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Abstract The paper introduces a number of new analytic techniques and practical tech-

nologies that lead to the development of an efficient earthquake resistant system. The

proposed structural system consists of a grade beam supported moment frame connected to

a rigid rocking core through story level rigid links. The new system tends to bend and tilt as

an upright simply supported beam with minimal uniform drift and prevents the formation

of soft story failure within the moment frame. It is capable of preventing severe damage to

its columns and footings and can be equipped to prevent catastrophic collapse due to strong

ground motion and re-center itself afterwards. The analytic development is based on

global, design led analysis and results in closed form, exact solutions that are highly

suitable for preliminary, manual, as well as spread sheet computations. Several examples

have been provided to verify and demonstrate the applications of the proposed formula-

tions. All numerical results have been verified by independent computer analysis.
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1 Introduction

Results of decades of research in earthquake engineering have led to the classification of

earthquake resisting systems by materials as; steel, concrete, masonry, wood, etc., types of

system as; moment frame, bearing wall, building frame, braced frame, cantilever column,

dual, etc., and levels of seismic detailing as; ordinary, intermediate, special and non-

detailed. Recent studies have resulted in more specific classifications for each material

type, e.g., for steel structures as; ordinary concentric, special concentric, buckling

restrained and eccentrically braced frames, and special frame/plate shear walls (FEMA

2009). The vast majority of earthquake resisting structures consist of fixed base Moment

Frames (MF) combined with fixed base shear walls and/or braced frames. While these dual

systems have served their functions rather well, they are not free from technical flaws and

socio-economic drawbacks, yet they remain the most popular construction systems

worldwide. To address some of these issues, the authors propose a new dual earthquake

resisting system consisting of Grade Beam Supported MFs (GBSMF) in combination with

Rigid Rocking Cores (RRC) that promises greater utility and futuristic options than its

conventional counterparts.

The idea that rocking motions may reduce damage to structures during earthquakes in

not new and was first observed by Housner (1963), half a century ago. The pioneering work

in this field is attributed to Aslam et al. (1980), Ajrab (2000), Ajrab et al. (2004), Panian

et al. (2007), Deierlein et al. (2009), Seymour and Laflamme (2011), Wada et al. (2012),

and Grigorian et al. (2017). The successful use of RCMFs for new and retrofit projects has

been reported by Wada et al. (2009, 2012), Janhunen et al. (2012) and Takeuchi et al.

(2015). MacRae et al. (2004) and Ji et al. (2009) have proposed similar paradigms in the

prevention of large deformations due to drift concentrations in multistory frames.

The theoretical basis of the proposed development together with a number of illustrative

examples, have been compiled in Sects. 1–4 of the current article. Sections 5 and 6 discuss

the practical design aspects of the proposed solutions. A brief discussion of the proposed

structural system is presented in Sect. 7. The loading and configuration of the example

problems have been devised to be as general, informative and as tractable as possible. The

results of all numerical examples have been verified through independent computer

analysis. No specific code issue is discussed. All symbols are defined as they first appear in

the text.

1.1 Basis for structural system development

While codes of practice do not oppose structural innovations, they recommend design and

construction features that are important to seismic performance. These include but are not

limited to stable foundations, continuous load paths, adequate stiffness and strength,

redundancy, ductility, toughness and ruggedness (ASCE 2007). With these guidelines in

mind an attempt is made to propose a viable alternative that is free from the known flaws of

fixed base moment frame-structural core combinations. However, instead of dwelling on

the flaws of the conventional system, attention is focused on the merits of a proposed

system that promises more efficient construction and reliable modes of response than its

classical counterparts. The evolution of a new earthquake resisting system or the

improvement of an existing one involves the fulfillment of the following developmental

steps;
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• Definition of system objectives and functional requirements based on sound technical

knowledge and observed data. E.g., a system that can sustain the prescribed drift ratio

nearly uniformly along its height under all loading conditions, including the P-delta

effects, with built in provisions for self-centering, reparability, performance control,

damage reduction, and collapse prevention. For a simpler example with fewer

challenging objectives the interested reader is referred to Grigorian and Grigorian

(2015a, b).

• Analytic and or experimental verification of the ability of the system to meet significant

performance level objectives. For instance, ASCE 41 (2007) can be referred to for the

pertinent acceptability criteria and performance evaluation in the US. Examples of a

Moment Frames of Uniform Response (MFUR) that produce target drifts at first yield

and incipient collapse can be found in Grigorian and Grigorian (2012).

• Verification of suitability of new components and supplementary devices. The use of

such items should be planned and detailed in such a way as not to jeopardize the

integrity of other structural members. E.g., standard gap opening and closing beams

tend to expand their spans by as much as the gap. Span growth not only induces

additional moments on the adjoining columns but also damages column–diaphragm

interfaces and results in high drift concentration (Garlock et al. 2007; Dowden and

Bruneau 2011). By the same token the interface between a RRC and floor level

diaphragms should be carefully detailed and constructed so as not to compromise the

integrity of the connection (Grigorian 2015).

The proposed development was greatly inspired by an extensive study of the literature,

notably, the well documented synopsis compiled by Hajjar et al. (2013) and the excellent

account of rocking frame innovations by Chancellor et al. (2014). The most important

lessons learned from these and other sources, for developing a practice friendly earthquake

resisting system, can be summarized as follows, that;

• The assumed seismic load distribution should be as close to that generated by the

structure as possible.

• The kinematics and boundary conditions of the MF should be selected in such a way as

to reduce seismic demand and to prevent damage to columns (especially at supports)

and footings.

• The use of a RRC can improve seismic response, prevent soft story failure, and

minimize damage to columns, footings and their connections.

• The MF can be connected to the RRC by means of pin ended gap opening Link Beams

(LBs) and/or Buckling Restrained Braces (BRBs) at all floor levels.

• The RRC, BRBs and LBs can be used as self-centering and collapse prevention

mechanisms. RRCs and LBs can provide firm supports for other supplementary devices

(Miller et al. 2011).

• Almost all RCMFs cited in this article have past the tests of experimentation and time-

history analysis

• Post-tensioned RRCs and LBs as well as energy dissipating devices, such as BRBs and

pressurized fluid dampers retain little to no residual deformations upon removal of the

applied load and as such posses inherent collapse prevention and re-centering

capabilities (Priestley and Tao 1993). Most importantly some of these devices can be

designed to yield at prescribed drift ratios and start energy dissipation at higher rates as

required.
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These ideas have been combined to develop a new RRC-GBSMF system, also known as

rocking wall/core moment frame, (RWMF)/(RCMF) respectively. The practical applica-

tions and limitations of these ideas are briefly discussed in the forthcoming section.

2 Basic attributes of the proposed dual system

When designed as part of the RCMF, the MF tends to exhibits some of the attributes of

structures of uniform shear, such as minimum self weight (Brandt 1978) and uniform

demand–capacity ratios close to unity. The more important attributes of RCMF meeting

the requirements of the preceding section have been elaborated upon in the following

section.

2.1 Seismic load distribution

Seismic loading is a function of building mass and stiffness. The conventional triangular

distribution suggested by most codes of practice, e.g. ASCE/SEI 7-10, may or may not

correspond to the physical realities of a given structure. An approximate or nonconforming

seismic distribution can result in unrealistic overturning moments, carrying capacity,

elasto-plastic deformations and sequences of formations of plastic hinges. One of the most

basic attributes of RRC is that they generate seismic load profiles that are similar to the

triangular load distribution. In the proposed structural system, the RRC forces the RCMF to

adapt a linear deformation profile and a similar normalized displacement function. While

the rigid body rotation of the system changes with monotonic changes in the applied

loading, its deformed shape remains the same. The deformed profile is not sensitive to

changes in the global stiffness of the MF and its appendages. In fact, the seismic load

distribution is a byproduct of the proposed configuration. Furthermore the first natural

mode is similar in shape to the displacement profile and suppresses all higher modes of

vibrations. The concurrence of the load function and the displacement profiles is significant

in that it reduces the differences between the assumed and actual seismic distributions and

leads to a number of findings which in turn help formulate a simple but accurate solution to

an otherwise complicated problem:

• The dominance of the first mode of vibrations qualifies the system for nonlinear static

analysis (FEMA 2005; Deierlien et al. 2010). In other words the results of nonlinear

static and dynamic analysis would be in close agreement.

• The similarity of the load and deformation profiles, relates member forces and

deformations, the failure load and the mode of collapse to the same normalized straight

line. The RRC can sway sideways only. The elastic displacements as well as the plastic

hinge patterns of the failure mechanism remain compatible with the tilted profile of the

wall (FEMA 2005; Deierlien et al. 2010).

• The force–displacement relationship of the RCMF can be expressed as the function of a

single variable for all loading conditions. In other words the elasto-plastic drift ratio

can always be expressed in terms of the overturning moment and the effective global

stiffness of the system.

• The uniformity of the drift function allows the structure to be treated as a SDOF system

or as the assembly of similar subframes stacked on top of each other. Since the drift

ratio is the same for all subframes then the demand–capacity ratios of all such
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subframes would also be the same. This makes the structure ideally suited to equal

energy treatment for base shear computations.

• The structure can be designed as a MF of Uniform Shear (MFUS). Uniform drift can be

associated with uniform demand–capacity–stiffness ratios. Therefore almost all

structural elements can be selected in accordance with rules of uniform shears or

uniform sections. A description of MFUS is presented in Sect. 6.2 below.

• The system lends itself well to Quasi-determinate, design led manual analysis. i.e.,

groups of similar elements such as beams, columns, braces, links and their connections

can be studied as independent groups of members.

• The normalized displacement function is a straight line and remains unchanged

throughout the loading history of the system. Loss of stiffness changes the value of the

drift angle but not the drift profile. This means that the effective period of the structure

can be expressed as a function of the design drift ratio, /d at the centre of mass of the

structure, he i.e. Teff : ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

/dhe=g
p

.

• Uniform drift or zero drift concentration reduces the P-delta effects and residual

displacements (MacRae and Kawashima 1997). P-delta moments tend to accelerate

collapse. In case of RCMFs, P-delta moments are much more evenly distributed than

for the corresponding free standing MFs.

2.2 Frame boundary support conditions

Some of the technical advantages of GBSMF as depicted in Fig. 1a, over fixed base frames

can be summarized as follows;

• The drift ratios of well proportioned GBSMF at incipient collapse are smaller than

those of identical frames with fixed and pinned boundary conditions (Grigorian and

Grigorian 2013). For fixed base MFs the abrupt change of stiffness from base to first

level produces a sharp concentration of the drift ratio and increases the corresponding

angle of rotation.

• Being more flexible, GBSMF tend to attract smaller seismic forces than their fixed base

counterparts. The global rotational stiffness of GBSMF is always smaller than those of

the geometrically similar fixed base systems.

• GBSMF attract substantially less residual stresses and deformations due to strong

ground motion. The stiffnesses of the grade beams are selected in such a way as not to

cause drift concentration at the base.
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• In GBSMF overturning moments are transmitted to the footings through axial reactions

only. Stated differently, no moments are transmitted to the footings. No anchor bolt,

base plate and footing damage can occur due to seismic moments.

• The grade beams prevent the formation of plastic hinges at column supports and

provide means of controlling column base rotation and the overall drift. The premature

formation of plastic hinges at the column supports of fixed base frames is tantamount to

releasing the rotational restraints of the supports. The strong column–weak beam

condition is implemented at both ends of grade beams.

• Uniform drift or tilt causes all points of contraflexure to move towards mid spans. This

implies equal end moments for all frame members and minimal drift for the entire system.

2.3 Attributes of rigid rocking core

The physical behavior of RCMF can best be visualized by the frame restraining the RRC in

place, and the core imposing uniform or near uniform drift along the height of the frame,

Figs. 1a and 2g. However, some of the more relevant, but not less significant attributes of

the RRCs can be summarized as follows;

• The high rigidity of the wall causes all wall attached supplementary devices to absorb

proportional amounts of energy.

• The RRC tends to rotate as a rigid body without significant in-plane deformations. If

needed, a post tensioned core can be activated to prevent collapse and initiate self centering.

It can also provide supports for story level auxiliary devices such as LBs, the BRBs etc.

• The RRC helps reduce axial forces in the frame. This increases moment capacities and

reduces costs. A large proportion of axial forces due to overturning moments are

absorbed by the RRC.

• The RRC tends to redistribute seismic moments very evenly between groups of similar

member such as beams and columns of equal spans and heights respectively. In MFUS

the core absorbs the entire seismic force and exerts a self balancing reaction on top of

the frame that creates a constant racking shear along the height of the frame. Member

moments are in direct proportion with racking moments.

• The RRC can enforce the desired mode of failure, but can not increase the carrying

capacity of the free standing structure. The RRC is an unstable mechanism, and as such

can not influence the kinematics of any other mechanism.

• The RRC tends to bend as an upright simply supported beam rather than a vertical

cantilever. The base pivot provides two degrees of restraints. The MF adds one more
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Fig. 2 a Lateral loading, b free standing GBSMF with gap opening moments, c reactions due to BRBs,
d GBSMF with rigid beams, e GBSMF with rigid columns, f tilted RRC, g deformation of the combined
structure
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lateral restraint and makes the core act as a statically determinate beam. Therefore, it

may be assumed that the reference line of displacements passes through both the pin

and the free end of the core.

• RRCs need not be overwhelmingly rigid. However they should be stiff and strong

enough to enforce an almost uniform drift and prevent soft story failure. The ultimate

strength of the RRC should be greater than that of the MF and the supplementary

devices. The stiffness of the RRC should be selected in such a way as to reduce its own

maximum drift to less than a fraction of the prescribed design drift ratio.

• Vertically post-tensioned rigid cores such as concrete or steel shear walls and braced

frames can be designed to remain entirely elastic after frame failure. The lateral

restoring capabilities of the energized RRC mechanism are defined by its ultimate

strength and rotational stiffness respectively. Instead of using axial springs at the ends

of the RRC, an equivalent rotational scheme has been utilized to capture the restraining

effects of the post tensioned cables.

2.4 Attributes of rigid link beams

The function of the LB as a tensioned rocking moment connection is to transfer diaphragm

shear, add stiffness to the structure, dissipate seismic energy through gap opening, and

provide leverage for self-centering and collapse prevention, Fig. 1a. Usually it consists of

prismatic reinforced concrete or steel beams with flat bearing surfaces at both ends. The

conventional LB systems, with few exceptions (Garlock et al. 2007), tend to expand their

spans beyond the original length. As the gap widens, the beams rotate rigidly and bend the

column in proportion to the gap. This in turn reduces the effective post tensioning force

and severely damages the beam–column–diaphragm interfaces. The use of fully flat end

LBs is not encouraged instead a number of modified link beam systems are suggested

Fig. 7a, c. The proposed link beams consist of full length, relatively rigid, axially strong

elements with provisions for post tensioning cables. Some of more important issues

associated with the use of such LBs are listed below.

• The ends of the proposed link beam may be beveled as proposed by Dowden and

Bruneau (2011) or truncated (2015), as in Fig. 7a, c, to avoid full contact between the

ends of link and the adjoining members. In order to reduce full contact between the

supports and the truncated ends, the width of the minimum cut back should be larger

than the expected gap.

• The LB is activated in response to the target drift angle / due to external forces F. Gap

opening or decompression generates an internal couple or moment of resistance Tla,

where T is the total tendon force and la ¼ d=2 is the lever arm between the line of

action of T and the centre of compression. The effects of these moments should be

reflected in the design of the MF as well as the RRC.

• Gap opening and closing need not necessarily occur between contact surfaces. It can take

place between any two adjacent planes at right angles to the axis of the beam. Gap

opening is accompanied with changes in the initial stresses of the post tensioned tendons.

• The response of the LB is sensitive to its layout, the pre-stressing force and the offset

distances from the center lines of the adjoining columns Dleft and Dright: The effect of

such offsets is to increase the gap angle from / to �/ ¼ /½lþ Dleft þ Dright�=l ¼ a/. l is
the length of the LB. The special cable layouts of Fig. 7 are meant to eliminate loss of

stretch due to simultaneous gap opening and closing at opposite ends of the same LB.
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• The gap opening and closing property of the LB can best be symbolized by equivalent

rotational elastic springs at each end. The equivalent rotational stiffnesses of the post

tensioned LBs at the wall and frame side are given as KL and K 0
F respectively.

• Gap movements at the ends of the Ladd natural damping and provide opportunities for

self centering, damage reduction and collapse prevention. Such devices reduce frame

moments and drift ratios.

2.5 Supplementary devices

Several generic and commercially available supplementary damping devices with variable

degrees of efficiencies have been used as parts of RCMF systems. BRBs (Taylor devices),

Slotted–bolted-friction connections (Grigorian et al. 1995) and post-tensioned gap opening

systems (Panian et al. 2007) appear to have been utilized more frequently than others. In

this paper BRBs and stressed tendons have been used primarily as means of collapse

prevention and self centering rather than damping elements.

3 The theoretical approach

The major components of a typical RCMF consisting of the MF, the RRC, the LB and BRB

are shown in Fig. 1a. Fortunately, this seemingly complicated structure lends itself well to

a very simple analytic solution. The challenge is to untangle the interactive performances

of the major components of the system. This is achieved by looking at the problem from a

global rather than elemental point of view and resorting to design led analysis and treating

the responses of groups of similar elements, such as beams columns, braces, etc., as the

constitutive components of the structure. In design led analysis the drift ratio, stability and

failure conditions are imposed rather than investigated. The conceptual design of RCMFs

with a view to collapse prevention and self centering involves in depth understanding of

the physical phenomena surrounding the following issues;

• The relationship between the global rotational stiffness K� and any expected drift ratio /.
• The relationship between the global rotational stiffnesses KF and K 0

F of the MF, KL of

the LB, KB of the BRBs and KC of the RRC, needed to sustain the drift ratio /.
• The relationship between the rotational stiffnesses K 0

F of the MF, as influenced by the

LB moments, needed to oppose / by as much as u.
• The magnitude of the effective overturning moment, Meff : acting on the structure? and

• The ultimate lateral capacity of the system.

Knowing that the entire structure tends to respond as a single degree of freedom system,

the answer to the first three issues may be found in the simple linear relationships;

/ ¼ Meff :

K� ; /F ¼ MF

KF

; uF ¼ ML

K 0
F

; /L ¼ ML

KL

; /B ¼ MB

KB

and /C ¼ MC

KC

ð1Þ

Subscripts F, L, B and C refer to MF, LB, BRB and the RRC respectively. The answer

to the third concern is that the total external overturning moment M0 is magnified or

accompanied with the global P-delta moment, MPD which leads to the effective over-

turning moment Meff : ¼ M0 þMPD. The intuitive answer to the last question may be

expressed as;
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M ¼ M0 þMPD � ðMB þ 2MM þMCÞ ð2Þ

Here M describes the total moment of resistance of the beams of the frame. A poof of

statement (2) is presented in Sect. 3 below. The elegance and power of Eq. (1) is in that it

allows the external effects as well as the contributions of all resisting elements and sup-

plementary devices to be expressed as global moments. For instance the net effect of the

lateral forces of Fig. 1c can be replaced with their equivalent overturning moment M0.

Conversely, the effect of any global moment can be simulated by equivalent horizontal

force acting at roof level.

3.1 Global elastic response of the frame

Consider the lateral displacements of the GBSMF of Fig. 1a, under gravity loadsWi;j, lateral

loading Fi, Fig. 1c, opposing brace forces FB;i; Fig. 1f, gap opening momentsMi of Fig. 1e

and rigid core restoring moments MC of Fig. 1h. Figure 1e, g depict the distribution of the

interactive forces between the frame and the RRC. The influence of gravity loadsWi;j on the

lateral displacements of theMFhas been studied in some detail in Sect. 4 below. The intricate

conditions associated with the use of rigid LBs and BRBs as parts of the RCMF require the

load–displacement relationship of each case to be studied separately. The rigid core imposes a

uniform drift ratio/ on the entire structure. The drift ratios of each supplementary device can

be studied in terms of the corresponding beam and column rotations, i.e.

/F ¼ hcol;F þ hbeam;F; /M ¼ hcol;M þ hbeam;M /B ¼ hbeam;B þ hcol;B þ u and

/C ¼ /
ð3Þ

hcol: and hbeam stand for rotations due to column and beam bending respectively. Since

the sum of all end moments due to external moments Mi is zero then hcol;M ¼ 0. Next,

assuming that the secondary effects due to brace movement are negligible, then hbeam;B ¼
hcol;B ¼ 0: Hence, the frame rotation may be equated to the rigid body tilt u, of the system,

in which case Eq. (3) can be simplified as; /F ¼ hcol;F þ hbeam;F , /M ¼ hbeam;M;/B ¼ u
and /C ¼ /. The net lateral story level displacements of the combined structure, Fig. 2a,

can be computed as;

Di ¼ ð/F � /M � /B � /CÞxi ¼ /xi ð4Þ

3.2 Free standing frame under lateral forces Fi

Since / is constant it would be convenient to compute hcol: and hbeam independently,

assuming the other is zero. Figure 2d, e depict the imaginary scenarios where hbeam ¼ 0 or

Ii;j ¼ 1 and 0[ Ji;j [1, and hcol: ¼ 0 or Ji;j ¼ 1 and 0[ Ii;j [1 respectively. If the

resulting end moments of column i, j due to the former condition is denoted by

Mcol:ij ¼ 6E�kijhcol:F , where �kij ¼ Jij=hi; then the sum of all column moments should balance

the total external overturning moment;

M0 þMPD ¼ 2
X

n

j¼0

X

m

i¼1

Mcol;ij ¼ 12Ehcol:F
X

n

j¼0

X

m

i¼1

�kij ð5Þ

A simple method of computing the global P-delta moment is presented in Sect. 3.7

below. Similarly, if the resulting end moments of beam i, j due to the latter condition are
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given by Mbeam:ij ¼ 6Ekijhbeam:F , where kij ¼ Iij=Lj; then the sum of all internal beam

moments should also balance the total external overturning moment;

M0 þMPD ¼ 2
X

n

j¼0

X

m

i¼1

Mbeam;ij ¼ 12Ehbeam:F
X

n

j¼1

X

m

i¼1

kij ð6Þ

Substitution of Eqs. (5) and (6) into /F ¼ hcol;F þ hbeam;F , gives;

/F ¼ hcol;F þ hbeam;F ¼ ðM0 þMPDÞ
12E

1
Pn

j¼0

Pm
i¼1

�ki;j
þ 1
Pn

j¼1

Pm
i¼0 ki;j

" #

¼ ðM0 þMPDÞ
KF

ð7Þ

Equations (1) and (7) are ideally suited for estimating the rotational stiffness of the

subject moment frame. Examples 1 and 2 below have been devised to verify the accuracy

and usefulness of Eq. (7). Example 1 describes the response of a 9 story MF as part of a

RCFM, where the RRC imposes a uniform drift ratio / upon the MF. Example 2 deals with

the response of an un-supplemented 10 story free standing MF, with similar external

dimensions, global rotational stiffness and lateral loading designed to sustain the same

uniform drift / as for Example 1.

Example 1 GBSMF ? RRC.

Consider the static response of the steel MF of a m� n ð9� 10Þ RCMF, under a roof

level lateral force F = 100 kips with no supplementary devices, designed to sustain a

uniform drift ratio / along its height. Compute / and Dm provided that; h1 ¼ h2 ¼ 15 ft;
h3 ¼ h4 ¼ h5 ¼ h6 ¼ h7 ¼ h8 ¼ h9 ¼ 10 ft; Lj ¼ L ¼ 2h; E = 29,000 ksi. Assume MPD ¼
0: J1;0 ¼ J1;10 ¼ J2;1 ¼ J2;10 ¼ 448 in3 (W16 9 36), J1;1 � J1;9 ¼ J2;1 � J2;9 ¼ 890 in3

(W18 9 55), J3;0 � J3;9 ¼ J3;10 ¼ J9;10 ¼ 199 in3 (W14 9 22), all other Ji;j ¼ 391in3

(W12 9 50), I0;j ¼ I9;j ¼ 118 in3 (W10 9 22), I1;j ¼ I2;j ¼ 350 in3 (W12 9 45), all other

Ii;j ¼ 238 in3 (W12 9 30).

Solution M0 ¼ 100� 100 ¼ 10;000 kip ft;

X

n

j¼0

X

m

i¼1

�ki;j ¼ ð2� 199þ 9� 391Þ7=hþ ð2� 448þ 9� 890Þ2=1:5h ¼ 39;294=h

X

m

i¼0

X

n

j¼1

ki;j ¼ ð2� 118þ 6� 238Þ10=Lþ ð2� 350Þ10=L ¼ 23;640=L

From Eq. (7); / ¼ 10;000�122

12�29;000
10

39;294 þ 20
23;640

h i

¼ 0:004554 (0.004542), consequently;

D10 ¼ 0:004554� 1200 ¼ 5:4648 in: ð5:4440 inÞ. Numbers in parenthesis correspond

to computer analysis.

Example 2 Free standing GBSMF with no supplementary devices.

Consider the static response of a m� n ð10� 10Þ free standing, regular GBSMF under a

roof level lateral force F = 100 kips, designed to sustain a uniform drift ratio / along its

height. Compute / and Dm provided that;
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hi ¼ h ¼ 10 ft, Lj ¼ L ¼ 2h, J1;i ¼ J10;i ¼ 199 in3 (W14 9 22). All other Ji;j ¼ 391 in3

(W12 9 50). I0;j ¼ Im;j ¼ 118 in3 (W10 9 22), all other Ii;j ¼ 238 in3 (W12 9 30).

Assume MPD ¼ 0:

Solution M0 ¼ 100� 100 ¼ 10;000 kip ft;

X

n

j¼0

X

m

i¼1

�ki;j ¼ ð2� 199þ 9� 391Þ10 ¼ 39;170=h and

X

m

i¼0

X

n

j¼1

ki;j ¼ ð2� 118þ 9� 238Þ10 ¼ 23;780=L

From Eq. (6) / ¼ 10;000�122

12�29;000
10

39;170 þ 20
23;780

h i

¼ 0:004536, KF ¼ 2;204;342:55 kip ft/

radians and

D10 ¼ 0:004546� 1200 ¼ 5:4438 in: ð5:4440 inÞ:

It may be seen that the results of the two examples coincide. The first important

conclusion drawn at this stage is that Eq. (7) is powerful enough to predict the drift ratios

of any RCMF as well as MFUR. The MFUR are a class of un-supplemented free standing

MF that is capable of sustaining straight line lateral displacement profiles under lateral

loading. In MFUR the ratio of subframe (racking moment/rotational stiffness) is constant

along the height of the structure otherwise the system can not be qualified as an MFUR.

The second more important, but less obvious finding is that if the RCMF and MFUR can

produce the same lateral displacement under the same loading conditions then their

combination may be regarded as counterproductive. Comparing Examples 1 and 2, it may

be seen that the moment frame of Example 2 is not suitable for RCMF applications. The

subject is further elaborated upon in Sect. 6 below. However since the MF of Example 2

offers a more tractable configuration it will be used as the reference model of all other

examples presented in the forthcoming sections of this article.

3.3 Frame reacted by link beams (under end moments MM 5 ML)

Let Mi represent the opposing moments generated at the ends of the link beams. Following

the rationale presented in Sect. 3.2, the effects of Mi on the moment frame can be

expressed as;

uF ¼ hbeam;F ¼
Pm

i¼0 Mi

12E
Pn

j¼1

Pm
i¼1 ki;j

¼ MM

K 0
L

ð8Þ

MM is the total moment of resistance generated by the frame side end of all link beams, and

as such may be treated as a restoring moment. It can also be related to the gap opening

angle �/ and the LB rotational stiffness kL;i: i.e.

MM ¼ ML ¼
X

m

i¼0

Mi ¼
X

m

i¼0

kL;i �/ ¼ �/
X

m

i¼0

kL;i ¼ a/KL ð9Þ

The relationship between the tendon force Tten, angle �/ and the corresponding tendon

extension may be expressed as; �/ ¼ a/ ¼ 2TtenLten
dAtenE

¼ 4TtendLten
2d2AtenE

¼ Mi

kL;i
and kL;i ¼ d2AtenE

4Lten
. It is
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instructive to study the interactive effects of the MF and the LBs at this stage. Total

moments MM ¼ ML at the two ends of all LBs tend to reduce the drift ratio by bending the

MF and tilting the RRC in opposite direction to the applied loading, thus;

/ ¼ ðM0 þMPD �MMÞ
KF

�MM

K 0
F

¼ ðM0 þMPD � KL/Þ
KF

� KL/
K 0
F

or /F ¼ ðM0 þMPDÞ
½1þ �K�KF

ð10Þ

where �K ¼ KL½ð1=K 0
FÞ þ ð1=KFÞ� and KFð1þ �KÞ may be regarded as the percentage

contribution of the LBs and the equivalent rotational stiffness of the MF respectively. This

finding is particularly useful for retrofit projects. If for any reason /F exceeds /Rqd: or KF

is deemed inadequate then Eq. (10) may be utilized to asses the additional stiffnesses

needed to satisfy the issue, thus;

KL ¼ ðM0 þMPDÞ
KF/rqd:

� 1

" #

K 0
FKF

K 0
F þ KF

ð11Þ

It is also instructive to note that as plastic hinges form at the ends of the beams of the

frame, the relative stiffness ðki;j ¼ EIi;j=LjÞ of all beams become zero. In theoretical terms,

while the rotational springs hold the frame together, ki;j tend toward zero and Eq. (10)

reduces to; /F ¼ ðM0 þMPDÞ=2KL. This can be attributed to the ability of the proposed

LB arrangement which can supply a total restoring moment of 2Mi to the combined

structure.

Example 3 Determination of LB stiffness.

Following Example 2 and assuming that the BRBs and the RRC are not active, i.e.,

KB ¼ KC ¼ 0; compute the additional stiffness of each LB needed to lower the drift ratio to

/ ¼ 0:003 radians provided that;

kL;i¼0 ¼ kL;i¼m ¼ kL=2 and kL;i¼1...m�1 ¼ kL; i.e. KL ¼ mkL:

Solution From Eq. (8) K 0
L ¼ 12� 29;000� 23;780=20� 122 ¼ 2;873;416:67 kip-ft/ra-

dians, and Eq. (11) gives; KL ¼ 10;000
2;204;342:55�0:003 � 1
h i

2;204;342:55�2;873;416:67
2;204;342:55þ2;873;416:67

h i

¼
1;247;399:55 kip-ft/radians. Let, kM ¼ KL=m; then; kM ¼ 124;739:96 kip-ft/radians, Mi ¼
/kM ¼ 0:003� 1;247;399:55 ¼ 187:12 kip-ft. This implies that M0 ¼ M10 ¼ 93:56 kip-ft

andMi ¼ 187:12 kip-ft, i = 1, 2…9, acting along the end column at n = 10. From Eq. (8);

MM ¼ mMi ¼ 1871:24, hence /M ¼ 2�1871:24
1;247;399:55 ¼ 0:003ð0:003Þ radians, and

D10 ¼ 0:003� 1200 ¼ 3:60 in: ð3:55 inÞ. Once again computer analysis confirms the

results.

3.4 Frame supplemented with diagonal braces (resistive moments MB)

The purpose of this section is to assess the contribution of the diagonal BRBs of Fig. 3c to

the global stiffness of the structure. This is achieved by assuming that all members of the

imaginary braced frame, including the common vertical with the MF are infinitely rigid

and constitute an unstable mechanism as shown in Fig. 3b. All diagonals are pin ended

axially hysteretic BRBs. This is a conservative assumption and slightly underestimates the

drift reduction capacity of the imaginary braced system. Following Eq. (37), the axial
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deformations �Di of any such brace can be related to the uniform drift ratio, i.e.

�Di ¼ a/hil
�Li

¼ Ti �Li
AiEbrc

, Ti ¼ a/hilA;iEbrc;

�L2i
or Ai ¼ Ti �L

2
i

a/hilEbrc
: Considering the rigid body rotation /B of

Fig. 3d, the virtual work concept leads to;

X

m

i¼1

FB;i/xi ¼ /MB ¼
X

m

i¼1

T

i

�Di ¼
X

m

i¼1

a2/2h2i l
2AiEbrc

�L3i

� �

or

/B ¼ MB

a2l2Ebrc

Pm
i¼1 ðh2i Ai=�L

3
i Þ

¼ MB

KB

ð12Þ

Note that �/ is a function of the overturning moments caused by forces FB;i of Fig. 3a.

This implies that the effort to generate a rigid body rotation �/ would be resisted by an

additional internal overturning moment MB that tends to restore the structure to its original

position. Conversely, the use of supplementary devices such as BRBs would tend to reduce

the effects of the external overturning moments M0 by as much as MB. However, if MB

corresponds to �/ at first yield, then the total carrying capacity of the system can be

estimated as;

X

m

i¼1

FB;plastic;ixi ¼ MB;plastic ¼
X

m

i¼1

Tplastic;i
ahil
�Li

ð13Þ

Tplastic;i ¼ ryieldAi, is the ultimate axial strength of the brace. While there are no flexural

interactions between the elements of the imaginary braced frame and the MF, the braced

frame tends to oppose the external overturning moment by a notional moment of resistance

related to the axial resistance of its members, i.e.,

/ ¼ M0 þMPD �MB

KF

¼ M0 þMPD � /KB

KF

or /F ¼ M0 þMPD

½KB þ KF�
ð14Þ

Once again, if / exceeds /Rqd: or KF is deemed inadequate then Eq. (14) may be utilized

to asses the additional stiffnesses of the supplementary braces to satisfy the issue, thus;

KB ¼ M0 þMPD � /KF

/
ð15Þ

However, it may be computationally expedient to deal with a single force FB;m ¼
Tml=Lm as shown in Fig. 3d that causes constant shear along the height of the imaginary

mBF ,

l
(b)

ix

iA iT

φ

(c) (d)(a)

ant
braceRigid Buckling resist

beamRigid link

core

iBF ,

mmmb LlTF /, =

Rigid

Assumed

ih iL

Fig. 3 a Equivalent notional lateral load corresponding to Ti, b imaginary rocking mechanism, c braced
frame with BRB, d rigid body rocking of the braced frame and roof level reaction
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braced frame, rather than the generalised distribution of forces FB;i of Fig. 3a that result in

a stepwise variation of shear along the frame. The brace force distribution due to the

former strategy can be expressed as; Tm ¼ FB;m
�Lm=l; . . ., Ti ¼ FB;m

�Li=l; . . .; and T1 ¼
FB;m

�L1=l: This allows all brace cross sectional areas Ai to be related to any known value

such as Am, i.e., Ai ¼ ð�Li=�LmÞ3ðhm=hiÞ: Since all brace forces are functions of the same

variable / and that internal forces of all members, are in static equilibrium, then the global

moment due to brace resistance can be directly assessed as; MB ¼ TmlH=Lbrc:

Example 4 Preliminary brace selection.

Assuming that the there are no other supplementary devices, except for the diagonal

braces of the last bay of Example 1, compute the axial force and the cross sectional areas of

one such brace needed to lower the drift ratio to / ¼ 0:003 radians. Let a ¼ 1 and

E = 29,000 ksi.

Solution From Example 1, / ¼ 0:0045365 corresponds to M0 ¼ 10;000 kip ft: For, / ¼
0:003 the corresponding moment can be reduced to M0;reduced ¼ 6613 kip ft: In other

words, MB ¼ ð10;000� 2;204;342:55� 0:003Þ ¼ 3387 kip ft: Resorting to uniform shear

strategy described above it may be concluded that A3;4;5;6;7;8;9 ¼ A and A1;2 ¼
ð25=22:361Þ3ð10=15ÞA ¼ 0:932A . Equation (12) gives;

A ¼ 3387� 124

0:003� 202 � 124 � 29� 103½ð7� 102=22:3613Þ þ ð2� 152=253Þ� ¼ 1:07 in2:

Computer analysis gives; D10 ¼ 3:601 in, which translates to; / ¼ 3:601=1200 ¼ ð0:003Þ
and T9 ¼ 0:003�10�20�1:07�29;000

22:3612
¼ 37:24ð36:67Þ kips. Next; MB ¼ T9lH

L9
¼ 37:24�20�100

22:361 ¼
3330ð3382Þ kip ft:

3.5 RRCs contribution to restoring moments

The RRC is stabilized by means of two vertical parallel post-tensioned tendons as shown in

Figs. 1b, h and 2f. The RRC is acted upon by the interactive overturning moments

(MQ �MS) corresponding to forces Si and Qm and the restoring momentsMM and MC: The
interactive force Qm has been introduced to emphasize the fact that the RRC tends to

behave as an upright simply supported beam rather than a fixed base cantilever. However,

the static equilibrium of the RRC requires that,MQ �MS ¼ MM þMC: Assuming the RRC

is sufficiently stiff and strong, then the restoring moment, MC developed at the pivot level

due to rigid body rotation /, can be expressed as;

MC ¼ TRRCd
0 ¼ KC/ and KC ¼ d02Awalltendon;E=H. Since MC opposes M0 without

coupling with other components of the structure, then its contribution to the global

deformations of the system can be expressed as;

/ ¼ M0 þMPD �MC

KF

¼ M0 þMPD � /KC

KF

or / ¼ M0 þMPD

½KF þ KC�
ð16Þ

Example 5 Preliminary core tendon selection.

Assuming that the there are no other supplementary devices, except for the rigid core

tendons, compute the cable force needed to lower the drift ratio to / ¼ 0:003 radians.

Assume d0 ¼ 10 ft.
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Solution From Eq. (16); MC ¼ TRRCd
0 ¼ M0 � /KF ¼ ð10;000� 2;204;342:55�

0:003Þ ¼ 3387 kip ft: Therefore, TRRC ¼ 3387=10 ¼ 338:7 kips ð339:0Þ.

3.6 Global response of the RCMF (under M0;MM;MB and MC)

The purpose of this section is to utilize the material presented in the last three sections in

order to develop the RCMF characteristic formula. The fully supplemented structure is

subjected to external and interactive forces Fi and ðQm � SiÞ respectively, as illustrated in

the free body diagrams of Fig. 1c–f. The drift functions (7), (8), (12) and (16) can be

utilized to formulate the global drift equation of the subject RCFM, provided that the

unknown quantity (MQ �MS) can either be determined or assigned a value in terms of

ðMM þMCÞ: Following the rationale leading to Eqs. (10) and (14), it may be concluded

that;

/ ¼ M0 þMPD þMQ �MS �MB

KF

�MM

K 0
F

or

/ ¼ M0 þMPD � ðMB þMM þMCÞ
KF

�MM

K 0
F

ð17Þ

where ðMM þMCÞ has been substituted for ðMQ �MSÞ: Next, substituting for MC ¼
KC/;MM ¼ KL/ and MB ¼ KB/ into Eq. (17), it gives after simplification and

rearrangement;

/ ¼ K 0
FðM0 þMPDÞ

KFKL þ K 0
FðKF þ KL þ KB þ KCÞ

� �

¼ M0 þMPD

K� ð18Þ

K�, may be interpreted as the global rotational stiffness of the RCMF. It is instructive to

note that as the MF becomes a mechanism, i.e., as KF and KM tend toward zero, the

structure becomes more flexible. It sustains larger but stable lateral displacements due to

the resistive nature of the supplementary devices. In other words Eq. (18) reduces to;

/ ¼ 1

2KL þ KB þ KC

� �

ðM0 þMPDÞ ð19Þ

Equation (19) constitutes a lower bound solution to the failure conditions of the subject

RCMF. Denoting M ¼ KF/ as the total moment of resistance of the free standing MF and

observing that ðKF=KMÞ becomes unity as ki;j approached zero, then the second of Eq. (16)

may be rewritten as; M ¼ M0 þMPD � ðMB þ 2MM þMCÞ: This together with Eq. (19)

constitute a complete lower bound solution to the failure of the RCMF under consideration.

3.7 The global P-delta effect

P-delta moments adversely influence the performance of all structures during all phases of

loading (Hamburger et al. 2009). However, their effects on RCMFs become even more

pronounced at incipient collapse. In this section, first the destabilizing effects of the gravity

loads on the undamaged MF are studied and expressed in a simple formula, then an attempt

is made to estimate the tendon force needed to prevent the catastrophic failure of the

RCMF after the frame becomes a mechanism. The P-delta moment of any subframe can be

expressed as; Pidi ¼ /hi
P1

j¼1 Wi;j ¼ �Fihi, or �Fi ¼ /
P1

j¼1 Wi;j ¼ Pi/, where �Fi is the

notional equivalent lateral load acting on the subframe. The notional shear force and
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rocking moment on any subframe can now be estimated as Vi ¼
Pm

r¼i
�Fr ¼ /

Pm
r¼i Pr and

�Mi ¼ �Vihi respectively. If Pi ¼ P then �Fi ¼ P/ ¼ �F, Vi ¼ P/ðmþ 1� iÞ and �Mi ¼
P/ðmþ 1� iÞhi: The global P-delta moment acting on the structure can be computed as

the sum of the subframe P-delta moment;

MPD ¼ P/
X

m

i¼1

ðmþ 1� iÞhi ¼ �P/ �H ð20Þ

where �P and �H may be construed as the sum and of forces Pi and the location of the

resultant of story shears �Vi respectively (the self weight of the wall can be included in Pi).

It can easily be shown that for hi ¼ h; �H ¼ ðmþ 1Þmh=2: Equation (20) may be now be

adjusted to include the corresponding P-delta or MPD effect, thus; / ¼ ðM0 þ �P/ �HÞ=K� or

/ ¼ M0=fCRK
�. fcr ¼ ½1� ð�P �H=K�Þ� is generally defined as the global displacement

magnification or load reduction factor.

3.8 Determination of interactive forces

If hcol:F , and the contributions of the BRBs and LBs are known, then the magnitude and

directions of the interactive forces can be related to total moments acting on any subframe.

These forces are needed to design and or upgrade the elements of the RRC in accordance

with project requirements. It is expedient to group the external moments ðM0;i þMPD;iÞ and
device generated moments MDev:i ¼ ðMM;i þMB;i þMC;iÞ acting on any subframe i. The

sum of moments of resistances of columns of any subframe, r can be computed as;

Mcol:r ¼ 2
X

n

j

Mcol:r;j ¼
ðM0 þMPD �MDev:Þ

Pn
j
�kr;j

Pn
j¼0

Pm
i¼1

�ki;j
ð21Þ

The sum of moments of resistances of all columns above level i can be computed as;

�Mcol:i ¼ 2
X

m

i¼r

Xn

j
Mcol:r;j ¼

ðM0 þMPD �MDev:Þ
Pm

i¼r

Pn
j
�kr;j

Pn
j¼0

Pm
i¼1

�ki;j
ð22Þ

Consider the racking equilibrium of the columns of the uppermost subframe, i = m, of

Fig. 1d i.e.,

ðFm þ Qm � SmÞhm ¼ Mcol:m or Sm � Qm ¼ Fm �Mcol:m

hm
ð23Þ

Similarly, the racking equilibrium of the columns of the subframe at m - 1 can be

expresses as; ðFm þ Fm�1 þ Qm � Sm � Sm�1Þðhm þ hm�1Þ ¼ �Mcol;m�1. Substituting for

ðQm � SmÞ from Eq. (23) gives;

Sm�1 ¼ Fm�1 þ
�Mcol:m

hm
�

�Mcol:m�1

ðhm þ hm�1Þ
ð24Þ

The generalized equilibrium equation of the MF, in terms of the interactive forces at

level i, can be expressed as;
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X

m�1

r¼i

ðFr � SrÞ
X

r

s¼i

hs þ ðFm þ Qm � SmÞ
X

m

r¼i

hr ¼ �MCol;i ð25Þ

Once ðQm � SmÞ and Sm�1 are known using Eqs. (23) and (24) respectively, Sm�2,… S1
can be computed through systematic use of Eq. (25) as demonstrated in Example 6 below.

The limitations of Eqs. (19) and (25) are discussed in Sect. 3.9 below.

Example 6 Computation of interactive forces: Compute the interactive forces of Example

1. Assume MPD ¼ 0:

Solution From Example 1, M0 ¼ 10;000 kip ft,
Pn

j¼0

Pm
i¼1

�ki;j ¼ 39;294=h and

MDev;i ¼ 0. For i = 1, and 2:
Pn

j¼0
�ki;j ¼ ð2� 448þ 9� 890Þ=1:5h ¼ 5937:33=h; For

i = 3, 4, 5, 6, 7, 8 and 9:

Xn

j¼0
�ki;j ¼ ð2� 199þ 9� 391Þ=h ¼ 3917=h Mcol;3;Mcol;4; . . .Mcol;9 ¼

M0

Pn
j
�km;j

Pn
j¼0

Pm
i¼1

�ki;j

¼ 10;000� 3917

39;294
¼ 996:85 kip ft

Mcol;1;Mcol;2 ¼
M0

Pn
j
�km;j

Pn
j¼0

Pm
i¼1

�ki;j
¼ 10;000� 5937:33

39;293:7
¼ 1511:02 kip ft

From Eq. (23); Q9 � S9 ¼ �F9 þ
�Mcol:9

h9
¼ �100þ 996:8512

10
¼ �0:315 kips:

From Eq. (24); S8 ¼ 0þ �Mcol:9

h9
� �Mcol;8

h8þh9
¼ 0þ 996:8512

10
� 2�996:8512

20
¼ 0: It follows that

S7 ¼ S6 ¼ S5 ¼ S4 ¼ S3 ¼ 0. This indicated that subframes 3 through 9 can be categorized

as MFUS. Next, considering the static equilibrium of level 2, Eq. (25) gives;

ð100� 0:31488Þð7� 10þ 15Þ þ S2 � 15 ¼ ð996:85� 7þ 1511:02Þ, or S2 ¼ 1:05 kips

A consideration of static equilibrium at level 1 gives;

ð100� 0:31488Þ � 100� 1:04954� 30� S1 � 15 ¼ ð996:85� 7þ 1511:02� 2Þ; or

S1 ¼ 0. Comparing Examples 1 and 2, it may be seen that the moment frame of Example 2

is not suitable for RCMF applications.

3.9 Limitations and applications

The power of Eqs. (18) and (19) lies not only in addressing a multitude of target drift ratios

but also in providing a wide range of design strategies, including the two limiting con-

ditions where the use of RCMF combination can be either highly efficient or entirely

counterproductive. Two extreme but important cases arise, Si ¼ 0; and Si ¼ Fi. They lead

to the development of two distinct classes of structures, MFUR and MFUS respectively.

Both cases result in MFs of minimum weight. In the first instant, no interaction takes place

between the moment frame and the RRC, i.e., Si ¼ 0; the rigid core and the moment frame

tilt compatibly. This can happen, if the core instead of imposing a straight line profile on

the frame, adapts the linear displacement profile of the frame under the same lateral

loading. In conclusion, it would be counterproductive to use un-supplemented RRCs in

conjunction with an MFUR. The second extreme scenario, the MFUS, manifests itself if

the core absorbs the entire external loading, i.e. Si ¼ Fi (assuming the beams are axially

rigid). This is the most common condition in practice and happens if the MF is not an
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MFUR, is augmented with supplementary devices and/or the core is provided with rota-

tional resistance. Under such circumstances the RRC behaves as an upright simply sup-

ported beam with end reactions Qm and Q0 as shown in Fig. 1. The generic design of an

efficient MFUS is presented in Example 9 below.

4 Global plastic response of the frame

Seismic response is associated with ultimate loading conditions, and as such maximum

carrying capacity of any structure at incipient collapse should be carefully studied

(Mazzolani 1997; Goel et al. 2010). Consider the global load carrying capacity of the free

standing MF of Fig. 4b under gravity forces Wij; P-delta moments MPD, lateral loading Fi,

opposing brace moments MB, LB moments MM and RRC base moments MC.

If the lateral forces are nil or very small then each loaded span will eventually collapse

through a beam failure mechanism, as in Fig. 4a, at its maximum carrying capacity;

Wi;jai;j ¼ 4MP
i;jLj=bi;j ¼ 4MP

i;jd
P
i;j ð26Þ

where the Kroneckar’s dPi;j ¼ Lj=ðLj � ai;jÞ for Lj [ ai;j � 0 and dPi;j ¼ 0 for ai;j ¼ Lj:

Barring instabilities, the global gravity carrying capacity of the frame can be estimated as

W ¼
Pn

j¼1

Pm
i¼0 Wi;j: However, if lateral and gravity loads occur together then two other

modes of collapse, depending on the relative magnitudes of the two can also take place.

AssumingWi;j is small enough for the frame to fail through a purely sway mode of collapse

with plastic hinges forming at beam ends only, as in Fig. 4c, and that the LBs generate a

total of 2MM moments at their ends, then the lateral carrying capacity of the system can be

estimated as;

M0 þMPD � ðMB þ 2MM þMCÞ ¼
X

n

j¼1

X

m

i¼0

2MP
i;j ð27Þ

Since Eqs. (2), (12) and (27) coincide, the solution is exact and in conformity with the

requirements of the uniqueness theorem (Foulkes 1953). On the other hand, if some of the

gravity forces are large enough to cause combined collapse modes in their own spans, such

as that shown in Fig. 4b, while all other beams remain straight with plastic hinges at their

ends, then the lateral carrying capacity of the system may be re-evaluated as;

(a)

i

mF

j0 n

iFijW
i

m

j0 n

jL

ija ijb

(c)

iM

m

i

ija

mF

j0 n

iF

ijb

m

(b)

ijW
iM

P
jiM ,

P
jiM ,

P
jiN ,

iBF ,

mBF ,mBF ,

iBF ,

ΔPM

Fig. 4 a Purely beam mechanism, b mixed (combined beam ? sway) mechanisms, c purely sway
mechanism
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X

n

j¼1

X

m

i¼0

Wi;jai;j þM0 þMPD �MB � 2MM �MC ¼
X

n

j¼1

X

m

i¼0

2MP
i;jð1þ dPi;jÞ ð28Þ

A comparison of Eqs. (27) and (28) shows that the two lateral failure modes coincide

when;

X

n

j¼1

X

m

i¼0

Wi;jai;j ¼
X

n

j¼1

X

m

i¼0

2MP
i;jd

P
i;j ð29Þ

A satisfactory solution is found if matching terms in either side of (29) are made equal,

i.e.,

Wi;jai;j ¼ 2MP
i;jLj=bi;j ¼ 2MP

i;jd
P
i;j ð30Þ

Comparing Eqs. (26) and (30) reveals that small floor loads, WSmall � 2MPL=ab, have
no effect on the lateral carrying capacity of the frame. Furthermore, comparing WSmall with

WLimit and an intermediate W ¼ 2MPc=ab where c is an arbitrary quantity defined as;

L� c� a, it gives;

WLimit ¼
2MPL

ab

� �

� W ¼ 2MPc

ab

� �

� WSmall ¼
2MPa

ab

� �

ð31Þ

Formula (31) can be utilized to assess the plastic limit states of the frame at a glance. It

may be seen that in general WSmall �ða=LÞWLimit: This gives credence to the notion that;

the magnitude of loadW at distance ‘‘a’’ has little to no effect on the lateral response of the

frame if it is less than (a/L) of its plastic collapse value acting alone on the same beam.

Conversely, if the subject system is designed for increased moments, ðc=aÞMP, then the

lateral carrying capacity of the moment frame will not be affected by the presence of W at

‘‘a.’’ The ratio (c/a) may be referred to as the moment adjustment factor for the beam ij.

Under such conditions the beams may be said to have attained the effective strength needed

to support the full development of the frame response at ultimate loading. However it

should be kept in mind that any increase in the carrying capacity of the structure also

increases the magnitude of the corresponding P-delta effects. An elaboration of the small

load concept can be found in Grigorian and Grigorian (2012).

Example 7 Demonstration of small load concept.

The MF of Example 1 is subjected to simultaneous applications of a lateral force

F = 100 kips at roof level and a central concentrated loads W ¼ 5MP=2 on each beam,

except at roof and grade levels where W0;j ¼ Wm:j ¼ W=2: The plastic strengths of the roof

and grade level beams are given as MP=2. The plastic strength of all other beams is MP:
Compute the minimum strength of the MF such that it fails through a purely sway mode

of collapse.

Solution a = b = L/2. Formula (31) can be used to compare the plastic failures modes of

the frame as;

ðWLimit ¼ 8MP=LÞ� ðW ¼ 5MP=LÞ� ðWsmall ¼ 4MP=LÞ;

with the obvious conclusion that the strength of the beams should be adjusted by a factor

of (c/a = 5/4).
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Example 8 P-delta effects at incipient collapse.

Following Example 6, compute the magnitude of MPD due to increased beam strengths,

W ¼ 5MP=L.

Solution The lateral carrying capacity of the frame in the absence of the P-delta

moments can be computed from Fmh ¼ 2nmMP; i.e. F ¼ 2nMP=h: The virtual work

Eq. (30) gives; /MPD ¼ n W
2
m/hþ nW

Pm�1
i¼1 i/h ¼ nmðmþ 1Þ/hW=2 ¼ 5nmðmþ

1Þ/hMP=2L and Eq. (20) leads to; F ¼ 2nMP

h
1� 5ðmþ1Þh/

4L

h i

. In other words, if the subject

structure is to perform as expected at ultimate loading then the prescribed drift ratio should

be much smaller than; /\½4Ll=5ðmþ 1Þh�.

5 Collapse prevention and self centering

The fundamental assumption adapted in this section is that the MF and some of the

supplementary devices can act as hysteretic elements and that at least one group of

elements are capable of preventing catastrophic collapse. The applications of the pro-

posed concepts to collapse prevention and self centering are best illustrated through the

forthcoming parametric example. Permanent deformations and structural collapse are

foreseeable phenomena associated with diminishing and exhausted energy absorption

capacities respectively. Collapse prevention, in this context, refers to the ability to

provide temporary support for the gravity system, after a major seismic event until a

repair or demolition program is implemented. It also means that there is at least one

reliable source of energy absorption that can sustain additional deformations until the

seismic event is completely over. Here, self-centering is defined as the ability that tends

to realign a structural mechanism back to its original undisturbed form. The purpose

therefore is not to prevent the formation of plastic hinges that lead to a failure mecha-

nism, but rather to prevent catastrophic collapse due to P-delta and similar effects.

However, it should be born in mind that residual deformations under seismic loading can

significantly affect the re-centering capacity of the structure (MacRae and Kawashima

1997; Dazio 2004). However, if complete collapse is to be prevented after formation of a

preferred plastic mechanism, then the surviving LBs and the vertical cable system should

be strong enough to withstand the entire conditional demand. At incipient failure all

moment resisting elements except the RRC tendons (or any one group of supplementary

devices) become incapacitated. i.e.KF ¼ KM ¼ KL ¼ KB ¼ 0: Subsequently, the global

stiffness of the RCMF reduces to K
� ¼ KC: In other words, if building collapse is to be

prevented after the formation of the failure mechanism then the core tendons should be

strong enough to withstand the entire seismic demand imposed on the system. With M0;
MPD and prescribed / known, the basic design parameters for collapse prevention can be

computed as;

T[
XðM0 þMPDÞ

d0
¼ X/K�

d0
ð32Þ

where X is the over strength factor defined by the pertinent code of practice, d0 is the

tendon lever arm. See Fig. 1a.
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5.1 The rules of sequential failures

According to rules of sequential failures if the deformations of a member comparable

structures connected in parallel, such as RCMF of Fig. 1a, can be related to the same single

variable then the three basic rules of plastic failures can be stated as follows.

1. Order of sequential failure is the same as the ascending order of plastic displacements

of each system.

2. Maximum deformation of the combined system at first yield is the same as that of the

first failing structure.

3. Maximum deformation of the combined system at incipient collapse is that of the last

failing component.

This implies that if ðMP
F=KFÞ[ ðML=KLÞ[ ðMB=KBÞ[ ðMC=KCÞ then the moment

frame will fail first followed by sequential failures of the LBs, BRBs and the RRC.

6 Applications and limitations of RCMFs

The proposed structural system lends itself well to performance control through the use of

different types of supplementary devices. Equation (17) covers a wide spectrum of modes

of response for all loading conditions. However, it provides no information regarding the

suitability, efficiency and limitations of RCMFs as earthquake resisting systems. A prac-

tical way of evaluating the usefulness of such systems is to study the nature of the

interactive forces Qm and Si with a view to the functional requirements of the main

components of the structure. The effects of the supplementary devices on the RRC and the

MF have been amply described in the preceding sections.

6.1 Limitations

The focus of the current section is on the interaction of the RRC and the MF in the absence

of auxiliary devices. Two extreme scenarios come to mind. First, no interaction takes place

between the MF and the RRC. i.e., Si ¼ Qm ¼ 0; while the rigid core and the moment

frame tilt compatibly. This can happen, if instead of imposing a straight line profile on the

frame, the core adapts the linear displacement profile of the frame under the same lateral

loading. In conclusion, it would be counterproductive to use un-supplemented RRCs in

conjunction with a MFUR. Comparing Examples 1 and 2, it may be seen that the MF of

Example 2 is not suitable for RCMF applications.

6.2 Applications

The second extreme scenario manifests itself if the beams are axially rigid and the core

absorbs the entire external loading, i.e. Si ¼ Fi. This is the most commonly occurring

condition in practice and happens if the MF is not an MFUR, is augmented with supple-

mentary devices and/or the core is provided with rotational resistance. Under such cir-

cumstances the RRC behaves as an upright simply supported beam with end reactions Qm

and Q0 as shown in Fig. 1h. The complete parametric solution of a typical MFUS is

provided in Example 9 below. The materialization of a generic MFUS, in the form of a new

earthquake resisting building with self centering and collapse prevention capabilities is

presented in Sect. 7 of the current article.
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Example 9 Structural design of an efficient un-supplemented RCMF.

Design an efficient, m� n regular RCMF, under a triangular distribution of lateral

forces; Fi ¼ Fi=m, and axial nodal forces Pi ¼ P to sustain a uniform drift ratios /Y and

/P at first yield and incipient collapse respectively. Let; hi ¼ h, Lj ¼ L ¼ 2h;Ji;0 ¼ Ji;n ¼ J

all other Ji;j ¼ 2J, I0;j ¼ Im;j ¼ I; all other Ii;j ¼ 2I: Assume I ¼ J:

Solution For initial member sizing it is prudent to assume that the system is totally un-

supplemented, i.e., MB ¼ MM ¼ MC ¼ 0: Vi ¼ Q and Vihi ¼ Qh are constant. Equa-

tion (7) gives; 1
K� ¼ 1

KF
¼ 1

24mnE
h
J
þ L

I

� �

¼ h
8mnEI

. Since MFUS are associated with Si ¼ Fi,

then according to Fig. 1c, g the entire seismic load would be transmitted to the rigid core.

The static equilibrium of the rigid core requires that; QmH ¼ M0 þMPD ¼ /K� or,
mðmþ1Þ½ð2mþ1ÞFþ3P/�h

6
¼ /K�: Consequently; Ii;j ¼ Ji;j ¼ ðmþ1Þ½ð2mþ1ÞFþ3P/�h2

48nE/ . Similarly the

static equilibrium of any row of columns give 4nMcol:i;j ¼ Qh or

Mcol:i;j ¼ mðmþ1Þ½ð2mþ1ÞFþ3P/�h
24n

. Except for Mcol:i;0 ¼ Mcol:i;n ¼ Mcol:i;j=2: It follows that the

plastic moment of resistance of the MF based on a beams only failure mechanism can be

computed as; MP
0;j ¼ MP

m;j ¼ Mp and all other MP
i;j ¼ 2MP:

The static equilibrium of the MF at incipient collapse, due to FP gives QmH ¼
M0 þMPD ¼ 4mnMP or, MP ¼ mðmþ1Þ½ð2mþ1ÞFPþ3P/P�h

24n
: This completes the preliminary

member sizing of the moment frame.

6.3 Structural design of the RRC

Whatever the material or the configuration of the RRC, a steel braced frame, reinforced

concrete or steel plate shear wall, it should be sufficiently strong and rigid in order to

perform its functions as part of the lateral load resisting system, i.e., to withstand the

external forces, prevent soft story failure in the MF and provide support for the supple-

mentary devices. As a precautionary measure it would be safe to assume that the RRC

alone is capable of withstanding the ultimate earthquake induced and P-delta effects. Since

the RRC acts as an upright simply supported beam or truss girder, the corresponding

distribution of bending moments due to FP;i ¼ FPi=m and �Fi ¼ P/ ¼ �F at any elevation i

can be expressed as;

Mcore;i ¼
FPih

6m
ðm2 � 1Þ � ði2 � 1Þ
� �

þ
�Fih

2
ðm� 1Þ � ði� 1Þ½ � ð33Þ

If the flexural design of the core is based on Eq. (33) then it could easily prevent soft

story failure of the MF.

6.4 Determination of wall stiffness

Ideally speaking the core should be infinitely rigid. However if the rigidity of the RRC,

EwIw; were to be large but finite, its magnitude could be related to its maximum end

rotation ww, Fig. 2g, or its maximum drift ratio. With ww at hand, the stiffness of the wall

can be related to a fraction of the prescribed uniform drift / of the system, say 5%/. If this
is true then a workable design value for the moment of inertia of the wall can be estimated

as wmax ¼ e/: The maximum slope of the core due to FP;i ¼ FPi=m and �Fi ¼ P/ ¼ �F can

be expressed as;
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wmax ¼
FPh

2ðm� 1Þð2m� 1Þð2m2 þ 3m� 4Þ
180EwIwm

þ
�Fh2mðm� 1Þðm2 þ m� 2Þ

24EwIw
ð34Þ

Iw;min ¼
FPh

2ðm� 1Þð2m� 1Þð2m2 þ 3m� 4Þ
180Ewe/m

þ
�Fh2ðm� 1Þðm2 þ m� 2Þ

24Ewe/
ð35Þ

7 The proposed building system

The generic plans of the proposed new building system incorporating RCMF technologies

are presented in Figs. 5 and 6. In this scheme the essential earthquake resisting systems are

placed along the perimeter and the central line of the long side. The blue sections mark the

link beams. All columns are grade beam supported. As a design option the interior non-

RCMFs may be detailed as simple MFs only. The subject earthquake resisting system

consists of four essential components; The GBSMF, the RRC, the LBs and the stabilizing

tendons. The system is capable of accommodating BRBs and similar supplementary devices.

• The gravity system and the earthquake resisting MF are designed in accordance with

the rules and regulations of the prevailing codes of practice with provisions to

accommodate the unbonded stressed tendons and special attention to the week beam–

strong column requirement. The additional moments induced by the LBs should be

taken into account when designing the column affected by gap opening.

• The RRC should be free to pivot about its base and rotate freely at all slab wall

junctions. Figure 8 show one such detail that allows horizontal shear transfer from the

slab to core without inhibiting the vertical component of the rocking movement at the

same junction. The detail also provides out of plane stability at all floor levels.

The most commonly utilized post-tensioned gap opening LB system with butting flat

ends against column sides tends to expand the frame beyond its original span length (Sause

et al. 2006). As the gap widens at the beam–column interface, the LB rotates upwards, and

bends the column inwards (Chou and Chen 2008). This in turn opposes the post-tensioning

force. Note that in this particular case the angle of rotation of the column, w is larger than

/: In order to alleviate or reduce these effects, the senior author has proposed the use of a

Link
Rigid

Rocking

slabWall −

SlabBeams

Wall

Floor

separation Columns

No slab

Fig. 5 Generic floor plan showing physical separation between RRC, LB and diaphragm
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truncated version of the same LB as shown in Fig. 7a, c. The proposed LB consists of a

coaxial rigid compression elements surrounded by a reinforced concrete cage that holds the

PT tendons together and provides stability for the axial core. It follows that in order to

prevent contact between the column and the truncated end of the LB the width of the initial

gap should be larger than �/d=2: Instead of using axial springs at the ends of the LBs and

the wall base, equivalent rotational schemes have been utilized to capture the restraining

effects of the post tensioned tendons. See Appendices 1 and 2 below.

• Post-tensioning cables and their attachments are commercially available. Their

disposition along the length of the frame, the LBs and the RRC should be in strict

conformance with the pertinent engineering principles. While it is good practice to

extend the tendons from end to end as shown in Fig. 6, their length, layout cross

Rocking
tendons

Columns

Wall

Grade

Rocking Post
tensioned

beams

Unbonded

tendons
Unbonded No

Link

Beams

slab

Fig. 6 Generic RCMF with post-tensioned LBs and RRC
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Fig. 7 (a) Chamfered steel LB before and after rotation, (b) BRB before and after rotation, (c) chamfered
reinforced concrete LB before and after rotation
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sectional areas and the pre-stressing forces should be assessed in terms of the required

drift angle, self centering and collapse prevention requirements (Kurama et al. 1998;

MacRae and Priestley 1994).

• The slab acts as a rigid horizontal diaphragm. Seismic shear is transferred to the RCMF

system through stressed tendons, compression of the LB, as well as direct shear

connectors between the slab and the wall, Fig. 8. The physical separation between the

slab and the wall and the LB, Fig. 8 prevents the slab from being damaged during

strong ground motion.

8 Conclusions

A new earthquake resisting structural system incorporating post tensioned RRCs and MFs

has been presented. Vertical and horizontal stressed tendons, gap opening devices as well

as BRBs have been provided to ensure collapse prevention and active re-centering. Both

Horizontal and vertical post-tensioned devices produce resisting moments to service

loading along the frame and provide restoring forces that tend to return the damaged MF

and the RRC to their pre-earthquake position. The paper also provides a basis for devel-

oping sustainable earthquake resisting structures in the future.

Global Design Led analysis which is a new analytic approach has been used to develop

exact, closed form solutions for RCMFs under gravity and lateral loading conditions. The

proposed mathematical model is ideally suited for manual preliminary design of such

systems. The proposed configuration is both construction friendly and satisfies the theo-

retical conditions of minimum weight design. Several examples have been provided to

verify and demonstrate the applications of the proposed formulations. Two new gap

opening link mechanisms, one for steel and the other for concrete structures that do not

induce unwanted moments in the columns have also been introduced.

The success of the proposed formulations, as compared with classical methods, lies in

the provision of the necessary means that lead to the prescribed objectives rather than

investigating the validity of randomly developed initial schemes. For instance, the adaption

of grade beam-supported, pinned base columns, as opposed to fixed boundaries, allow the

entire structure to respond as a truly controllable rocking systems. However, the proposed

structural scheme is neither perfect nor complete. It is still under development and needs

the test of time and scrutiny before it becomes a viable earthquake resisting system.
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Appendix 1: Gap opening angle

The analysis relating the gap opening angle to the drift ratio can be summarizes as follows.

Let all columns rotate / as shown in Fig. 7a, c. Let Dleft ¼ /Dlft and Dlrightt ¼ /Drt

represent the fall and rise of the ends of the link beam respectively. The total rotation of the

gap and or the brace of Fig. 7b can be formulated as;

�/ ¼ /þ ðDleft þ DrightÞ=l ¼ ðlþ Dlft þ DrtÞ/=l ¼ a/: ð36Þ

Appendix 2: Change in length of a diagonal brace

The axial displacements of any diagonal brace such as that shown in Fig. 7b can be related

to the common drift ratio / as follows. The original length of the brace can be computed as

L2brc ¼ l2 þ h2brc. If Dh ¼ �/l is the change in heights of the two ends of the brace then the

new length can be estimated as �L2brc ¼ l2 þ ðhbrc þ DhÞ2: After omitting the small quantity

D2
h, the change in length can be computed as;

Dbrc ¼ ð�Lbrc � LbrcÞ ¼
Dhhbrc

Lbrc
¼ a/hbrcl

Lbrc
ð37Þ
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