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Phase-Locked Loop Based on Selective Harmonics
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Abstract—Phase-locked loops (PLL) are widely used in power
electronics equipment connected to the mains. The use of a square
wave voltage-controlled oscillator instead of a sinusoidal one elim-
inates one multiplier, resulting in a simple PLL algorithm, suitable
for low-cost processors. In spite of its simplicity, distorted grid
voltages cause steady-state phase error. This paper proposes the
use of a modified square waveform obtained by the selective har-
monics elimination (SHE) method to solve the phase error prob-
lem. Simulation and experimental results for the steady state and
the transient tests are presented to validate the proposed single-
phase and three-phase SHE-PLL methods. The tests using a field-
programmable gate array show that the dynamic response of the
proposed method is similar to that of classical PLL, with a simpler
implementation.

Index Terms—Field-programmable gate arrays (FPGA), phase-
locked loops (PLL), power electronics.

I. INTRODUCTION

PHASE-LOCKED loops (PLLs) are widely used in commu-
nication, control, automation, and instrumentation systems

to achieve signal synchronization. Recently, PLLs have found
many applications in grid-connected power electronic devices:
1) to synchronize thyristor firing circuits [1]; 2) to transform
variables between stationary and synchronous rotating refer-
ence frames [2], [3]; 3) to compute power system disturbances
in power quality monitoring systems [4], [5]; and 4) to calculate
reference signals for the internal control loops in uninterruptible
power supplies [6], dynamic voltage restorers [2], [5], active fil-
ters [5], and power converters used in distributed energy systems
[3], [7], including wind and photovoltaic systems [8]. In these
applications, the PLL detects the phase angle and frequency
of the grid fundamental voltage. On the other hand, three-phase
PLLs detect the positive sequence component, even for distorted
and unbalanced grids [3], [9]–[20].

The typical PLL [21], [22] is composed of a phase detec-
tor (PD), a loop filter (LF), and a voltage-controlled oscillator
(VCO) (see Fig. 1).
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Fig. 1. PLL—general structure.

Fig. 2. Classical single-phase PLL.

The PD compares the reference signal vi with the feedback
signal vo , producing a signal vf that depends on the phase error
between vi and vo . All the cases discussed in this paper use
the linearized multiplier type PD [20]–[22] followed by a low-
pass filter (LPF). The LF attenuates the oscillating terms of
the error signal vf . The VCO generates an output signal vo with
frequency ω. The complete system produces an output signal vo ,
synchronized in phase and frequency with the reference signal
vi .

Often the feedback signal vo is a unit amplitude sinusoidal
signal [1]–[11], [23], [24]. This strategy is defined in this paper
as a classical PLL.

In [21] and [22], the sinusoidal VCO was replaced by a square
wave VCO for analog implementation. This method does not
need an analog multiplier in the PD block and is suitable for
hardware implementations with pure sinusoidal input. The prod-
uct of vi by a two-level (±1) signal vo was accomplished by
mixed analog/digital circuitry. Nowadays, the square wave strat-
egy can be useful for PLLs implemented in microcontrollers,
DSPs, and field-programmable gate arrays (FPGA). In this pa-
per, the PD in Fig. 2 that computes the product vmult = vo · vi in
the classical PLL is replaced by the operation vmult = sign(vo),
eliminating one multiplier. Another advantage compared to the
classical PLL is to reduce memory usage associated with long
lookup tables required to store the sinusoidal waveforms with
reasonable accuracy.

According to [22], the square wave PLL is not applicable
to input signals with harmonics, because the steady-state phase
error is not null. We propose an improvement on the square
wave PLL which consists in substituting the original square
wave by the selective harmonics elimination (SHE) waveform,
thus minimizing the PLL phase angle error.
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This paper is organized as follows. Section II reviews the oper-
ation of the classical PLL, emphasizing that it synchronizes with
the fundamental component of the input signal vi . Section III
describes the square wave PLL. Section IV discusses the oper-
ation of the square wave PLL, explaining why the phase error
increases with distorted input signals.

The PLL phase error is computed as a function of the spec-
trum of the grid voltage. Section V discusses the requirements
for the pulsewidth modulated squared SHE waveform and the
evaluation of its switching angles. Section VI presents simula-
tion and experimental results for both steady state and transient
tests of a single-phase PLL, validating the proposed SHE-PLL
method. The tests were carried out using an FPGA. The three-
phase SHE-PLL is analyzed in Section VII, where experimental
results are shown. The square wave PLL and the SHE-PLL al-
gorithms present a dynamic response similar to the classical
PLL. Notwithstanding, they are implemented in a simpler way.
Section VIII concludes this paper.

II. CLASSICAL SINGLE-PHASE PLL

Fig. 2 shows the topology of the classical single-phase PLL,
using a multiplier type PD.

Let the input voltage be represented by

vi = A1 sin (ω1t + φ1) + A2 sin (2ω1t + φ2) + . . .

=
∞∑

k=1

Ak sin (kω1t + φk ) (1)

where A1 is the fundamental peak value, ω1 is the fundamental
angular velocity (frequency), ω is the grid nominal frequency,
and φ1 is the fundamental phase angle. The feedback signal vo ,
which is the PLL output with unit amplitude, is a sinusoidal
voltage represented by

vo = cos (ωot + φo) = cos θo . (2)

The signal vmult is computed in the Appendix by calculating
the multiplier output vmult = vo · vi in (A.1) and by consider-
ing that vo tracks vi , i.e.,(ωo = ω1) in (A.2). The signal vmult
presents a dc and oscillating components. Keeping in mind that
vi contains odd and even harmonics, the oscillating terms of
vmult are thus multiples of the mains fundamental frequency
ω1 .

The LPF block is designed to guarantee that the high fre-
quency components of vmult are attenuated; thus, the steady-
state filtered output vf can be described by

vf =
A1

2
· sin φd. (3)

In this paper, the LPF block in Fig. 2 is implemented using
a moving average filter (MAV) [5], [14], [18]–[20]. The MAV
filter with a window length T, corresponding to the fundamental
frequency period, eliminates all the oscillating terms of vmult
that are multiples of the fundamental frequency ω1 . According
to (A.2), if vi contains only odd harmonics, the oscillating terms
of vmult are multiple of 2ω1 . In this case, a MAV with a window
length of T/2 can be used, resulting in lower memory usage and
faster LPF response [14].

Fig. 3. Nonlinear single-phase PLL dynamic model.

Fig. 4. Linearized single-phase PLL model.

Fig. 5. Square wave feedback signal PLL.

Equation (3) leads to the nonlinear model shown in Fig. 3.
The phase error is φd = θi − θo . Considering θi = ω1t + φ1
and θo = ωot + φo , when ω1 = ωo , the phase error is equal to
φd = φ1 − φo .

If φd is very small, then sin (φd) ∼= φd and the linearized
model in Fig. 4 is obtained.

Note that the closed-loop gain of this PLL is highly dependent
on the peak amplitude of the fundamental voltage A1 , as seen
in (3). Normalization of the input voltage has been suggested in
[9] to minimize the effects of grid voltage variations on the PLL
dynamic response.

For the stable steady-state operation point, φd = 0, vf = 0
and vo are in quadrature with the input voltage vi . The signal vo

in Fig. 2 is in phase with the input voltage vi .

III. SQUARE WAVE FEEDBACK SIGNAL PLL

The single-phase square wave PLL, shown in Fig. 5, has the
same structure of the classical PLL in Fig. 2. However, it uses
the square wave vos (see Fig. 6) instead of using the output
voltage vo = cos (ωot + φo) = cos θo as feedback signal to the
PD. The signal vos is obtained at the output of the square wave
generator and depends on the phase angle θo according to the
function f (θo) defined in Fig. 5.

The first component of the Fourier series expansion of vos

is proportional to the sinusoidal signal vo , suggesting that the
behavior of the square wave PLL is similar to the classical PLL.
The gain π/4, which is added to keep the closed-loop gain
constant for all presented PLLs algorithms, will be derived in
Section IV-A. Performance loss due to the harmonic components
of vos will be discussed in Section IV-B. One advantage of a
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Fig. 6. Square wave vos and PLL output vo voltage.

Fig. 7. Square wave feedback signal PLL.

square wave VCO is that the PD becomes a simple “multiply by
one” operation which can be implemented as shown in Fig. 7.
The signal vmult corresponds to the input signal vi , affected only
by the signal of vos . It is a promising alternative for low-cost
converter systems based on microprocessors, DSPs, or FPGAs.

A second feature is that the evaluation of the sin and cos func-
tions is computed outside the PLL loop, and does not influence
its performance. The sin (or cos) generators (see Fig. 7) can be
omitted in some applications that include the control of thyristor
converters [1]. In this case, only θo is required.

IV. ANALYSIS OF THE SQUARE WAVE FEEDBACK SIGNAL PLL

Using Fourier series, vos can be expressed as

vos =
4
π
·
{

cos (ωot + φo) −
1
3

cos (3 ωot + 3φo) + . . .

}

=− 4
π
·

∞∑

j=1

(−1)j · cos [(2j − 1) ωot + (2j − 1) φo ]
2j − 1

. (4)

The aforementioned equation confirms that vos contains a
scaled copy of the output voltage vo . The input signal vi is
described by (1). Equation (A.3), in the appendix computes
vmult = vos · vi . If vo tracks vi , i.e., (ωo = ω1), vmult is de-
scribed by (A.4).

A. Pure Fundamental Sinusoidal Input Voltage

Let the input voltage be represented by vi =
A1 sin (ω1t + φ1) . The output of the multiplier vmult
(A.5) presents a dc component and oscillating terms.

Using the assumption that the oscillatory terms of vmult are
sufficiently attenuated by the LPF, the filtered signal vf is similar

to the one obtained in (3), except for a 4/π gain, i.e.,

vf =
4
π
· A1

2
sinφd. (5)

For small values of φd , sin (φd) ∼= φd and consequently

vf =
4
π
· A1

2
· φd. (6)

The square wave PLL and the modified square wave PLL
(depicted in Figs. 5 and 7) preserve the LPF and the controller
F (s) but include the gain π/4 to achieve the same dynamical
performance of the classical PLL.

B. Distorted Input Voltage

A more realistic input voltage is analyzed in this section,
considering harmonic distortion at the grid voltages, according
to (1). The output of the multiplier vmult (A.4), presents a dc
component and oscillating terms.

The LPF attenuates the high-order frequency terms of vmult
(A.4); thus, the PD output vf is

vf =
2
π
·

⎡

⎢⎣
A1 sinφd − A3

3
sin (φ3 − 3φo) + . . .

− (−1)j Ak

2j − 1
sin [φ2j−1 − (2j − 1) · φo ]

⎤

⎥⎦

j = 1, . . . ,∞. (7)

Compared to (6), (7) shows that the inclusion of harmon-
ics in vi results in new dc component terms. Harmonics of vi

and vos with the same order contribute to vf . The controller
forces vf and vf to zero; nonetheless, according to (7), the in-
clusion of harmonics in vi may lead to φd �= 0 even if vf = 0.
This explains the phase error for the square PLL operating with
distorted vi .

For example, suppose vi includes a third harmonic
with amplitude A3 = 0.3A1 , and consider the worst
case when sin (φ3 − 3φo) = ±1. This results in vf = 2

π ·[
A1 sin φd ∓ 0.3

3 · A1 · 1
]

. When the PLL is locked, then
vf = 0, which results in a phase error equal to φd =
sin−1 (±0.3/3) = ±5.73◦. The solution for this problem is
presented in the next section.

V. SHE-PLL

As discussed in Section IV-B, if vi and vos have harmonics
of the same order, they contribute to the dc component of vmult
resulting in phase error. One solution for this problem consists
of eliminating all the relevant harmonics that exist in the input
voltage vi from the VCO signal vos . This new signal is called
voSHE and is obtained by means of the SHE algorithm.

The SHE waveform voSHE is shown in Fig. 8, for N = 5
switching angles (α1 , α2 , α3 , α4 , α5) per quarter of VCO period
T. The remaining switching instants are calculated by using the
quarter- and half-wave symmetry of voSHE shown in Fig. 8.

The SHE waveform can be represented by a Fourier series
according to

voSHE =
a0

2
+

∞∑

n=1

an cos (nωot) + bn sin (nωot) . (8)
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Fig. 8. SHE proposed feedback signal, for N = 5.

For the three-level voSHE waveform in Fig. 8, see the
following.

1) The half-wave symmetry property results in a0 = 0:
The quarter-wave symmetry property results in

an =

⎧
⎨

⎩

8
T

·
∫ T /4

0
voSHE cos nωot dt, n is odd

0, n is even.
(9)

2) The even-wave symmetry property of voSHE results in bn =
0 for all n:

According to [25], the quarter-wave coefficients are deter-
mined by

an =
8
2π

·
[ ∫ α1

0
cos nθo dθo +

∫ α3

α2

cos nθo dθo

+
∫ α5

α4

cos nθo dθo

]
(10)

an =
4

nπ
· (sin nα1− sinnα2 + sinnα3− sin nα4 + sin nα5).

(11)

In this paper, the values of (α1 , α2 , α3 , α4 , α5) are calcu-
lated by imposing a1 = 1, and a3 = a5 = a7 = a9 = 0 in (11),
resulting in

a1 =
4
π
· (sin α1 − sin α2 + sinα3 − sinα4 + sin α5) = 1

(12)

a3 =
4
3π

· (sin 3α1 − sin 3α2 + sin 3α3 − sin 3α4

+ sin 3α5) = 0 (13)

a5 =
4
5π

· (sin 5α1 − sin 5α2 + sin 5α3 − sin 5α4

+ sin 5α5) = 0 (14)

a7 =
4
7π

· (sin 7α1 − sin 7α2 + sin 7α3 − sin 7α4

+ sin 7α5) = 0 (15)

a9 =
4
9π

· (sin 9α1 − sin 9α2 + sin 9α3 − sin 9α4

+ sin 9α5) = 0. (16)

Fig. 9. SHE-PLL.

The numerical solution for the system of five nonlinear (12)–
(16) is obtained using the Newton–Raphson method as presented
in [25]. The starting point for the algorithm is obtained using
the method presented in [26], resulting in α1 = 25.58 ◦, α2 =
28.48 ◦, α3 = 48.49 ◦, α4 = 58.87 ◦, and α5 = 69.65 ◦.

The block diagram of the proposed SHE-PLL (see Fig. 9)
is similar to that of the square wave feedback (see Fig. 7). A
slightly bigger lookup table compared to the square PLL is now
required, since additional switching angles must be included.
However, the SHE-PLL table will still be substantially smaller
than what is required for generating a sinusoidal waveform.

VI. SIMULATION AND EXPERIMENTAL RESULTS

To validate the SHE-PLL, we performed simulations using
MATLAB/Simulink and experiments using system generator
from Xilinx. The experimental setup was implemented using the
Spartan-3E FPGA starter kit board. For both cases, we adopted
a sampling frequency of fS = 12 kHz and a fundamental fre-
quency of f1 = 60 Hz. The square wave feedback signal PLL
(see Fig. 7) and the SHE-PLL (see Fig. 9) performances were
analyzed with respect to the classical PLL in Fig. 2.

The input waveform was generated by an external pro-
grammable signal generator (Agilent 332201 A) and injected
in the FPGA A/D converter. The system runs in real time. The
measured signals were periodically stored in the FPGA memory
and sent to the PC using the ChipScope software from Xilinx.
All tests were performed with unit amplitude voltages.

The PLL closed-loop natural frequency was chosen to be
ωn = 25 rad/s and the damping factor equal to ζ = 0.7. The
use of the tuning method presented in [27] for continuous time
proportional-integral (PI) controllers and considering the gain of
(3) result in a proportional gain kP = 70 V · s−1 and an integral
gain ki = 1250 s−1 . The discrete-time PI transfer function was
obtained by the backward Euler method as follows:

F (z) =
70.1042 − 70 · z−1

1 − z−1 . (17)

In this paper, vi is assumed to contain only odd harmonics,
so that the MAV should cancel the even harmonics of vf . Ac-
cording to [19], the MAV with window length T/2 must contain
N2 = fs/(2f1) = 100 samples/fundamental half-period. N2 is
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Fig. 10. Simulation results. (a) Sinusoidal input voltage. (b) Input voltage with
fundamental plus in phase 30% third harmonic. (c) Input voltage with fundamen-
tal plus 90◦ displaced 30% third harmonic. Input voltage (solid line), classical
PLL (dotted line), square PLL (dash-dotted line), and SHE-PLL (dashed line).

Fig. 11. Experimental results. (a) Sinusoidal input voltage. (b) Input voltage
with fundamental plus in phase 30% third harmonic (c) Input voltage with fun-
damental plus 90◦ displaced 30% third harmonic. Input voltage (solid line), clas-
sical PLL (dotted line), square PLL (dash-dotted line), and SHE-PLL (dashed
line).

an integer number that defines the order of the MAV. The dis-
crete transfer function of the MAV is

LPF (z) =
1

100
· 1 − z−100

1 − z−1 . (18)

A. Steady-State Tests

Fig. 10 shows the simulated waveforms for the input
signal vi and the output signal vo , for the classical, square
wave, and SHE PLLs. Fig. 11 presents the corresponding
experimental waveforms. The ideal case, in which the input
signal is a sinusoidal voltage with zero phase angle, is shown in
Figs. 10(a) and 11(a). As expected from (3) and (5), the results
for the three PLL methods are equal, with zero steady-state
phase error between vo and vi .

Figs. 10(b) and 11(b) show the effect of injecting a
third harmonic component with amplitude equal to A3 =
0.3, in phase with the fundamental component. Again, zero
steady-state error is achieved for the classical PLL, as ex-
pected from (3). For the square wave and SHE PLLs, the
steady-state error is also null, since from (7) vf = 0.5 ·
[1 · sin (0 − 0) − (0.3/3) · sin (0 − 3 · 0)] = 0.

Now consider that the third harmonic component of vi lags the
fundamental voltage by 90◦. As seen in Figs. 10(c) and 11(c), the
classical PLL achieves zero steady-state error, as expected from
(3). However, the square wave PLL presents the steady-state
error calculated in Section IV-B, i.e., φd = −5.73◦ (0.265 ms),
where the negative angle means a lag fundamental voltage. In
this case, when the SHE method is implemented, the steady-
state error is null, as shown in Figs. 10(c) and 11(c), because
voSHE has no third harmonic. In other words, in the absence
of low-order harmonics in voSHE , these low-order harmonics of
vi will not add to the output of the PD (7). Only harmonics of
order higher or equal to 2N + 1 = 11 will cause phase error. The
SHE-PLL is a good solution because high-order, high amplitude
harmonics are not expected on the grid voltages.

If the grid distortion is low, the designer can choose voSHE to
have a lower number of switching angles N . If vi is sinusoidal,
then even the square wave PLL (corresponding to the SHE-PLL
with N = 2) has a good performance.

B. Transient Tests

In order to evaluate the PLL transient response to grid faults,
an input signal with a 50% voltage sag and a 45◦ phase jump
was applied to the three PLLs. Simulation and experimental
results are, respectively, shown in Figs. 12 and 13. All the PLLs
present the same behavior because they have the same closed-
loop gain. Transient response is slower after the voltage sag, and
faster when vi restores to unit amplitude because as discussed
in previous sections, the amplitude of the fundamental of vi

affects the closed-loop gain. In steady state, the PD output vf

approaches zero. The signal vf is proportional to sin(φd), so
that vf = 0 corresponds to zero phase error (φd = 0).

Fig. 14 presents experimental results for the SHE-PLL during
a severe fault, where vi goes to zero for a period of 0.4 s and
recovers to the unit amplitude. In these tests, the PI output is
limited to±37.7 rad/s (±10 Hz). Even if the PI integrator drifts
while vi = 0, the sinusoidal VCO output vo continues operating
(although at a wrong frequency). As soon as vi recovers, the PLL
tracks correctly again.

In order to evaluate the transient response and the robustness
to frequency variation of the three PLL methods, a frequency
step from 60 to 66 Hz is applied at the input voltage vi at t =
0.055 s, as shown in Fig. 15 (experimental). The input voltage
is a unit amplitude fundamental component. The parameters of
the PI controller and of the MAV filter are the same for the three
PLLs, assuring identical dynamic responses for the three cases
as can be seen in Fig. 15.

Since the frequency response of the MAV filter depends on
the grid fundamental frequency, the oscillating terms of vmult
will not be completely canceled when operating far from the
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Fig. 12. Simulated results. (a) Input vi with 50% voltage sag and +45◦

phase jump. PD output vf for the (b) classical PLL, (c) square wave PLL, and
(d) SHE-PLL.

Fig. 13. Experimental results. (a) Input vi with 50% voltage sag and +45◦

phase jump. PD output vf for the (b) classical PLL, (c) square wave PLL, and
(d) SHE-PLL.

Fig. 14. Experimental results (SHE-PLL): (a) input voltage, (b) sinusoidal
output vo , and (c) vf .

Fig. 15. Experimental results—frequency jump from 60 to 66 Hz. (a) Input
signal. (b) Δf -classical PLL. (c) Δf -square wave PLL. (d) Δf -SHE-PLL.

MAV filter nominal frequency ω. They will appear in vf and on
Δω (Δf) when the frequency of vi is not exactly 60 Hz. After
the transient, Δf will settle at 66 Hz.

In applications where this ripple is not acceptable, an adaptive
window for the MAV may be used [5]. However, since for inter-
connected and for distributed generation (DG) power systems
the permissible fundamental frequency variation is small, the
square wave PLL and the SHE-PLL with MAV still guarantee
very good harmonics attenuation on vf . For instance, the work
in [28] limits this variation up to ±1% of nominal frequency for
99.5% of week in interconnected power systems. Additionally,
it is established in [29] that for DG systems, no reconnection
can be made if the power system frequency is in the range of
59.3 to 60.5 Hz for a stabilization period of up to 5 min (60 Hz
nominal frequency).

VII. THREE-PHASE SHE-PLL

The synchronous reference frame PLL (SRF-PLL) is shown
in Fig. 16 and is well described in the literature [3], [9], [10],
[12]–[16], and [20]. It tracks the positive sequence components
(at fundamental frequency) of the three input signals via , vib ,
and vic . The three input signals (via , vib , vic) are converted to
the dq rotating frame (vd, vq ), in the abc/dq block by using
the Park transformation [30]. The signal vd is equivalent to the
signal vmult in Figs. 2, 5, and 9, and is used as the unfiltered
measurement of the phase error. The VCO in Fig. 16 generates
three-phase balanced signals (voa , vob ,voc) in phase with the
positive sequence of the input signals. It also generates the other
three-phase signals (voa , vob , voc ) in quadrature with (voa , vob ,
voc).

The abc/dq block of SRF-PLLs can be done in two steps
[9], [12], [13], [15], [16], or directly [20]. The first approach
sequentially processes the input signals from the abc to the αβ
reference frame applying Clarke transformation [31] and then
from the αβ to the dq reference frame by using Park trans-
formation [30]. The second approach [20] proposes the use
of the direct calculation of the dq components. This can be
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Fig. 16. SRF-PLL block diagram.

Fig. 17. PD obtained by the direct abc/dq (Park) transformation.

accomplished by
[

vd

vq

]
=

2
3

[
cos θo cos (θo − 2π/3) cos (θo + 2π/3)
− sin θo − sin(θo − 2π/3) − sin(θo + 2π/3)

]

×

⎡

⎣
via

vib

vic

⎤

⎦ . (19)

Some minor variations of the SRF-PLLs found in the litera-
ture, and discussed in [10], include the following. 1) The use of
vq instead of vd ; 2) the use of positive feedback instead of neg-
ative feedback; and 3) the use of modified versions of the Park
transformation [20]. These choices only affect the displacement
angle between the input and output signals, by multiples of 90◦

and have no influence on the PLL dynamical performance.
Fig. 17 details the abc/dq block using (19). The signal vd =

vmult is the sum of three parts. The first one (2/3via cos θo) is
identical to the vmult signal for the classical PLL, except for the
2/3 gain. Phases b and c contribute with 2/3vib cos(θo − 2π/3)
and 2/3vic cos(θo + 2π/3), respectively. The previous proposal
of using a SHE waveform in Fig. 9 to avoid one multiplier in the
classical PLL can be easily extended to the SRF-PLL. That is, a
three-phase SHE-PLL is obtained if the three cosine functions
are substituted by three SHE waveforms displaced by 120◦. This
eliminates three multipliers when compared to the SRF-PLL.

Fig. 18 shows the experimental results for the three-phase
SHE-PLL under the joint occurrence of a 50% balanced volt-
age sag and a +45◦ phase jump with duration of five grid cy-
cles. The three input waveforms were generated by three ex-
ternal programmable signal generators (Agilent 332201 A) and

Fig. 18. Experimental results, three-phase SHE-PLL, and transient test. Bal-
anced 50% sag plus +45◦ phase jump grid voltages. (a) Phase a input via (solid
line) and output voa (dotted line) voltages. (b) PD output vf .

TABLE I
PHASORS OF THE FUNDAMENTAL COMPONENTS

injected in the FPGA by means of three external A/D convert-
ers. The PI controller was discretized by using a backward Euler
method and adjusted to achieve a fast dynamic response, accord-
ing to the MAV-PLL in [20]. The phase margin was chosen to
be 56◦, for a crossover frequency ωc = 141 rad/s. This result
in kP = 150 V · s−1 and ki = 70 s−1 .

Fig. 18(a) shows the input (via ) and output (voa ) signals
for phase a. The PLL locks to the positive sequence in about
two cycles as shown in Fig. 18(a) and (b), when vf = 0. The
transient after the end of the voltage sag has low damping due
to the increase of the closed-loop gain, caused by the variation
of positive sequence amplitude from 0.5 to 1.0 V.

Steady-state experimental results in Fig. 19(b) show that the
three-phase SHE-PLL locks at the positive sequence of the fun-
damental component when the grid presents distorted and un-
balanced input voltages [see Fig. 19(a)]. The input signals via ,
vib , and vic in Fig. 19(a) have equally displaced fundamental
components, with amplitudes of 0.5, 1.0, and 1.0 V, respectively.
The input signals [see Fig. 19(a)] also include a fifth harmonic
component with amplitude of 0.2 V.

Table I shows the calculated phasors (peak values) of the
fundamental components of the voltages in Fig. 19(a) and
(b). These results confirm that the fundamental components of
the PLL output voltages have unit amplitude, and are equally
displaced.

The evaluation of the positive, negative, and zero sequence
components of voltages in Table I results in Table II. The anal-
ysis shows that only unit amplitude, positive sequence appears
at the output. Moreover, its phase angle is identical to the input
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Fig. 19. Experimental results, three-phase SHE-PLL, and steady-state test.
Grid with 0.2 V of fifth harmonic in all phases plus unbalanced fundamental
voltages. (a) Input voltages via = 0.5 V (solid line), vib = 1 V (dashed line),
and vic = 1 V (dotted line). (b) PLL output voltages voa (solid line), vob

(dashed line), and voc (dotted line).

TABLE II
PHASORS OF THE FUNDAMENTAL SYMMETRICAL COMPONENTS

TABLE III
THDV

one, confirming that the three-phase SHE-PLL tracks the funda-
mental positive sequence of the input signal. The fundamental
zero and negative sequences are canceled.

Table III presents the voltage total harmonic distortion
(THDV) for the waveforms shown in Fig. 19(a) and (b), con-
firming that the harmonic distortion of the output voltages is
low.

VIII. CONCLUSION

This paper presented an implementation of a single-phase
PLL based on a square wave feedback signal with SHE, suit-
able for power system applications. The use of a squared wave
VCO simplifies the implementation of PLLs in FPGAs, DSPs,

or microcontrollers, because the number of multiplications is
reduced and the sine and cosine calculations may be eliminated
for some applications. The SHE-PLL also eliminates the steady-
state phase error inherent to the square wave PLL when the input
signal contains harmonics.

The classical, square wave, and SHE PLLs were simulated
and implemented in an FPGA to generate experimental results
which were compared. Steady state and transient tests for dis-
torted grid voltages, voltage sags, outages and phase jumps,
and frequency variation were performed to validate the algo-
rithm. Tests have demonstrated that the dynamic response of
the SHE-PLL and square wave PLL is similar to the classical
PLL. Moreover, the simulation and experimental results have
shown that the SHE-PLL with fixed window MAV filter is ro-
bust to grid faults including voltage sag with phase jump and
frequency variation up to 6 Hz of nominal frequency.

The single-phase SHE-PLL was then extended to the three-
phase case. The three-phase SHE-PLL substitutes the abc/αβ
block (Park transformation) of the well-known SRF-PLL by the
sum of the products of the input voltages and their correspond-
ing displaced SHE waveforms. Each of the three partial products
is evaluated in the same way as proposed for the single-phase
SHE-PLL, avoiding three multipliers. Experimental results have
shown that the three-phase SHE-PLL tracks the fundamental
positive sequence components of the input signal, with the ad-
vantage of reducing the complexity and the computational effort
of the implementation.

APPENDIX

This appendix computes the output of the multiplier block
vmult = vo · vi for the classical and square wave PLLs.

A. Classical PLL

For vi and vo defined by (1) and (2), vmult = vo · vi is given
by (A.1) as shown at the bottom of the page.

Assuming ωo
∼= ω1 , the aforementioned equation can be sim-

plified to (A.2) as shown at the top of the next page, where
φd = φ1 − φo .

B. Square Wave PLL

For vi and vos defined by (1) and (4), vmult = vos · vi is given
by (A.3) as shown at the top of the next page.

Assuming that the PLL is locked, ωo
∼= ω1 , the aforemen-

tioned equation can be simplified to (A.4) as shown at top of the
next page.

For a sinusoidal vi = A1 sin (ω1t + φ1), (A.4) is rewritten as
(A.5) as shown at the top of the next page.

vmult =
1
2
·

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

A1 sin [(ω1 − ωo) · t + φ1 − φo ] + A1 sin [(ω1 + ωo) · t + φ1 + φo ] +
+A2 sin [(2ω1 − ωo) · t + φ2 − φo ] + A2 sin [(2ω1 + ωo) · t + φ2 + φo ] +
+A3 sin [(3ω1 − ωo) · t + φ3 − φo ] + A3 sin [(3ω1 + ωo) · t + φ3 + φo ] + · · ·
+Ak sin [(kωk − ωo) · t + φk − φo ] + Ak sin [(kωk + ωo) · t + φk − φo ]

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
(A.1)
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vmult =
1
2
·

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

A1 sin φd + A1 sin (2ω1t + φ1 + φo) +
+A2 sin (ω1t + φ2 − φo) + A2 sin (3ω1t + φ2 + φo) +
+A3 sin (2ω1t + φ3 − φo) + A3 sin (4ω1t + φ3 + φo) + · · ·
+Ak sin [(k − 1) ω1t + φk − φo ] + Ak sin [(k + 1) ω1t + φk + φo ]

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
(A.2)

vmult =
2
π
·

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1 sin [(ω1 − ωo) · t + φ1 − φo ] + A1 sin [(ω1 + ωo) · t + φ1 + φo ] +
+A2 sin [(2ω1 − ωo) · t + φ2 − φo ] + A2 sin [(2ω1 + ωo) · t + φ2 + φo ] +
+A3 sin [(3ω1 − ωo) · t + φ3 − φo ] + A3 sin [(3ω1 + ωo) · t + φ3 + φo ] +

−A3

3
sin [(3ω1 − 3ωo) · t + φ3 − 3φo ]−

A1

3
sin [(3ω1 + 3ωo) · t + φ3 + 3φo ] + · · ·

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

vmult = − 2
π
·

⎧
⎨

⎩

∞∑

k=1

∞∑

j=1

(−1)j Ak

2j − 1
·
{

sin [kω1 · t − (2j − 1) ωot + φk − (2j − 1) φo ] +
+ sin [kω1 · t + (2j − 1) ωot + φk + (2j − 1) φo ] +

}⎫
⎬

⎭ (A.3)

vmult =
2
π
·

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

A1 sinφd + A1 sin (2ω1t + φ1 + φo) +
+A2 sin (ω1t + φ2 − φo) + A2 sin (3ω1t + φ2 + φo) +
+A3 sin (2ω1t + φ3 − φo) + A3 sin (4ω1t + φ3 + φo) +

−A3

3
sin (φ3 − 3φo) −

A1

3
sin (6ω1t + φ3 + φo) + · · ·

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

vmult = − 2
π
·

⎧
⎨

⎩

∞∑

k=1

∞∑

j=1

(−1)j Ak

2j − 1
·
{

sin [(k − 2j + 1) ω1t + φk − (2j − 1) φo ] +
+ sin [(k + 2j − 1) ω1t + φk + (2j − 1) φo ] +

}⎫
⎬

⎭ (A.4)

vmult =
2
π
·

⎧
⎨

⎩

A1 sinφd + A1 sin (2ω1t + φ1 + φo) +

−A1

3
sin (−2ω1t + φ1 − 3φo) −

A1

3
sin (4ω1t + φ1 + 3φo) + · · ·

⎫
⎬

⎭

vmult = − 2
π
·

⎧
⎨

⎩

∞∑

j=1

(−1)j A1

2j − 1
·
{

sin [(2 − 2j) ω1 · t + φ1 − (2j − 1) φo ] +
+ sin [2jω1 · t + φ1 + (2j − 1) φo ] +

}⎫
⎬

⎭ (A.5)
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