the reference numerical tests
of Table 1, are associated to the corresponding experiments. Refer-
ence numerical tests involved a 3 m and 5 m foundation breadth as
in the corresponding experiments. Experiments concerned 3 initial
foundation depths, values of V0/A r0

V0 ranging between 20 and 40
and essentially 3 load paths, ranging between pure moment load-
ing condition to M/DH � 1.
3. Results of the numerical analyses

Results of the numerical analyses are presented in terms of dis-
placement - load curves and load paths in a dimensionless form. In
particular, loads are divided by the foundation breadth and initial
yield surface for shallow foundations embedded in sand. Comput Geotech
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Table 1
Details of the numerical swipe tests.

d/B r0
V0 [kPa] w/B V0/B r0

V0 V/B r0
V0 R = hB/u Reference test name

0 25 0.1 22.5 22.5 4 SW1R4
0, ±0.5, ±1, ±2, �4, 1

1.4 0, 1
0.2 26.6 26.6 0, +1, ±2.5, ±4

1 SW2M
0.9 0

1 SW1Mlow

0.5 50 0.1 21.4 21.4 0, ±0.5, ±1, ±2, ±4, 1
2.1 0, 1

0.2 32.5 32.5 2.5, 1 B1W2R25, B1W2M
±1, �2.5, ±4

1.7 0
1 B1W2Mlow

1 75 0.1 19.4 19.4 0, ±1, ±2.5, ±4, 1
1.7 0, 1

0.2 27.4 27.4 4 B2W2R4
0, ±1, ±2.5, �4, 1

0.9 0
1 B2W2Mlow

Table 2
Details of centrifuge data [13] selected for the numerical model validation.

Centrifuge test D [m] d/D V0/A r0
V0 V/A r0

V0 Load path FE test

LGS06 5 0 20.3 20.3 H � 0 SW2M
LGS07 5 30.8 30.8 High M/DH SW1R4
LGS11 5 34.5 3.2, after unloading H � 0 SW2Mlow

LGB05 5 0.5 42.2 42.2 High M/DH B1W2R4
LGB16 5 38.7 38.7 M/DH � 1 B1W2R25
LGB11 5 30.9 7, after unloading H � 0 B1W2Mlow

LGB19 3 1 30.1 30.1 High M/DH B2W2R4
LGB12 3 0.09 29.6 H � 0 B2W2Mlow
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stress level, B r0
V0, as in [13] and according to Table 1. Swipe paths

are also normalised by the reference vertical load, V0, facilitating
comparison with the cigar-shaped yield surface as described by
Eq. (1). In such normalisation, data were corrected for the soil elas-
ticity, following the procedure illustrated in [20]. First, the consis-
tency of the modelling choices and modelling parameters are
assessed by comparing the results of the numerical analyses with
the centrifuge data according to Table 2. Then, the applicability
of Eq. (1) to the numerical results is verified and the relevant model
parameters are given.

3.1. Vertical loading response

In Fig. 4, the numerical response of the three foundation models
(d/B = 0, 0.5, 1) to pure vertical load is shown. The bearing pres-
sure, V/B, increases with w/B, as typical of the punching behaviour
expected for a shallow foundation embedded in a medium dense
sand bed (Fig. 3a). Division of the vertical loads by B r0

V0, results
in a consistent response of the three curves as shown in Fig. 3b,
suggesting that the bearing capacity of the foundation models
increases almost linearly with the depth of initial burial, d. The
numerical results can be described, as proposed in [5] by the func-
tional form

V
B � r0

v
¼ k1

r0
v0

� �
�wp

B
�

1þ B
w1

� �
� wp

B

1þ B
w2

� �
� wp

B

2
4

3
5

wp

B
¼ w

B
� V
B � r0

v

r0
v

Ke

� �
ð2Þ

where wp is the plastic component of the foundation penetration
and k1/r0

v0 = 1236, B/w1 = 0.365, B/w2 = 0.0184, Ke/r0
v0 = 660 are
Please cite this article in press as: Govoni L. A numerical investigation on the
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the best-fit dimensionless parameters. Eq. (5), calibrated based on
the vertical load centrifuge data, is also inserted in Fig. 4b (with
average Ke/r0

v0 = 3500). The curves show a similar trend, although
the centrifuge foundation models exhibit a consistently higher
capacity with penetration. Solution of the problem through the
method of stress characteristic is also displayed in Fig. 4b and cal-
culation was as follows. The vertical bearing capacity was evaluated
using the slip line method, through the free software ABC [29],
assuming the foundation penetration, w, as an additional surcharge
q0

0 = c0(d + wB), for each strip foundation with parameters, /0 = 30�,
c0 = 10 kN/m3, d/B = 0, 0.5, 1. The resulting three curves were then
interpolated with the best-fit straight line, showing a good agree-
ment with the FE response.
3.2. Combined loading response

With reference to the surface foundation (d/B = 0) and accord-
ing to Table 2, Fig. 5 shows the results of three numerical swipe
tests and corresponding centrifuge data. In particular, the data
from tests carried out from the lower value of V0/B r0

V0 (�20)
along a dominant moment path are given in Fig. 5a and b. Both
the moment and smaller horizontal components of load are shown,
in terms of load - displacement curve (Fig. 4a) and load paths
(Fig. 5b). Results of tests carried out from V0/B r0

V0 � 30 along a
pure moment path, directly or following unloading, are instead
shown in Fig. 5c-d. Consistency is observed between the numerical
and experimental data along the load-displacement curves while
the load paths tracked by the virtual foundations also closely track
the experimental, following an essentially parabolic shape. The
agreement in the response in terms of load paths becomes clearer
when loads are normalised by V0, as displayed in Fig. 5e-f, where
yield surface for shallow foundations embedded in sand. Comput Geotech
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Fig. 4. Numerical vertical loading tests on surface and buried footings (a) penetration ratio against vertical pressure and (b) penetration ratio against dimensionless vertical
load.
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the three couples of tests are displayed. The normalisation enables
to eliminate the scatters ascribable to a slight diverse V0/B r0

V0, in
the corresponding numerical and experimental swipe events. The
results of four numerical swipes performed on the two buried
foundation models featuring d/B = 0.5 and d/B = 1 are shown, along
with the corresponding data obtained in the centrifuge tests
(Table 2), in terms of dimensionless load-displacement response
and swipe paths in Figs. 6 and 7 respectively. As for the shallower
buried foundation (d/B = 0.5), V0/B r0

V0 was about 30 for all the
tests and three different load paths were considered. Results of a
swipe event carried out at a high M/BH ratio is inserted in
Fig. 6a and b where both the moment and horizontal component
of load are shown along with data of a pure moment swipe follow-
ing unload. The horizontal and moment component of load of a
tests featuring a M/BH ratio approximately equal to 1 are inserted
in Fig. 6c-d and Fig. 6e-f, respectively. Comparison between the
numerical and experimental data shows that a good agreement
exists between the two, along the hardening type load - displace-
ment curve and the circa parabolic swipe paths. The load paths
are normalised by V0, in Fig. 8a-c to enable a quantitative compar-
ison. Eq. (2) was used here to provide the actual V0, in the normal-
isation of the swipe paths according to [20]. As observed, the
numerical normalised swipe paths approximates closely the corre-
sponding experimental curve, although a slightly greater moment
Please cite this article in press as: Govoni L. A numerical investigation on the
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capacity is shown for the tests at the high M/BH ratio (Fig. 8c).
The two numerical swipes on the foundation model with d/B = 1
(Figs. 7 and 8d) were carried out from V0/B r0

V0 � 25 along a
high M/BH ratio path and a pure moment path, following
unloading. In presence of a higher initial depth the experimental
load –displacement response become stiffer and the load path
steeper, a trend that the numerical model seems able to capture
as observed by comparison of numerical swipe B1W2R4 and cen-
trifuge swipe B19 (Fig. 7). The load paths normalised by V0, shows
that the numerical buried foundation mobilises a moment capacity
slightly higher than the centrifuge foundation as yet observed for
the shallower foundation model (d/B = 0.5, Fig. 8c).

Overall, the numerical models of surface and buried founda-
tions were shown able to reproduce the essential features of the
combined loading response observed on centrifuge model tests
in presence of relatively high values of reference vertical load
(V0/B r0

V0 > 20) and along different load paths.
3.3. Interpretation of the results in terms of yield surface

The load paths tracked by the foundation in all the swipe events
(Table 1) were normalised by V0 to enable the result of the
numerical analyses to be compared to Eq. (1). Once parameters h0,
m0 ad a had been suitably calibrated, by defining the quantity [4]
yield surface for shallow foundations embedded in sand. Comput Geotech
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Fig. 5. Results of the numerical swipe tests on the surface foundation (d/B = 0) and comparison with the relevant centrifuge data in terms of (a and c) dimensionless
combined load-displacement curves; (b and d) dimensionless load paths; (e and f) load paths normalised by V0.
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it was possible to reduce all the data to fit a weighted parabola on
the normalised deviatoric plane (Q/BV0, V/V0), so that the consis-
tency of the data to Eq. (1) could be clearly be observed.

Eq. (1) proved suitable to interpolate the normalised load paths
of the 21 numerical swipe tests carried out on the surface founda-
tion model (d/B = 0, Table 1). As the effect of the penetration, w, on
the normalised yield surface revealed not negligible, two set of
parameters were needed to successfully interpolate the numerical
observations. The best - fit parameters, calculated through a least
square regression were: h0 = 0.1132, m0 = 0.1033 and
a = �0.0178, for w/B = 0.1 and h0 = 0.1279, m0 = 0.1150 and
a = �0.3026 for w/B = 0.2. Normalised load paths are shown in
Fig. 9 on the (M/BV0, H/V0) plane (Fig. 9a-c) highlighting with
markers the data points corresponding to V/V0 = 0.5, 0.6. Slices of
the Eq. (1), plotted with the relevant parameters, at V/V0 = 0.5,
0.6 are also inserted in Fig. 9a-c. The quality of the fit can be appre-
ciated on Fig. 9b-d, on the deviatoric plane (Q/BV0, V/V0) were data,
Please cite this article in press as: Govoni L. A numerical investigation on the
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processed according to Eq. (6), are shown to fall in relatively nar-
row band about Eq. (1).

Eq. (1) also applied to describe the load paths tracked by the
buried foundation model of d/B = 0.5. Best-fit parameters were:
h0 = 0.1265, m0 = 0.1019 and a = �0.1222, for values of vertical
penetration w/B = 0.1 and h0 = 0.2145, m0 = 0.1592 and
a = �0.1326 for values of vertical penetration w/B = 0.2. As for
the surface footing, the foundation penetration influenced both
the extent and rotation of the normalised yield surface and two dif-
ferent sets of parameters were needed to successfully interpolate
the numerical data. The load paths of the 22 numerical swipe tests,
divided by V0, inserted in normalised (M/BV0, H/V0) plane along
with slices of the Eq. (1) at values of V/V0 = 0.6 in Fig. 10a-b and
in the deviatoric plane (Q/BV0, V/V0) in Fig. 10b-d show consis-
tency with Eq. (1).

The increase in the foundation initial penetration (d/B = 1)
affected the size of normalised yield surface, but a deviation from
Eq. (1) was also observed on the shape, as it was also observed in
the centrifuge experiments (e.g. Fig. 8d). Nonetheless, best-fit
parameters could be determined: h0 = 0.2328, m0 = 0.2280 and
a = �0.6289, for w/B = 0.1 and h0 = 0.2988, m0 = 0.2116 and
yield surface for shallow foundations embedded in sand. Comput Geotech
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Fig. 6. Results of the numerical swipe tests on buried foundations (d/B = 0.5) and comparison with the relevant centrifuge data in terms of (a), (c) and (e) dimensionless
combined load-displacement curves; (b), (d) and (f) dimensionless load paths.

Fig. 7. Results of the numerical swipe tests on buried foundations (d/B = 1) and comparison with the relevant centrifuge data in terms of (a) dimensionless combined load-
displacement curves (b) dimensionless load paths.
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Fig. 8. Results of the numerical swipe tests on buried foundations and comparison with the relevant centrifuge data in terms of load paths normalised by V0: (a), (b) and (c) d/
B = 0.5 and (d) d/B = 1.

Fig. 9. Normalised load paths of surface foundations (d/B = 0), (a) and (c) on plane (M/BV0, H/V0); (b) and (d), on the deviatoric plane.
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Fig. 10. Normalised load paths of buried foundations (d/B = 0.5), (a) and (c) on plane (M/BV0, H/V0); (b) and (d), on the deviatoric plane.

Fig. 11. Numerical results of swipe tests on buried foundations (d/B = 1), (a) and (c) load paths on the (M/BV0, H/V0) plane, (b) and (d) load paths on the (Q/BV0, V/V0) plane.
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a = �0.9313 for w/B = 0.2. Normalised data are given in Fig. 11, on
the (M/BV0, H/V0) plane (Fig. 11a and b) and on the deviatoric
plane (Q/BV0, V/V0) (Fig. 11(b) and (d)), where the effect of the
foundation depth on the shape of the surface can be appreciated
Please cite this article in press as: Govoni L. A numerical investigation on the
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when swipe paths are compared with the parabolic shape of
Eq. (1).

Fig. 12 shows the evolution of the yield surface size and (h0, m0)
and rotation (a) parameters with the foundation embedment, as
yield surface for shallow foundations embedded in sand. Comput Geotech
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observed in the FE analyses and mobilised by both the foundation
initial depth, d, and vertical penetration, w. In Fig. 12, results of
previous experimental observations are also inserted.

In particular, data relevant to sole effect of the foundation pen-
etration, w, described by equation

h0 ¼ 0:138þ 0:093 �w
D

ð4Þ
as obtained from circular surface foundations (d/D = 0) on loose
sand are considered for comparison [7]. The contribution of the
foundation initial depth, d, as observed on square buried founda-
tions (w � 0, V0 = 0.06Vpeak, d/D = 0, 0.1, 0.25, 0.5) on very dense
sand is represented in Fig. 12, through the equations [9]

m0 ¼ 0:0875þ 0:075 � d
B

h0 ¼ 0:12þ 0:18 � d
B

ð5Þ

Fig. 12 also displays the results of tests on skirted foundation on
dense sand at V0 = Vpeak [10] and data of skirted foundation on loose
sand obtained at low values of vertical load mobilisation V0 [11].
The relevant values are given in Table 3.
Fig. 12. Effects of the embedment depth on the normalised yield surface, as observe
dimension, h0, (b) moment dimension, m0 and (c) rotation of the elliptical sections, a.
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In Fig. 12a and b, the effects of the embedment on size of the
normalised yield surface (m0, h0) are displayed. Results of the
numerical study showed that an essentially linear trend exists
between the maximum moment and horizontal dimension of the
surface and the foundation embedment, owing to both the initial
foundation depth and penetration (d + w), described by the follow-
ing expression

m0 ¼ 0:0872þ 0:151 � dþw
B

h0 ¼ 0:791þ 0:131 � dþw
B

ð6Þ

The trend observed in this numerical study, is consistent with
data of previous experimental works. Results of the study shows
that, for a buried foundation, the size of the normalised yield sur-
face increases as function of both the initial depth, d, and the foun-
dation penetration, w, which contribute to the mobilisation of the
embedment, suggesting that the two quantities should be incorpo-
rated into Eq. (1) through Eq. (6). Fig. 12c shows the variation of
parameter a, which governs the rotation of the yield surface in
its elliptical sections. Although with no clear trend, data show a
d in the FE analyses compared with previous studies, in terms of: (a) horizontal

yield surface for shallow foundations embedded in sand. Comput Geotech
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Table 3
Yield surface parameters for skirted foundations in sand [10,11].

Ref. RD V0 d/D m0 h0 a

[10] Dense High, Vpeak 0 0.08 0.11 �0.06
0.16 0.074 0.15 �0.25
0.33 0.074 0.17 �0.75
0.66 0.09 0.13 �0.93

[11] Loose Very low 0.5 0.128 0.279 �0.84
1 0.124 0.235 �0.86
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decrease of the parameter with the embedment, corresponding to
a significant increase in the anticlockwise rotation of the yield sur-
face. A similar tendency was also observed on skirted foundations
on dense and loose sand as illustrate in Fig. 12c, although with a
scatter for values of embedment depths of about half diameter. A
schematic fitting of the data is also inserted in Fig. 12c, which
can be used to include the embedment effects on the yield surface
rotation in Eq. (1).
4. Discussion

The results of the study have shown that a linear-elastic per-
fectly plastic constitutive model, can give a rather accurate picture
of the soil-foundation plastic response under planar combined
loading, for a shallow foundation embedded in a uniform, medium
dense, sand bed. The data obtained from the study, suitably inter-
preted, find applications over a practical range of initial foundation
depth and vertical load mobilisation values.

Accounting for the embedment effects on the yield surface,
while using work-hardening plasticity models applied to the soil
– foundation system, can lead to a more appropriate representa-
tions of the yield surface, which can in turn produce a more precise
estimates of the complete load-displacement response of the foun-
dation, predicting accurately the yielding threshold from which
combined plastic displacements are calculated.

It is, however, worth to observe that the results might not be
adequate to represent the foundation behaviour outside the inves-
tigated range.

At low values of vertical load and thus at low values of vertical
penetration (w/B < 0.1), variations in the sand dilation and perma-
nent deformations, mobilised prior to yield can play a major role
on the soil-foundation combined loading response, which the sim-
ple model used in this study, is not suitable to capture. To explore
these aspects more comprehensively a less schematic constitutive
model is needed, which can incorporate strain-dependent dila-
tancy and hardening features. However, the description of the yield
surface close to the load axis origin is relevant to very specific
applications, such as, for instance, caisson foundations for wind
turbines.

As it was observed by the results of swipe tests carried out on
the most embedded foundation (d/B = 1), the yield surface is
shown to slightly deviate from the traditional cigar-shape
described by Eq. (1). Therefore further investigation are needed
to explore the yield surface features for higher depth ratios
(d/B > 1), as the traditional approach may no longer hold.

Finally, further analyses may consider in more details the shape
effects on the yield surface, to provide confidence in applying
results obtained in plane-strain conditions to three-dimensional
problems.
5. Concluding remarks

Within the context of work-hardening plasticity models of the
soil-foundation system, the paper has presented a numerical study
Please cite this article in press as: Govoni L. A numerical investigation on the
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of the embedment effects on the yield surface for a shallow foun-
dation in sand. The numerical approach was validated based on
data from centrifuge tests available in literature, across a practical
range of foundation initial depth, d, mobilised vertical load, V0, and
combined load paths. The comparison has proved the model able in
reproducing the experimentally observed foundation response to
combined loading. The study has shown that, for a shallow founda-
tion embedded in sand:

� the yield surface which is established in the load space is essen-
tially parabolic in planes containing the V axis, with elliptical,
anticlockwise rotated, sections with planes at constant V;

� existing equations of the yield surface for the soil-foundation
system still work well, but modifications need to be introduced
to account of effects of the embedment, which are not
negligible;

� the extent and rotation of the normalised yield surface are func-
tion of the embedment as produced by the coupled effect of the
foundation initial depth, d, and mobilised penetration, w.

Therefore, simple algebraic expressions were proposed to:

� approximate the yield surface for selected values of foundation
initial depth, d, and vertical penetration, w, as produced by a
known uniaxial vertical load, V;

� provide an accurate yielding threshold to work-hardening plas-
ticity models for the prediction of the combined plastic dis-
placements of an embedded foundation.

Overall, the results of the study also offers a convenient starting
point to the development of complete work-hardening plasticity
models of the soil-foundation system for embedded foundations.
This would encourage the application of these approaches, whose
use is now a well-established practice in the offshore environment,
to onshore foundations, typically buried at some depth below the
ground level.
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