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a b s t r a c t
The hot working behavior of VCN200 medium carbon low alloy steel was analyzed by performing hot compression tests in temperature range of 850–1150 °C and at strain rates of
0.001–1 s1. Flow curves were typical of dynamic recrystallization during hot working over
temperature range of 900–1150 °C and strain rates of 0.001–1 s1. However, at lower temperatures no indication of ﬂow softening was observed. The constitutive analysis using the
hyperbolic sine function was performed and the value of apparent activation energy for the
hot deformation determined to be about 435 kJ/mol. The ﬂow curves up to the peak were
successfully modeled using a dynamic recovery model. All the factors in this model were
deﬁned in terms of the Zener–Hollomon parameter. A modiﬁed form of Avrami equation
was used to estimate the fractional softening due to the dynamic recrystallization for
any given strain in ﬂow curve. Using this model, the ﬂow curves were successfully predicted and generalized to different deformation conditions.
Ó 2012 Elsevier Inc. All rights reserved.

1. Introduction
Hot deformation of an alloy is often analyzed from the ﬂow curves obtained at high temperature testing as well as the
corresponding microstructural evolutions. A prosperous design of an industrial hot working process is ensured by acquiring
a deep knowledge about the microstructural evolution of the alloy and by deﬁning the dependence of ﬂow curve to the
deformation variables, i.e. strain, strain rate and temperature. Many of previous researchers have worked to establish different constitutive equations between ﬂow stress and deformation parameters. Many of these works have been devoted to
determine the material constants in previously well-developed constitutive equations for the hot deformation of different
industrial alloys [1–5]. Some other researchers proposed their own formulas to model a typical hot ﬂow curve. It has been
observed that the ﬂow stress can be deﬁned as the multiplication individual functions each one describing the dependence to
a deformation variable [6]. Irrespective of the fact that the different constitutive equations have been developed based on the
phenomenological or experimental concepts, they have been used to generalize the laboratory data to actual industrial hot
working processes. Therefore, proposing a constitutive equation which opens a way to predict the ﬂow stress of a given
material in an industrial process such as hot rolling or forging is still of great interest.
Many investigations have declared that dynamic recrystallization is the major microstructural phenomenon during hot
deformation of carbon, low alloy and stainless steels [7–11]. This is because austenite in steels has low stacking fault energy
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which decreases the efﬁciency of dynamic recovery [12,13]. During hot deformation, DRX starts once the build-up of
dislocations reaches a critical value [14,15]. The softening due to DRX gives rise to decreasing ﬂow stress and leaves a peak
on the ﬂow curve. However, DRX actually starts at a critical strain, ec which is 0.6–0.8 times the peak strain, ep [16,17]. Beyond the peak, softening keeps on to a dynamic balance with work hardening which is attained in the plateau of steady state
deformation.
Medium carbon low alloy steels are greatly applicable alloys which are used in many different industrial applications.
Although they are prepared by quenching and tempering treatments, the high temperature deformation of theses alloys
to the ﬁnished or semi-ﬁnished products have drawn little attentions. The present work is therefore devoted to address
the hot deformation behavior of VCN200 medium carbon low alloy steel.
2. Experimental procedures
The material used in this investigation was VCN200 medium carbon low alloy steel having the composition of 0.29% C,
0.38% Si, 0.55% Mn, 1.97% Cr, 2.20% Ni, 0.34% Mo, 0.06% Ti, 0.34% Cu, 0.015% P, 0.004% N and the balance of Fe (in wt%). Cylindrical compression samples of 10 mm height and 15 mm diameter were prepared from the as-received hot forged bar.
Graphite was used to reduce friction between the contacting surfaces of samples and anvils. An Instron 8502 testing machine, equipped with a fully computerized furnace, was used to perform hot compression tests. Before testing, all the specimens were reheated at 1200 °C for 30 min, followed by cooling down and soaking about 10 min at deformation
temperature. Continuous hot compression tests were carried out in a temperature range of 850–1150 °C with the intervals
of 50 °C and at strain rates of 103–1 s1.

Fig. 1. Typical DRX ﬂow curves obtained at different deformation conditions. (a) 1050 °C, (b) 0.01 s1.

5626

A. Momeni et al. / Applied Mathematical Modelling 36 (2012) 5624–5632

3. Results and discussion
Some representative ﬂow curves of the studied steel at different deformation conditions are shown in Fig. 1. This ﬁgure
indicates the inﬂuence of strain rate, Fig. 1(a), and deformation temperature, Fig. 1(b), on the ﬂow curves. As expected, ﬂow
stress level increases with increasing temperature and decreasing strain rate. Also the typical form of a DRX ﬂow curve is
more observable at high temperatures and low strain rates. At high strain rates or low temperatures, concurrent deformation
decelerates the rate of work softening giving rise to a more faded peak. In this case, peak point and the onset of steady state
ﬂow are also shifted to higher strain levels. Although most of ﬂow curves indicate a single peak, the multi-peak behavior is
also discernible at low strain rates and high temperatures. When the recrystallization strain ex = es  ep is lower than ep (ep is
peak strain and es is steady state strain), nucleation is cyclic in nature and the growth rate of new grains is higher than their
nucleation rate. In such a case, a cycle of DRX is completed before the next starts and the ﬂow curve is multi-peak in nature.
On the other hand, when ex > ep, recrystallization becomes continuous because the strain required for nucleation is smaller
than that needed for growth [18]. Consequently, the material is partially recrystallized and the successive cycles of nucleation overlap so that a single-peak ﬂow curve appears.
In order to model the ﬂow curves of DRX, the ﬁrst step is to determine the value of apparent activation energy of the
material. The basic equation often used for the determination of the apparent activation energy, Q, is as follows:

Z ¼ e_ exp



Q
RT



¼ A½sin hða  rÞn ;

ð1Þ

where Z is the Zener–Hollomon parameter and a, A and n are material constants. Eq. (1) embraces the deﬁnition of the
Zener–Hollomon parameter and the constitutive equation of hyperbolic sine function. From Eq. (1), the value of Q can be
deﬁned as follows:


Q ¼R


 
@ln e_
lnsinhðarÞ
:

@ð1=TÞ
@lnsinhðarÞ

ð2Þ

Fig. 2 indicates the variations of ﬂow stress with strain rate and the reciprocal of temperature which are used to determine
the value of Q according to Eq. (2). In this study, n was determined as 4.76 ( = 1/0.21) and a was adjusted as 0.014 to make the
data in Fig. 2(a) linear and parallel. Using the values of n and a, Q takes the average value of 435.3 kJ/mol.
To model the ﬂow curves up to the peak, the Estrin and Mecking’s method [19] which was based on the evolution of dislocation density due to concurrent work hardening and dynamic recovery (DRV) was used. In this approach, the evolution of
dislocation density with strain is determined as the sum of differential hardening and softening terms as follows:

 þ  
dq
dq
dq
¼
þ
:
de
de
de

ð3Þ

Here, the ﬁrst term stands for work hardening part and the second term the softening due to DRV. According to the Estrin
and Mecking method [19] the terms in Eq. (3) can be replaced as follows:

dq
¼ h  rq;
de

ð4Þ

where h is the athermal work-hardening rate and r denotes the rate of dynamic recovery at a given temperature and strain
rate. By doing some algebraic operations, the above differential equation can be written as follows describing a treatment of
ﬂow stress [20]:



0:5

r ¼ r2rec  ðr2rec  r20 ÞexpðreÞ

ð5Þ

;
2

2

where r0 and rrec denote the initial and saturated stress deﬁned as (a MGb) (h/r) and (a MGb) q0, respectively. a is a shape
factor in the order of unity, M is the Taylor factor (3.07 for FCC materials), G is the shear modulus, b is the magnitude of Burger’s vector and q0 is the initial dislocation density. We can take this simplifying assumption that q0 is nearly negligible as
compared to the stored dislocation density during hot deformation. This assumption is also more pertinent to a low SFE
material such as austenite characterized by a sluggish DRV. Therefore, in the formulation of ﬂow curve using Eq. (5), r0
can be neglected and the simpliﬁed description of work hardening curve can be as follows:

r ¼ rrec ð1  expðreÞÞ0:5 :

ð6Þ

The differentiation of which gives:

dr
¼ 0:5rrec r expðr eÞð1  expðr eÞÞ0:5 :
de

ð7Þ

Substituting 1(r/rrec)2 for exp(re), Eq. (7) can be written as:

dr
¼ 0:5r
de





r2rec  r2
:
r

ð8Þ
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Fig. 2. Variation of the hyperbolic sine function of peak stress with, (a) strain rate and (b) the reciprocal of temperature for the determination of apparent
activation energy according to Eq. (2).

Fig. 3. Flow stress multiplied by work hardening rate versus the square of ﬂow stress at 1050 °C used to determine the recovery factor and the DRV
saturation stress.
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Fig. 4. Variation of dynamic recovery coefﬁcient, r, and the saturation stress of DRV, rrec with the Zener-Hollomon parameter.

The plots of r  h(=rdr/de) vs. r2, typically shown in Fig. 3, are linearly ﬁtted according to Eq. (8) from which the slope and
the intercept are therefore tantamount to 0.5 r and 0.5 rrrec2, respectively. R and rrec values determined by the method
mentioned are depicted versus the Z parameter in Fig. 4. The decrease in r and the concurrent increase in the saturation
stress of DRV, rrec, with increasing Z reﬂect that DRV becomes less efﬁcient as strain rate increases or temperature declines.
Using the determined values for r and rrec, the predicted ﬂow curves are depicted versus the experimental ones in Fig. 5. It
manifests that the DRV model can give a good approximation of the actual ﬂow curve up to the peak point of DRX ﬂow curve.
However, at strain close to the peak deviation in the model begin to appear. This can be attributed to the softening due to
DRX which actually starts at a critical strain near the peak. Between the critical point and the peak both DRV and DRX occur.
The situation has been further discussed elsewhere [20]. After the peak DRX occurs preferentially and therefore a model
describing the nucleation and growth of new recrystallized grains should be adopted. The starting point of DRX can be therefore distinguished by studying the variation of work hardening rate versus ﬂow stress as described by Poliak and Jonas [21].
The method proposed by Poliak and Jonas was used to characterize the critical points of the ﬂow curves and to establish a
relation between the characteristic points and the deformation variables, i.e. temperature and strain rate, incorporated in the
Z parameter. In Fig. 6 the onset of DRX in the typical ﬂow curves can be identiﬁed as the inﬂection point of the h  r curve
near the saturated or peak stress. The observed inﬂection in the h  r curves is associated with the softening due to the ﬁrst
bulges of grain boundaries at the early stages of DRX. Beyond the peak, work hardening rate becomes increasingly minus due
to the softening of DRX up to a maximum and then tends to zero again at the onset of the steady state ﬂow. All the characteristic points are now discernible. Due to the inﬂuence of deformation condition on the kinetics of DRV and DRX, the positions of characteristic points are functions of the Zener–Hollomon parameter. DRX is shifted to higher strains when
deformation temperature declines or strain rate increases. Therefore, characteristic strains and stresses are expected to increase as Z rises. The results showed that the critical strain, ec, is about 0.8 times the peak strain, ep, and the critical stress, rc,
is about 0.98 times the peak stress, rp. It is also evident that the stress and strain required for the steady state deformation

Fig. 5. Predicted ﬂow curves indicating the accuracy of the Estrin and Mecking’s equation to model the DRV region of ﬂow curves at 1050 °C.
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Fig. 6. Plot of work hardening rate vs. ﬂow stress at different temperatures and strain rate of 0.01 s1 used to determine the starting point of DRX, the peak
stress and the steady state stress.

increases as Z rises. Depending on the results indicated in Fig. 7, the following power-law equations can simply correlate the
characteristic strains and stresses to deformation condition:

e ¼ 0:008Z 0:1 ;

ð9Þ

rp ¼ 0:78Z 0:13 ;

ð10Þ

es ¼ 0:004Z 0:13 ;

ð11Þ

rs ¼ 0:36Z 0:15 :

ð12Þ

The developed power-law equations are very useful when modeling the DRX ﬂow curve based on the Avrami’s equation. Previous researchers have proposed that the kinetics of DRX bears the following relation with strain beyond the critical strain
[22]:



X DRX ¼ 1  exp kðe  ec Þn ;

ð13Þ

where n is the Avrami’s power and k is a constant. The fractional softening due to DRX at the peak point of ﬂow curve is
known to be constantly about 10% [20] and further softening actually occurs between ep and es. Therefore, the fractional softening between the peak and the onset of steady state ﬂow can be written as follows:



X DRX eesp ¼ 0:9  exp kðe  ep Þn :

ð14Þ

Softening between the peak and the plateau can be also interpreted in terms of the decrease in ﬂow stress as follows:

X DRX eesp ¼

rp  r
:
rp  rs

ð15Þ

Combination of Eqs. (14) and (15) is given as follows:



rp  r
¼ 0:9  exp kðe  ep Þn :
rp  rs

ð16Þ

In order to determine the value of n and k, the plot of ln ln(1/(0.9  XDRX) determined from the stress term in Eq. (15) should
be drawn versus ln ðe  eP Þ as indicated in Fig. 8. As expected, The experimental data can be linearly ﬁtted according to Eq.
(16) to determine n and k respectively as the slope and intercept. The average of slopes determines the Avrami exponent
around 1.9 which is in good agreement with value of 2 reported for discontinues DRX in different alloys [23]. However,
as indicated in Fig. 9, n and k actually decrease as Z value rises. These observations are in agreement with other reports
on the dynamic recrystallization of other steel grades [13,23]. The reason is that when Z increases the rate of DRX decreases
and therefore is completed at higher strains. The substitution of Eqs. (9)–(12) for the corresponding terms in Eq. (16) gives
rise to a formalism of ﬂow stress. Fig. 10 shows the results of modeling by Eq. (16). It is observed that the ﬂow softening due
to DRX is well predicted using the modiﬁed form of Avrami equation proposed in Eq. (16).
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Fig. 7. Dependence of (a) the peak and critical strain and stress and (b) steady state strain and stress on the Z parameter.

Fig. 8. Avrami graphs at different deformation conditions for the determination of n and k.

4. Conclusions
The hot working behavior of VCN200 medium carbon low alloy steel was analyzed by constitutive analysis as well as by
modeling the ﬂow curve. The most important results are drawn as follows:
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Fig. 9. Variation of (a) n and (b) k with the with Zener–Hollomon parameter.

Fig. 10. Comparison of typical experimental ﬂow curves obtained at 1050 °C and those obtained from the modeling of DRX and DRV regions.

(1) Dynamic recrystallization is the major microstructural phenomenon during hot working over temperature range of
900–1150 °C and strain rates of 0.001–1 s1.
(2) The constitutive analysis using the hyperbolic sine function can be performed and the value of apparent activation
energy for the hot deformation is about 435 kJ/mol.
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(3) The ﬂow curves can be modeled using a dynamic recovery model with a good accuracy. All the factors in this model
are deﬁned in terms of the Zener–Hollomon parameter.
(4) A model can also be developed based on a modiﬁed Avrami’s equation to estimate the fractional softening of DRX for
any given strain in ﬂow curve. The ﬂow curve can be successfully predicted and generalize to different deformation
conditions.
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