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a b s t r a c t

Humans sometimes make unreasonable decisions when viewed in objective terms. Even in the real
world, we may lose sense of direction by turning around the corner several times or mistaking the
estimation of travel distance. We experimented in virtual space how we lose sense of direction under what
circumstances. In the experiment, subjects viewed a three-dimensional space displayed on a computer
display in the first person’s perspective and were instructed to go straight from the start to the goal
position. Results showed that unreasonable selections that strayed from the centerline connecting the
start and goal positions were frequently made. The change in the direction is more influential than
the change in the distance, and the angle of turning also affects. Furthermore, the subject’s decision
– making process was modeled using Bayesian inference and inverse Bayesian inference. Comparing
the two models, when the decision-making pattern suddenly changed, the model by inverse Bayesian
inference could follow up faster than the Bayesian inference.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Human beings perceive and behave based on uncertain informa-
tion and sometimes make unreasonable judgments when viewed
in objective terms. Modeling of the process used for instantly mak-
ing some kind of decision—even if unreasonable—from uncertain
information for which conditions can suddenly change is impor-
tant not only for understanding the human cognitive process but
also for constructing intelligent systems that can adapt to actual
environments.

Mach (Mach, 1980) and Helmholtz (Helmholtz, 1925)
(Helmholts, 1962) suggested that stochastic inference provides
a basis for the human cognitive process based on uncertain infor-
mation. Additionally, advances in artificial intelligence research
have driven research of cognition and behavior based on such
stochastic inference (Knill, 1998) (Shimozaki, 2003) (Murray, 2003)
(Saunders and Knill, 2004). Given that a causal relation between
two events, such as “if p then q” is true, the contraposition “if not q
then not p” is true, but the converse “if q then p” or the converse of
the contrapositive “if not p then not q” is not necessarily true. It is

∗ Corresponding author at: 537 Kami-Hongo Matsudo, Chiba, 271-0064, Japan.
E-mail address: youichi.horii.jx@hitachi.com (Y. Horry).

known, however, that humans will sometimes perceive the con-
verse to be true and make unreasonable judgments as a result. This
lies in the tendency to make any asymmetry in cause-and-effect
relations symmetric and is therefore called “symmetry bias,” which
has come to be studied in detail through standardized experiments
(Hattori, 2003) (Wasserman et al., 1990) (Anderson and Sheu,
1995) (Hattori and Oaksford, 2007). In these experiments, subjects
were asked to evaluate the extent to which the casual relation of
presented events could be relied upon and attempts were made to
model the processes involved. For example, the contingency model
of Jenkins (Jenkins and Ward, 1965) and the probabilistic contrast
model of Cheng (Cheng and Novick, 1992) have been proposed. In
addition, Hattori discovered that the causal inference parameter
(P(p|q)P(q|p))1/2 that deals symmetrically with “if p then q” and
“if q then p” had a high correlation with this sense of reliability
(Hattori and Oaksford, 2007).

Gigerenzer showed by experiment that human thinking is per-
formed along the lines of Bayesian inference, and, that it can be
influenced by converting expressions for rate of event occurrence
into “frequency” or “probability” (Gigerenzer and Hoffrage, 1995).
Meanwhile, Knill described how humans and other living organ-
isms perform stochastic inference based on uncertain information
obtained from the real world and reported that many experi-
mentally observed examples could be explained by a Bayesian
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perceptual system (Knill and Pouget, 2004). In contrast to react-
ing suddenly to particular input, this system integrates information
that propagates over space and time. He explained that this prop-
erty holds not only for inputted information but also for uncertainty
in the results of behavior. In addition, Manktelow (Manktelow,
2012) classified and analyzed how humans perceive a variety
of uncertain events such as coin-toss games, probability that a
weather report is accurate, existence of the Loch Ness Monster,
etc. It was described here that Bayesian inference, which is used to
update a person’s hypothesis after observing an event as posterior
probability, is the basis for human intuitive cognition. There are
also many studies that children’s developmental process is in line
with Bayesian principles (Bonawits et al., 2012), (Goodman et al.,
2011), (Gopnik and Wellman, 2012), (Griffiths et al., 2012). Pelli-
cano, meanwhile, described how the perceptual process of autistic
patients follows Bayesian inference and that autistic people tend
to dislike unconventional stimuli that do not agree with experi-
ence (Pellicano and Burr, 2012). This result suggests the ability and
limitations of the Bayesian inference.

As mentioned above, the Bayesian inference has become widely
used to model various cognitive and decision-making processes
and hundreds of studies have been done (Bowers and Davis, 2012)
(Jones and Love, 2011) (Lee and Sarnecka, 2011) (Perfors et al.,
2011) (Dawson and Gerken, 2011). However, Knill pointed out that
Bayesian inference does not respond sensitively to unconventional
input (Knill and Pouget, 2004). As described later in the next section
(Fig. 1), simple Bayesian inference does not immediately follow a
sudden change in data such that the model itself changes. Mean-
while, Gallistel et al. have proposed a method “Bayesian change
point analysis” which detects sudden change of data (Gallistel
et al., 2004), (Gallistel, 2009), (Baker et al., 2016), (Papachristos
and Gallistel, 2006). First, for the null hypothesis that data does not
change abruptly and alternative hypotheses, calculate the ratio of
likelihood, that is, the Bayes factor. Using the sign of the logarithm
of the Bayes factor (i.e., weight of the evidence), it is determined
whether or not there is a change in the data. When it is evalu-
ated that there is a change, the time at which the distance between
the line connecting the start point and the end point of accumu-
lated data and the cumulative value becomes maximum is set as
the change point. This method has been applied to the analysis of
learning curves of infants and animals. But their Bayesian approach
is not an attempt to model the cognitive process itself.

In response to the above, Arecchi has proposed “inverse
Bayesian inference” which refers to inverse transposition of terms
in Bayes formula (Arecchi, 2011). Independent of Arecchi, Gunji
et al. also proposed inverse Bayesian inference which refers to
replacing conditional probability by marginal probability (Gunji
et al., 2016a,b) (Gunji et al., 2016a,b) (Gunji et al., 2017). In this
paper, we refer to “inverse Bayesian inference” in Gunji’s sense.
While Bayesian inference predicts beforehand the probability that
a hypothesis will be selected to directly derive an optimal solution,
inverse Bayesian inference determines the likelihood of a hypothe-
sis afterwards to alleviate previously prescribed rules. In this paper,
we test by experiment whether inverse Bayesian inference is appli-
cable to modeling of the human decision-making process.

When moving or changing direction, humans continue to update
their own local coordinate system to the world coordinate sys-
tem. Liberman rotated the goldfish in the direction of the two axes
orthogonal to each other, and then observed the nerve cells of the
goldfish which became impossible to swim. Before rotation, the
microfilaments of the cytoskeleton parallel to the dendrites col-
lapsed after rotation, indicating that decision-making to select the
coordinate system is also done at the cellular level (Liberman et al.,
2008) (Igamberdiev and Shklovskiy-Kordi, 2017).

We designed this experimental system to make visual informa-
tion presented to the subject and the results of the subject’s button

operations both incomplete and uncertain so that decision-making
might change suddenly. A total of 418 trials were performed
in the experiment, and it was often found that decision-making
would change abruptly. We model these decision processes using
Bayesian inference and inverse Bayesian inference and compare
them.

In this experiment, the information presented to the subjects is
uncertain, and the pattern of decision of the subjects is designed to
change suddenly. The uncertainty of the information obtained in
the actual decision making depends on the situation at that time
and the knowledge of the subject. In addition, even if it is possible
to make a reasonable judgment with sufficient time and necessary
knowledge, in actual circumstances, there are many cases where
judgment must be made immediately. Therefore, we designed an
experiment that (i) does not rely on past knowledge and experi-
ence, (ii) reproduces the situation to be judged one after another,
and (iii) the degree of uncertainty can be controlled.

2. Bayesian inference and inverse bayesian inference

2.1. Bayesian inference

First, we show a simple example of Bayesian inference. Time
series data d:{d 0.d T−1(T is data length)} obtained by experiment
takes on binary values, that is, −1 or 1. Given N hypotheses, we
denote the prior probability of hypothesis hi (i = 1.N) at time step t
as P t(hi) and the probability (likelihood) that the data at time step
t is 1 for a given hypothesis as P t(d|hi). Initial values of these prob-
abilities are P 0(hi) = 1/N and P 0(d|hi) = i/(N + 1). Now, the posterior
probability P t(hi|d) of each hypothesis hi according to d t at each
step in this time series of data is successively calculated by Eq. (1).

ifdt = 1Pt(hi|d) =Pt(hi)Pt(d|hi)/
∑

k = 1.N(Pt(hk)P
t(d|hk)) (1)

ifdt = −1Pt(hi|d) =Pt(hi)(1 –Pt(d|hi))/
∑

k = 1.N(Pt(hk)(1 –Pt(d|hk)))

Next, posterior probability P t(hi|d) obtained in this way is sub-
stituted in the prior probability of the hypothesis, P t+1(hi) in the
next step.

Pt+1(hi) =Pt(hi|d) (2)

The above process is Bayesian inference. Here, likelihood P
t(d|hi) of hypothesis hi for which prior probability P t(hi) is max-
imum shows the change in event probability as inferred from the
data.

2.2. Inverse bayesian inference

Next, in inverse Bayesian inference (Gunji et al., 2016a,b), the
process described above continues with the following process. First,
using random number r equal to or greater than 0 and less than∑

k= 1·N(1-P t(hk)), we select hypothesis hi with the smallest pos-
sible prior probability P t(hi) satisfying equation (3).

Qi – 1 ≤ r≺QiwhereQ i =
∑

k=1.i(1 –Pt(hk)),Q0 = 0 (3)

Likelihood P t+1(d|hi) of the above hypothesis is now substituted
by the most recent moving average P tmov(d) of the frequency of d
t = 1. In other words, this process updates the hypothesis itself. s
indicates the interval of moving average.

Pt+1(d|hi) =Ptmov(d) =
∑

k = t-s.t(dk/(s + 1)) (4)

As described above, the Eqs. (1) to (4) are combinations of
Bayesian inference and inverse Bayesian inference, and therefore
are called BIB (both Bayesian and Inverse Bayesian) inference (Gunji
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Fig. 1. (a) Change in cumulative average of the data from the start P t
ac(d) (blue), and likelihood P t(d|hi) for maximum prior probability P t(hi) by Bayesian inference. (b)

Moving average of the data P t
mov(d) whose interval is 25 (blue), and likelihood P t(d|hi) by BIB inference. Both data are randomly generated and the probability that 1 will

occur is 0.85 when T ≤ 500, and 0.25 when 500 < T (gray). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

et al., 2016a,b). Fig. 1 shows a simple example of Bayesian inference
(a) and BIB inference (b). The binary time series data (1 or −1) used
here is randomly generated, and the probability that 1 will occur is
0.85 before 500 steps and 0.25 thereafter (gray). The staircase lines
with color indicate the likelihoods with the maximum prior proba-
bilities, the BIB inference follows the sudden change in probability,
while Bayesian inference follows asymptotically. In addition, the
blue lines show (a) the cumulative average from the start and (b)
the moving average with the interval of 25 steps, which change
with the same tendency as the result of each inference.

Here, joint probability P(d, h) satisfies Eq. (5).

P(d, h) =P(h|d)P(d) (5)

Eq. (6) can therefore be obtained from Eq. (2) of Bayesian infer-
ence.

Pt(d, h) =Pt+1(h)Pt(d) (6)

In addition, Eq. (7) can be obtained from Eqs. (4) and (5) of
inverse Bayesian inference.

Pt(d,h) =Pt(h)Pt−1(d) (7)

In Eqs. (6) and (7), the prior probability and the data probability
become the temporal converse of each other. In Eq. (6), the prior
probability P t+1(h) is predicted beforehand to directly derive an
optimal solution. On the other hand, in Eq. (7), data probability
P t−1(d) is determined by post-diction to alleviate previously pre-
scribed rules. That’s the reason why the name of this method is
called inverse Bayesian inference (Gunji et al., 2016a,b).

The problem of perception and decision making can be thought
of in the framework of endophysics such as understanding the
nature of the world by the internal observer (Rossler, 1996). Retro-
causality is a way of thinking about opposite causality and time
(Matsuno, 2017). Bayesian inference (Eq. (1)) in BIB inference
corresponds to the forward direction of time, while the inverse
Bayesian inference (Eq. (4)) corresponds to the reverse flow of time.
When considering human reasoning ability and decision-making,
the logic which is normally thought not to depend on time has
deep connection with time (Gunji et al., 2006) (Sasai and Gunji,
2008) (Sawa and Gunji, 2014). Sawa proposed a double Homuncu-
lus model in which two differential equations influenced each other
and expressed the recursive structure of the observer. By combin-
ing this model, various kinds of logic gates can be constructed, and
the reverse logic gate allows us to consider of the reverse flow
and uncertainty of time (Sawa and Igamberdiev, 2016) (Sawa and

Igamberdiev, 2017). In order to realize this, the double Homunculus
model adopts hidden and dummy variables. In BIB inference, these
variables correspond to likelihood and prior probability.

In the following sections, we first describe our experimental
method for having subjects perform successive decision-making
based on incomplete and uncertain information. We then use
Bayesian inference and BIB inference to model the decision-making
process obtained by this perceptual experiment including unrea-
sonable judgments. Finally, we present the results of comparing
these models with experimental data.

3. Materials and methods

3.1. Design

In this experiment, the decision-making process for moving to
a certain destination was reproduced in a virtual space. Even in the
real world, by misunderstanding the target direction by repeating
turning left or right several times, or misunderstanding the esti-
mation of the distance traveled, we may lose a sense of direction.
In order to reproduce such a situation, we developed software that
proceeded in the virtual space by right and left selection of subjects.
In this experiment, (i) subjects do not need any special prior knowl-
edge, and (ii) they need to continue deciding which way to proceed.
Also, (iii) the degree of uncertainty is controlled by the forced selec-
tion of the software. The left and right data series selected by the
subject are analyzed using Bayesian and BIB inference shown in
Section 2 with binary values of 1 and −1, respectively.

3.2. Procedure and tasks

As shown in Fig. 2 (left) and Table 1, there are four types of
three-dimensional (3D) objects: (a) rectangles, (b) hexagons, (c)
walls created in ad hoc, and (d) pillars. These objects are arranged
within a prescribed area. The 3D objects (a) to (c) were assumed
to test the sense of direction, and the 3D object (d) was assumed
to test the sense of migration. As shown in Fig. 2 (right), the space
viewed from the first person’s perspective consisting of 3D objects
is displayed on a computer screen. The viewpoint position in 3D
space moves according to the subject’s left/right key selection. In
the case of (a) to (c), the view direction is also changed. In the case
of (c), walls are automatically created on the left and right in the
next dead end (impossible in reality). In the case of (d), the pillars-
like objects are randomly arranged, and the viewpoint advances
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Fig. 2. Screenshot of experiment on moving through a virtual three-dimensional space arranged with objects. The viewpoint in this three-dimensional space moves according
to the subject’s selection of a left or right key. The subjects were instructed to move in the forward direction from the start position. Key-operations and the elapsed time
were recorded.

Table 1
Task list of this experiment. For tasks 1–4, only the subject selects direction of move-
ment, while for tasks 5–8, the software randomly selects left and right, once in three
times. The subjects perform all tasks 1–3 times.

Task 3D model selection by

1 (a) Rectangles subject only
2 (b) Hexagons
3 (c) Ad hoc walls
4 (d) Pillars
5 (a) Rectangles subject- > subject- >

software6 (b) Hexagons
7 (c) Ad hoc walls
8 (d) Pillars

in a zigzag manner diagonally forward by selection of the left and
right of the subject. The migration length in the left or right (lateral)
direction is set randomly within a certain range while the migra-

tion length in the forward direction is fixed. In all cases, the time
to move to the point where the next selection is required is 1000
milliseconds. In tasks 1–4, only the subject selects the direction of
movement. To increase the degree of uncertainty, in tasks 5–8, the
software automatically selects the left or right key once for each of
the three key selections.

If the same experiment were to be performed in the third per-
son’s perspective such as in Fig. 2 (left), the subject would likely
arrive at the correct goal position with ease. This is because such
a view would enable the subject to determine the relationship
between the start and goal positions and his or her current loca-
tion at all times. However, in the first persons’ perspective of this
experiment as shown in Fig. 2 (right), the subject cannot look back-
wards and can only obtain information in the forward direction
within a certain field of view angle (40 ◦ in this experiment). So,
the information presented to the subject is uncertain in this exper-
iment.
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3.3. Variables and research questions

Independent and dependent variables of this experiment are as
follows:

Independent variables

- 3D models (rectangles, hexagons, ad hoc walls, and pillars)
- Selection left or right by subjects and software (subject only and

both subject and software)

Dependent variables

- Left or right selection sequence
- Time required for judgment
- Number of unreasonable judgements (straying from the center-

line connecting the start and goal positions)
- Goal position

The research questions of this experiment are as follows:
RQ1 Does the subject’s goal position change depending on

the 3D model?
RQ2 Does time of subject’s judgment change depending on

3D model?
RQ3 Does the ratio of subject’s unreasonable judgment

change depending on 3D model?
RQ4 Do the subject’s goal position, the ratio of irrational

judgment, and the judgment time change with the
degree of uncertainty?

RQ5 Can Bayesian inference and BIB inference model actual
data?

RQ6 Does the accuracy of Bayesian inference and BIB
inference change with the degree of uncertainty?

RQ7 Does BIB inference provide higher accuracy than
Bayesian inference?

RQ8 Does the difference in error between Bayesian
inference and BIB inference change as the degree of
uncertainty increases?

3.4. Participants and instruction

The subjects were naïve college students numbering 30 in total
(18 men and 12 women) without any detailed knowledge of this
field. The subjects were instructed that “the goal lies straight
ahead—select either the left or right arrow key to advance toward
the goal” and were encouraged to move straight ahead as much as
possible. In each trial, the subjects performed these key operations
until 3D objects could no longer be seen, which took about 50 steps.
In tasks 3 and 7 (ad hoc walls), each experiment was continued up
to 50 steps. Each task was completed in about 1 min and a break of
about 30 s was set up until the next task execution. The order of the
tasks was 4, 8, 1, 5, 2, 6, 3, and 7, and the subjects were conducted
1–3 times. There was no notable difference between the same tasks
of the same subjects, and no influence of fatigue and accustomed
was observed. Due to ethical issues, all the participants signed a
form in which they accepted to participate in the experiment and
let their data to be used in anonymized and aggregated form for
research purposes.

4. Results

4.1. Result of experiments

Examples of experimental results are shown in Fig. 3. The line
graph in the figure represents the locus of viewpoint motion when
observing the 3D space from above. The vertical direction in this
graph corresponds to forward direction in the experiment. The
points on this locus indicate locations where left or right was

selected, and the numerical values indicate elapsed time (second)
since the start of the experiment.

The distribution of the distance between the goal position and
the actual arrival point for each task is shown in Fig. 4. The results of
the experiment using pillars (tasks 4 and 8) are significantly smaller
than that of the other 3D objects (RQ1). Fig. 5 shows the distribution
of time until the subject selects left and right keys. In the tasks of
the pillars, the time required for the decision is significantly shorter
(RQ2).

The result in straying from the centerline connecting the start
and goal positions can be seen. Fig. 6 shows the percentage of such
an unreasonable judgment among left and right selection by sub-
jects in about 50 steps in each trial. This percentage does not include
selection by software. The proportion of unreasonable judgment
when the 3D object is rectangles and hexagons is higher than that
of ad hoc and pillars (RQ3).

As shown in Fig. 4 to Fig. 6, these three results (goal position,
judgment time, and percentage of unreasonable judgment) were
unrelated to the presence or absence of forced selection by the pro-
gram except task 4 & 8 in unreasonable decision (RQ4). In tasks of
pillars, the subject reaches a position not far from the correct goal,
the unreasonable judgment rate is low, and the judgment time is
short. Therefore, it can be said that these are the easiest tasks for
the subject. That is, the influence of the change of the distance on the
task is smaller than the change of the direction. In tasks of rectangles
and hexagons, the distance from the correct goal was large, the ratio
of unreasonable judgment was high, and it took time to judge, so
these may be difficult tasks for the subject. A possible reason is that
in the case of rectangles, there are two types of distances traveled
by left or right selection. Also, in the case of hexagons, turning 60 ◦

is rarely experienced in reality. For these reasons, it may be difficult
in these two cases.

4.2. Evaluation of results using bayesian inference and BIB
inference

In this section, we calculate Bayesian inference and BIB infer-
ence described in section 2 setting d t = 1 when left is selected and
d t = −1 when right is selected in the experiment. The number of
hypotheses N is set to 9. Fig. 7(a) shows the prior probability P t(hi)
of hypothesis hi against time obtained only by Eqs. (1) and (2) (i.e.
only Bayesian inference), and Fig. 7(b) shows those obtained by
Eqs. (1) to (4) (i.e. BIB inference). The probability where d t = 1, that
is, likelihood P t(d|hi) of each hypothesis by Bayesian inference is
invariable but likelihood by BIB inference is updated sequentially
as shown in Fig. 8.

Fig. 9(a) shows average from start time P t
ac (d) for percent-

age occurrence of d t = 1 and the likelihood of Bayesian inference
P t(d|hi) for the hypothesis having maximum prior probability P
t(hi), and Fig. 9(b) shows moving average P t

mov(d) and likelihood
of BIB inference. The results of Bayesian inference follow average
P t

ac(d) from start time while the results of BIB inference follow
moving average P t

mov(d). It can therefore be said that Bayesian
inference is effective for a steady data-appearance pattern and that
BIB inference is effective for a suddenly changing data-appearance
pattern.

Next, in order to further investigate whether actual behavior can
be modeled, comparison was made based on the cumulative value
of the likelihood with the highest prior probability. Here, we com-
pared cumulative change of experimental data crawt =

∑
k = 0.t d k

with cumulative change of the results obtained by Bayesian infer-
ence and BIB inference expressed as cinf t =

∑
k=0.t (2P k(d|hi) − 1).

Here, since P t(d|hi) takes a value from 0 to 1, it is converted from −1
to 1. As shown by the example in Fig. 10, Bayesian inference cannot
track the sudden change in behavior occurring near the middle of
the experiment while BIB inference can.
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Fig. 3. Bird’s-eye view of experimental results showing movement history. (a) task 5, (b) task 6, (c) task 7, and (d) task 8. The line graph is the locus of viewpoint motion
when observing the three-dimensional space from above and the vertical direction corresponds to forward direction. Points on the locus indicate locations where left or right
was selected, and the numerical values indicate elapsed time (second) since the start of the experiment. The red line shows the trajectory selected by the software. The lower
right square shows the scale of the space, and the length in the longitudinal direction (goal direction) and the length in the lateral direction are both 100. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Distributions of displacement from the correct goal position at the end of the test. The value of the vertical axis is normalized by the average value of the moving
distance of each step. Variances of tasks 4 and 8 ((d) pillars) are significantly smaller. In this figure (also in Fig. 5, Fig. 11, and Fig. 14), the upper and lower ends of the box are
75% and 25% of the data distribution, and the middle line shows the median value. The black circle indicates the average value, and the upper end and the lower end of the
whisker indicate the maximum and minimum values. The number of trials for tasks 1–8 are 49, 51, 50, 58, 51, 52, 50, and 57, (total 418 trials) respectively.

Table 2 and Fig. 11 show the mean square error
E =

∑
t =0.T-1(crawt

∑
t=0·T-1(crawt−cinf t)2/T between the actual

data and the inference results. E1/2 in
Table 2 means times where the inference result is different from

the actual selection. That is, Bayesian inference can be estimated
within the error range of 0.80–5.52 times, and in the BIB inference

it can be estimated within the error range of 0.80–5.65 times (RQ5).
In tasks 5–8 where there is forcible selection by software as com-
pared with tasks 1–4, the mean square error E becomes large. That
is, as the degree of uncertainty of information increases, the estima-
tion error increases for both Bayesian inference and BIB inference
(RQ6). The average value of the mean squared error excluding tasks
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Fig. 5. Time taken to select left and right of the subject (millisecond). Time for tasks 4 & 8 ((d) pillars) was significantly shorter.

Fig. 6. Percentage of unreasonable judgment among subjects’ decisions in each test. Error bars indicate standard error. Tasks 1, 2, 5, and 6 ((a) rectangles & (b) hexagons) are
higher than tasks 3, 4, 7, and 8 ((c) ad hoc & (d) pillars) in terms of unreasonable judgment. The dotted line shows the average value of task 1–4 and task 5–8.

Fig. 7. Change in prior probability P t(hi) by Bayesian inference (a) and BIB inference (b). In this graph, one of the results of task 4 is used. The moving-average interval used
by inverse Bayesian inference was set to 7. (Also in Fig. 8, Fig. 10, and Fig. 13).

1 and 5 and the median of all tasks were smaller in BIB inference
than in Bayesian inference. However, these significant differences
(T test p < 0.05) were not observed except task 8 (RQ7). Fig. 12
shows the difference in error between Bayesian estimation and BIB
estimation. There is no significant difference, but as the degree of

uncertainty is higher, the result of BIB inference tends to be slightly
advantageous (RQ8).
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Fig. 8. Change in likelihood P t(d|hi) of each hypothesis of Bayesian inference (a) and BIB inference (b). The thick segments on these plots indicate the hypothesis having the
maximum prior probability P t(hi). Likelihood is constant in Bayesian inference, but the likelihood of BIB inference is updated according to the moving average P t

mov(d).

Fig. 9. (a) Change in cumulative average from the start position P t ac(d) (black) and likelihood P t(d|hi) for maximum prior probability P t(hi) by Bayesian inference. (b) Moving
average P t

mov(d) (red) and likelihood by BIB inference. The likelihood by Bayesian inference change in line with the average from start time while those by BIB inference
change in line with the moving average. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Comparison of actual measurements and inferred values at each step. The yellow plot shows cumulative change of experimental data craw t and the turquoise and
purple plots show cumulative change cinf t of the results obtained by Bayesian and BIB inference, respectively. Bayesian inference cannot keep up with sudden changes, but
BIB inference can. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

5. Discussion

As shown in Section 4, the goal position, the judgment time, and
percentages of the unreasonable decisions did not change depend-

ing on the presence or absence of software intervention (RQ4), but a
large change was observed in the inference error (RQ6). Also, when
there was software intervention, the error of BIB inference was
somewhat lower than the Bayesian inference (RQ8). In the event
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Table 2
Mean square error of inferred values cinf t relative to experimental data craw t for each task.

task1 task2 task3 task4 task5 task6 task7 task8

Bayes BIB Bayes BIB Bayes BIB Bayes BIB Bayes BIB Bayes BIB Bayes BIB Bayes BIB

mean (E) 0.72 0.95 0.76 0.67 0.64 0.64 8.13 6.73 30.52 31.91 23.25 18.57 19.03 15.75 18.76 14.76
E1/2 0.85 0.98 0.87 0.82 0.80 0.80 2.85 2.60 5.52 5.65 4.82 4.31 4.36 3.97 4.33 3.84
SD 0.54 2.26 0.45 0.37 0.46 0.60 6.76 4.68 22.66 35.93 25.89 25.16 20.05 15.10 18.57 14.79

median 0.54 0.52 0.57 0.55 0.53 0.51 5.64 5.54 26.96 18.42 16.51 13.10 13.51 13.34 12.07 10.67
T test p 4.4E-01 8.1E-02 9.9E-01 9.7E-02 6.8E-01 1.9E-01 5.9E-02 2.8E-03

Fig. 11. Mean square error of inferred values cinf t relative to experimental data craw t for each task.

Fig. 12. Difference in mean squared error between Bayesian inference and BIB inference. There is no significant difference, but as the degree of uncertainty is higher, the
result of BIB inference tends to be slightly advantageous. The dotted line shows the average value of task 1–4 and task 5–8.

that data behavior suddenly changes, a divergence arises between
the cumulative average P t

ac(d) and the moving average P tmov(d).
For example, when suddenly selecting the same direction in succes-
sion in contrast to past behavior as shown by the arrow in Fig. 13(a),
a large divergence arises between the cumulative average P t

ac(d)
and the moving average P t

mov(d) as shown in Fig. 13(b) in black
and colored lines, respectively. As shown in Fig. 14, such a diver-
gence increases as the degree of uncertainty increases, and shows
the same tendency as the inference error for each task. In Bayesian
inference, the prior probability P t(hi) of the hypothesis with the
likelihood P t(d|hi) near the cumulative average P tac(d) is high, but
in BIB inference, the likelihood P t(d|hi) is updated by the value of
moving average P t

mov(d), and as a result, the prior probability P
t(hi) of that hypothesis becomes high.

The results of an experiment involving movement through the
first person’s perspective revealed many judgments that could be
considered unreasonable when viewed in objective terms. In addi-
tion, judgments of this type would suddenly appear. This is thought
to be because the subject would suddenly feel that “I went far” and
think “I must return.” We modeled such a decision-making process
by both Bayesian inference and BIB inference and showed that the
latter could deal with such sudden changes.

As Gigerenzer (Gigerenzer and Hoffrage, 1995), Knill (Knill,
1998), and Manktelow (Manktelow, 2012) pointed out, the results
of this experiment also suggest that human decision making pro-
cess can be modeled by Bayesian inference. However, as the degree
of uncertainty of information increased, accuracy of inference
tended to decrease. BIB inference can also be estimated with the
same precision as Bayesian inference, and there is a possibility of
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Fig. 13. Change in number of times same direction was consecutively selected (a) and change in cumulative average P t ac(d) (black) and (b) moving average P tmov(d) (colored,
interval: 4–20). As indicated by the arrow, consecutive selection of the right direction results in a divergence between cumulative average and moving average. A difference
consequently arises between the results of Bayesian inference and BIB inference with the latter performing sensitive tracking of immediately previous changes.

Fig. 14. Maximum difference between the cumulative average P t
ac(d) and the moving average P t

mov(d).

being able to estimate with higher accuracy in situations where the
behavior changes suddenly.

In the BIB inference mentioned in Section 2, moving average
was applied to the likelihood in the process of inverse Bayesian
inference. In addition to this, it is also possible to use weighted
averages, exponential moving averages and others. The interval of
moving average corresponds to how much information of the past is
taken as an internal state. This value was about 7 s in the experiment
described in Section 4 and about one month in the economic indices
mentioned in Section 5. We will consider the optimal method to
capture from the past information into the internal state.

Apart from this experiment, we consider that BIB inference can
be used to model the various types of decision making processes
of organisms including humans. Also, BIB inference can easily deal
with multiple values and continuous values in addition to binary
data as presented here. For extending to the multiple values, let P
t(dm|hi) be the likelihood that hypothesis hi takes values in each
interval m (m = 0, 1, . . ., M − 1), where M is the total number of

discrete values. For Bayesian and inverse Bayesian inference, Eqs.
(8) and (9) are calculated, respectively.

Pt+1(hi) =Pt(hi|dm) =Pt(dm|hi)Pt(hi)/
∑

k = 1.NP
t(dm|hk)Pt(hk)(8)

Pt(dm|hi) =Ptmov(dm) =
∑

u=t-s.tPu(dm)/(s + 1) (9)

The inference examples of economic indicators, such as stock
price, exchange rate, and oil price are shown in Fig. 15. These indi-
cators represent the culmination of many human decision-making,
and sometimes they show unexpected behavior. As shown in the
figures, when the number of data is large, the model using BIB
inference can better represent the actual data.

6. Conclusion

In the experiments of moving in a virtual three-dimensional
space, many unreasonable judgments were observed. Depending
on the three-dimensional model, the goal position, judgment time,
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Fig. 15. Inference examples of economic indicators. (a) Stock price (Dow-Jones Average, 2017), (b) Exchange rate of Japanese Yen vs US Dollar (Exchange rate, 2017), and (c)
Oil price of West Texas Intermediate (Oil price, 2017). The number of hypotheses N is 28, the number of sections of values M is 28, and the interval of moving average is 32.
Even in unconventional situations such as the Lehman shock, BIB inference can follow the actual data.

and unreasonable judgment ratio changed. However, differences
due to changes in the degree of uncertainty were not observed.
The change in the direction is more influential than the change in
the distance, and the angle of turning also affects. As a result of
applying the time series data of the judgment of the subjects to the
Bayesian and BIB inference, both results are roughly consistent with

the actual data. As the degree of uncertainty increases, the inference
error also increases. The result of BIB inference tends to match the
actual data rather than that of the Bayesian inference. It is thought
that the decision-making process in which the strategy suddenly
changes can be modeled by BIB inference. In addition, when the
number of data is large, the effectiveness of BIB inference may
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become remarkable. In the future, we are planning experiments
to verify whether we can walk straight in real city blocks.
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